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Steady-State Analysis of Continuous Adaptation
in Acoustic Feedback Reduction Systems for

Hearing-Aids
Marcio G. Siqueira, Member, IEEE,and Abeer Alwan, Member, IEEE

Abstract—Acoustic feedback is a problem in hearing aids
that contain a substantial amount of gain, hearing aids that are
used in conjunction with vented or open molds, and in-the-ear
hearing aids. Acoustic feedback is both annoying and reduces the
maximum usable gain of hearing-aid devices. This paper studies
analytically the steady-state convergence behavior of LMS-based
adaptive algorithms when used in continuous adaptation to reduce
acoustic feedback. A bias is found in the adaptive filter’s estimate
of the hearing-aid acoustic feedback path. Methods for reducing
this bias and producing an improved estimate of the acoustic
feedback path are analyzed and compared. It is shown that by the
use of a delay in the forward or cancellation paths of the hearing
aid plant, and for representative feedback paths, it is possible to
reduce this bias by more than 15 dB.

Index Terms—Adaptive filters, feedback, hearing aids.

I. INTRODUCTION

A MAJOR complaint of hearing-aid users is acoustic feed-
back which is perceived as whistling or howling (at oscil-

lation) or distortion (at sub-oscillatory intervals). This feedback
occurs, typically at high gains, because of leakage from the re-
ceiver to the microphone (Fig. 1).

Acoustic feedback suppression in hearing-aids is important
since it can increase the maximum insertion gain of the aid. The
ability to achieve target insertion gain leads to better utilization
of the speech bandwidth and, hence, improved speech intelligi-
bility for the hearing-aid user. The acoustic path transfer func-
tion can vary significantly depending on the acoustic environ-
ment [1]. Hence, effective acoustic feedback cancellers must be
adaptive.

Continuous and noncontinuous adaptation systems for feed-
back reduction have been proposed in the past. Non-contin-
uous adaptation systems periodically use a training sequence,
such as white noise, at the output of the hearing aid for adapta-
tion of the feedback canceller coefficients. The interference na-
ture of this training sequence, however, reduces the signal-to-
noise ratio (SNR) and thus is only useful for the profoundly
deaf who would not be affected by the noise sequence. Kates
[2] proposes such a system that adapts to the cancellation path
when howling is detected. Maxwell and Zurek [3] also propose a
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Fig. 1. Acoustic feedback in a hearing aid inside of a human ear.

Fig. 2. Hearing aid plant with an adaptive filter for performing continuous
feedback reduction.G(z) is the processing plant transfer function andF (z) is
the electroacoustic feedback path.

noncontinuous adaptation system that adjusts the adaptive filter
coefficients only when the input signal level is low. Both sys-
tems may be objectionable because they limit adaptation to only
when silent or howling intervals are detected.

Continuous adaptation systems are, therefore, preferred.
They constantly adapt the filter coefficients based on the input
signal, and do not require any type of training sequence, as
shown in Fig. 2. In this figure, the adaptive filterW (z) attempts
to continuously estimate the feedback path transfer function
F (z). The main disadvantage of continuous adaptation systems
is that the response signald(n) is the addition of the feedback
signaly(n) and the plant input signalx(n), which are corre-
lated, causing the hearing aid outputs(n) to be correlated with
x(n) and, hence, an adaptive filter cannot properly estimate
the feedback path. Delays have been proposed ([1], [3], [4]) to
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Fig. 3. Model of the hearing aid plant with (a) delay in the cancellation path and (b) delay in the forward path.

decorrelate the input signalx(n) from the input to the adaptive
filter s(n). Bustamanteet al.[1], who were the first to propose a
continuous adaptation system that used an LMS-based adaptive
filter [Fig. 3(a)], indicate that a delay of 1 ms placed in the
cancellation path is sufficient for decorrelating speech signals.
However, they do not present a mathematical justification for
their choice of delay.

Estermann and Kaelin [4] use a frequency-domain approach
for reducing the complexity of continuous adaptation systems.
The main difference between Estermann and Kaelin’s system
and the ones used by Bustamanteet al. [1] and by Maxwell and
Zurek [3] is that the delay is placed in the forward path, as shown
in Fig. 3(b). Again, Estermann and Kaelin chose the delay in the
forward path by real-time (DSP) evaluation with no analytical
justification.

Besides the use of a delay, other techniques such as spectrum
compression [5] have been proposed to decorrelatex(n) and
s(n).

This paper is a first step toward an analytical approach for
evaluating the performance of adaptive filters when correlated
inputs are used in continuous adaptation systems. We present a
mathematical analysis of the steady-state performance and show
that when the input signal to the continuous-adaptation hearing
aid plant[x(n)] is correlated, a bias is introduced in the adaptive
filter taps’ estimate, causing nonoptimal feedback cancellation.
It should be noted that most adaptive filtering applications do
not present a bias in the taps’ solution. In fact, for other appli-
cations, such as echo cancellation and channel equalization, it
is possible to prove that the mean of the taps of adaptive al-
gorithms, such as the least mean squares (LMS) algorithm [6],
converges to the optimal solution for appropriate choices of the
convergence factor, independent of the input signal characteris-
tics [7].

The use of delays in the forward and cancellation paths of a
hearing-aid plant, as suggested previously by Bustamanteet al.
[1] and Estermann and Kaelin [4], is analytically shown here to
reduce the bias when the input signal is correlated. System anal-
ysis for the cases where delays are used in the forward and can-
cellation paths are then studied when the input signalx(n) is an
M th-order Markov Process. This paper will also show, among
other results, that the use of a forward path delay results in a
bias that is independent of the feedback path transfer function,

and that the same result does not hold for a delayed cancellation
path.

II. HEARING-AID MODEL

In most digital hearing-aids, the processing plant consists of
an automatic gain control (AGC) to limit the dynamic range
of the input signal, a frequency-shaping filter that correlates
with the subjects’ audiogram, and a user-adjusted gain control
system. For simplicity, the hearing-aid forward pathG(z) in
Fig. 2 is modeled asG(z) = G0z

�1 [4] without an AGC mech-
anism or a frequency-shaping filter.

The acoustic feedback path of a hearing-aid accounts for the
leakage of sound from the hearing-aid receiver in the ear canal,
through and around the hearing-aid earmold, to the hearing-aid
microphone. The acoustic feedback path also includes the
responses of the hearing-aid microphone and receiver. The
acoustic feedback path model,F (z) in Fig. 2, was estimated
based on experiments with three human subjects and a KEMAR
mannequin [8]. In order to identify the acoustic feedback path,
white noise was sent to the hearing-aid receiver while the
forward path of the hearing-aid was disconnected. The signals
sent to the receiver and those received at the microphone were
simultaneously recorded on a DAT. Using these measurements,
a 15-pole/14-zero linear model of the acoustic feedback path
was determined using the Steiglitz-McBride algorithm [9]. The
feedback path was modeled under both static and time-varying
conditions. For the purposes of the analysis and simulations,
the first 101 samples (12.625 ms with a sampling rate of 8 KHz)
of the model’s impulse response, shown in Fig. 4, were used
to construct a 100th order FIR model of the feedback path. An
additional impulse response, shown in Fig. 5, was obtained
from other measurements performed at the House Ear Institute,
Los Angeles.

It is important to note that this work assumes that the adap-
tive filter is capable of approximating the feedback path with no
residual error, i.e., the transversal adaptive filter has the same
order of the feedback path, and is assumed to be FIR. In actual
implementations, however, the feedback path transfer function
may have an impulse response of higher order than that of the
adaptive filter. In that case, the estimation process will result in
a residual error since only some samples of the feedback path
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Fig. 4. Impulse response of a hearing-aid feedback path for a human subject.

Fig. 5. Impulse response of an alternate feedback path.

impulse response will be estimated. In this paper, it is assumed
that the adaptive filter and the feedback path are both FIR and
of the same order(N ).

III. STEADY-STATE ANALYSIS USING CONTINUOUS

ADAPTATION

This section will address the performance of Wiener filter
estimates for a continuous-time adaptation system for hearing
aids. The purpose is to determine the steady-state behavior of
adaptive filters that approximate the Wiener solution, such as
the LMS algorithm.

A. Bias in the Wiener Estimate

A Wiener filter estimates a system transfer functionH(z)
given the input signal to the systems(n) and a corrupted system
output signald(n) as illustrated in Fig. 6. The corrupted signal
is assumed to be the convolution between the system impulse

Fig. 6. Wiener estimate of a linear systemH(z).

responseh(n) and the input signals(n) added to a noise com-
ponentq(n). It can be written as

d(n) = s(n) � h(n) + q(n): (1)

In most cases,q(n) is assumed to be white noise. The dis-
crete-time FIR Wiener filter estimate [7] forH(z) is a vector̂h
which represnts the impulse response coefficients and is given
by

ĥ = R
�1

ss rsd (2)

where

Rss
4
= Efs(n)sT (n)g (3)

rsd
4

= Efs(n) d(n)g (4)

s(n)
4
= [s(n) s(n � 1) � � � s(n� N )]T (5)

andN is the order of the Wiener estimate.
Now consider the case where the interference signalq(n) is

derived from the input signals(n) by a linear system. It is easy
to prove that (2) will not lead to a proper estimate of the impulse
response ofH(z). The Wiener estimate impulse response vector
ĥ deviates from the impulse response ofH(z) by

" = R
�1

ss rsq (6)

where" is defined as

" = ĥ� h (7)

andh is a vector representing the impulse response ofH(z).

B. Application to a Feedback Reduction System

In this section, expressions for the bias are derived for the
cases of delayed forward or cancellation paths in the hearing-aid
plant. A delay is used to decorrelate the input and output sig-
nals in the continuous-adaptation feedback reduction plant for
hearing aids. Superscriptsf andc will be used to indicate when
a delay is used in the forward and cancellation paths, respec-
tively. All vectors are assumed to have the Wiener filter length
(N + 1 taps—N th-order estimate) except where indicated with
subscripts.

In the analysis, the bias in the feedback reduction system will
be defined as

" = w � f (8)
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wherew is a vector representing the Wiener estimate for a
hearing aid plant based on the signalsx(n) andd(n) andf is
a vector representing the feedback path impulse response (see
Fig. 3).

1) Bias with a Delayed Forward Path:In the hearing aid
plant shown in Fig. 3(b), it can be seen that the response signal
d(n) is

d(n) = y(n) + x(n) (9)

wherey(n) is the output of the feedback path. By using (6) and
(9), it follows that the bias in the Wiener estimate of the feedback
pathF (z) is

"f = R
�1

ss r
f
1

(10)

where

r
f
1
= Efs(n)x(n)g: (11)

2) Bias with a Delayed Cancellation Path:In the case of
the hearing aid plant shown in Fig. 3(a), the input signal to the
adaptive filter is delayed by� samples. In this case, the Wiener
filter will estimate the lastN +1 terms of the impulse response,
since the first� samples of the impulse response are implicitly
approximated by zeroes.

The feedback path shown in Fig. 3(a) is assumed to be FIR
and with a transfer functionF (z). It is also assumed that it can
be divided into two components

F1(z) = f
T
1;�t�(z

�1) (12)

F2(z) = f
T
2 t(z

�1) (13)

wheref1;� is a vector representing the first� samples of the
impulse response,f2 is a vector withN +1 samples, andt�(z)
andt(z) are defined as

t�(z)
4
= [1 z � � � z��1]T (14)

t(z)
4

= [1 z � � � zN ]T : (15)

The feedback path transfer function can thus be written as a
function ofF1(z) andF2(z) as follows:

F (z) = F1(z) + z��F2(z): (16)

Consequently, the feedback path output signaly(n) can be di-
vided into two components

y(n) = y1(n) + y2(n) (17)

where

y1(n)
4
= f

T
1;�s�(n) (18)

y2(n)
4
= f

T
2 s(n): (19)

This is illustrated in Fig. 7. Note that Figs. 7 and 3(a) represent
the same system. The signald(n) can thus be written as

d(n) = y1(n) + y2(n) + x(n): (20)

Considering that the adaptive filter will only be able to approxi-
mateF2(z), it is clear that the bias will contain two components
in this case: the first is due to the transfer function betweenx(n)

Fig. 7. Model of a hearing aid plant with a delay in the cancellation path and
with the feedback path divided into two components.

ands(n), and the second bias term is due to the output ofF1(z).
The bias can then be written as

"c2 = R
�1

ss r
c
1 +R

�1

ss r
c
2 (21)

where

r
c
1

4
= Efs(n��)x(n)g = Efs(n)x(n+�)g (22)

r
c
2

4
= Efs(n��)y1(n)g = E

�
s(n)sT�(n+�)

	
f1;�:(23)

Note that"c2 in (21) gives the lastN + 1 entries of the bias
vector. There is, however, another term in the bias vector due
to approximating the first� samples ofF (z) with zeroes. This
term of the bias can be written as

"c
1;� = 0� f1;� = �f1;�: (24)

Thus, the total bias is equal to

"c =

�
"c
1;�

"c2

�
=

�
�f1;�

R
�1
ss r

c
1 +R

�1
ss r

c
2

�
: (25)

C. Steady-State Performance

Simulations were carried out to verify that the adaptive filter
leads to a biased solution when correlated hearing-aid input
signals are used. In addition, simulations were performed to
compare the steady-state performance of the feedback reduc-
tion system when delays are used in the forward and cancel-
lation paths. In the simulations, a feedback path with an im-
pulse response shown in Fig. 4 was used. The inputs were white
gaussian noise and speech-shaped noise with a low-pass mag-
nitude transfer function [10].

The performance criterion used to estimate the extent to
which the adaptive filter approximates the feedback path
impulse response is misalignment, defined by

k"(n)k = kEfw(n)� fgk: (26)

This metric is the norm of the difference between the adaptive
filter estimate vectorw(n) and the feedback path coefficients
vectorf . In steady state, the metric is the norm of the bias in the
adaptive filter estimate.
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Fig. 8. Misalignment when the input is white or speech-shaped noise. Two
cases were considered with speech-shaped noise: no delay, and a delay of 10
samples in either the forward or cancellation paths. The forward gain wasG0 =

3. The feedback path was modeled with the impulse response in Fig. 4.

Fig. 8 shows the misalignment of the NLMS (normalized
LMS [7]) adaptive filter with convergence factor� = 0:1 and
orderN = 100 for both white noise and speech-shaped noise
input signals, with and without a delay. A total of 5 experiments
were run to simulate the ensemble average. The equations for
the NLMS algorithm are

e(n) = d(n)�w
T (n)~s(n) (27)

w(n+ 1) = w(n) +
�

k~s(n)k
~s(n)e(n) (28)

where w(n) = [w0(n) � � � wN (n)]T is a vector
of order N containing the instantaneous taps update,
~s(n) = [~s(n) � � � ~s(n � N )]T is a vector of orderN
with input samples of the adaptive filter,e(n) is the a priori
error signal andd(n) is the desired response signal. It is impor-
tant to note that~s(n) = s(n) for a delayed forward path and
~s(n) = s(n ��) for a delayed cancellation path (see Fig. 3).

As expected, when a white noise input signal is used, the
hearing-aid input and output signals are reasonably well decor-
related, thus reducing the adaptive filter bias. When the input
signal is correlated noise, however, a bias results, as illustrated
in Fig. 8.

Fig. 8 also shows that if the input is correlated noise and a
delay is included in the forward path, performance improves by
20 dB resulting ink"(n)k � �10 dB in steady state. The delay
used was 10 samples at 8 kHz. When the same delay is used in
the cancellation path, the adaptive filter also converges, but with
a higher bias. This can be explained by the fact that a delayed
cancellation path results in approximating the first� samples
of the feedback impulse response with zeros, an inappropriate
approximation for the feedback path used here, thus causing a
higher bias.

The results can also be explained by observing that the bias
vector for the delayed cancellation-path has two terms ("c2 and

"c
1;�). The first term("c2) is given by (21), while the second

term("c
1;�) is equal to�f1;�, the first� samples of the impulse

response. Thus, the minimum bias will be equal to�f1;�, and
will be attained only if the adaptive filter is capable of perfectly
estimating the feedback path("c

2
= 0).

In the next section, an analytical study will show that the bias
in the case of a delay in the forward path is independent of the
feedback path impulse response, and this result is in contrast
with the case where a delay is placed in the cancellation path.
It will also be shown that it is possible to predict the value of
the bias in the Wiener solution for both cases. Determining the
value of the bias in the adaptive filter’s steady-state solution is
important for calculating the overall system gain margins with
guaranteed stability.

IV. EFFECT OFDECORRELATIONDELAY

Determining quantitative relations for the bias as a function
of the input signal statistics, the delay(�), and the forward path
gain(G0) is complicated for arbitrary signals. This section is an
analytical study of the case where the input is a colored sequence
derived from anM -pole filtered white noise (Markov process).
The model for the forward path was described previously [4]
and assumes that the error signale(n) is amplified by a constant
gainG0 and delayed so thatG(z) = G0z

�1. The extension to
a more generalG(z) is straightforward and includes a matrix
multiplication operation in most of the formulae.

A. Bias Reduction by Use of a Delayed Forward Path

In the case where the forward pathG(z) is modeled as
G(z) = G0z

�1, it is possible to express the input to the
adaptive filters(n) as a function of the error signal as

s(n) = G0e(n ��� 1): (29)

Thus, (10) and (11) can be rewritten as a function of the cross-
correlation sequencerfex(m) and the autocorrelation matrixRf

ee

as follows:

"f =
1

G2

0

�
R

f
ee

�
�1

r
f
1

(30)

r
f
1
= G0Efe(n ��� 1)x(n)g = G0r

f
ex(� + 1): (31)

where

e(n��� 1)

= [e(n��� 1) e(n ��� 2) � � � e(n ��� N � 1)]T:

(32)

Hence, to compute the elements of"f , it is necessary to cal-
culate the cross-correlation sequencerex(m) and the autocorre-
lation sequenceree(m). The equations for the cross-correlation
and autocorrelation sequencesrex(m) andree(n) are derived in
Appendix I for the case where the input to the hearing aid is a
Markov process. It is shown thatree(m) andrex(m) are func-
tions of"f . These relations result in a set of nonlinear equations
that are not easily solved analytically. However, it is possible to
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compute"f from these equations by using the following itera-
tive procedure:

1- Set"f = initial guess
2- Calculaterfex(m) using (42)
3- Calculaterfee(m) using (47)
4- Calculaterf

1
using (31)

5- Calculate"̂f using (30)
6- If k"̂f � "fk � �mink"̂fk : STOP
7- Otherwise"f  "̂f : go to step 2.

In the above procedure,"̂f is the iterative estimate of"f ; �min

is the minimum normalized precision for the algorithm’s con-
vergence—a typical value is10�2. One possible way to choose
the initial guess is by setting it equal to zero (or to a very small
value) and choosing a sufficiently large value for�, say� =
�in. Once the algorithm converges to a value of"f , this value
can then be used as an initial guess for the case where� =
�in � 1. The resulting estimate of"f can be used as an initial
estimate for� = �in � 2, and so on, until� = 0.

Although there is no guarantee that numerical methods for
solving sets of nonlinear equations will converge to the desired
solution, the above procedure converges to the desired solution
in most cases. As will be shown in the next section, the above
procedure usually converges to the desired solution when the
forward path delay is greater than six samples at a sampling rate
of 8 KHz.

1) Numerical Results:Simulations were performed to
verify the outlined numerical method for computingk"fk.
In all simulations, a 5 million point data sequence and an
adaptive filter order of 20 were used with the NLMS algorithm.
A small convergence factor of� = 0:01 was used to reduce
the effect of excess mean-squared error in the simulations.
The feedback path was modeled with the first 21 samples of
the impulse response shown in Fig. 4. The input was a 12th
order Markov process derived from a white Gaussian input
that models speech-shaped noise [10]. Plots illustrating the
theoretical and experimental results are shown in Fig. 9. The
solid curve represents simulation values while the dashed curve
represents predicted values. For� < 7 samples, the predicted
curve is discontinued because the numerical procedure con-
verged to a solution that did not agree with the simulation
results. The number of iterations for the described method
range from 5–10 iterations for high values of� (around 40) to
40–50 iterations for values of� around 10.

For� > 14 samples, there is a difference between the two
curves in Fig. 9. This can be explained by practical limitations.
A total number of points greater than 5 million and a smaller
convergence factor would be necessary to achieve a better match
between the two curves with a sufficiently low excess mean
square error [7].

2) Results for a One-Tap Adaptive Filter and a First-Order
Markov Process Input:Although the case of a single tap and
a single-pole input is not as general as the one addressed in the
previous section, it allows us to derive an expression for the bias
as a function of the pole, the forward gainG0, and delay in the

Fig. 9. Steady-state misalignmentk"fk as a function of forward path delay (in
samples) forG0 = 2. Continuous lines represent simulation results and dashed
lines, predicted values. The input was speech-shaped noise. The feedback path
was modeled with the first 21 samples of the impulse response in Fig. 4.

forward path,�. The derivations are shown in Appendix II. The
equation for the bias in this case is

"
f
0
= ��+1

G0
(33)

where� is the Markov process constant.
Computer simulations were performed to evaluate the analyt-

ical estimate of the adaptive filter convergence error for a one tap
adaptive filter. In the simulations, the gainG0 was set to 2 and 4,
the Markov process constant� was set to 0.9, and delay(�) was
between 0 and 40 samples. The NLMS algorithm was used with
� = 0:01. The feedback path was modeled with the first sample
of the impulse response shown in Fig. 4(F (z) = 0:0778). Sim-
ulated and predicted results [from (33)] are shown in Fig. 10.
Again, solid lines represent simulated values and the dashed
lines represent values obtained with (33).

From Fig. 10, it can be seen that the magnitude of the taps’
deviation is reduced with increasing delay(�) and for higher
gains. Simulations in Section V will show that these results hold
for more general cases.

B. Bias Reduction by Use of a Delayed Cancellation Path

In the delayed cancellation path case, the second term of the
bias in the adaptive filter estimate (21), is reproduced below as a
function ofRc

ee andrcex(m), the autocorrelation matrix fore(n)
and the cross-correlation betweenx(n) ande(n), respectively.

"c2 =
1

G2
0

[Rc
ee]
�1

r
c
1 +

1

G2
0

[Rc
ee]
�1

r
c
2 (34)

r
c
1

4

= G0Efe(n��� 1)x(n)g = G0E frcex(m)g (35)

r
c
2

4
= G0Efe(n��� 1)y1(n)g

= G2

0E
�
e(n)eT�(n+�)

	
f1;�: (36)

Hence, to compute the elements of"c2, it is necessary to calcu-
late the cross-correlation sequencercex(m) and the autocorrela-
tion sequencercee(m). The equations for the sequencesrcex(m)
and rcee(n) are derived in Appendix I for the case where the
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Fig. 10. Steady-state misalignmentk"f
0
k as a function of forward path delay

(in samples) forG0 = 2 andG0 = 4. Continuous lines represent simulation
results and dashed lines represent predicted values. The input was a 1st order
Markov Process. The feedback path was modeled with the first sample of the
impulse response shown in Fig. 4(F (z) = 0:0778).

input to the hearing aid is a Markov process. Bothrc
ee
(m) and

rc
ex
(m) are functions of"c

2
(see Appendix I), and these relations

result in a set of nonlinear equations that are not easily solved
analytically. It is possible to compute"c

2
from these equations

by using an iterative procedure similar to the one described in
the previous section. The numerical procedure is as follows:

1- Set"c
2
= initial guess

2- Calculaterc
ex
(m) using (51)

3- Calculaterc
ee
(m) using (53)

4- Calculaterc1 using (35) andrc2 using (36)
5- Calculate"̂c2 using (34)
6- If k"̂c

2
� "c

2
k � �mink"̂

c

2
k : STOP

7- Otherwise"c
2
 "̂c

2
: go to step 2.

The outlined procedure converges to the desired solution in most
cases, as will be shown in the next section. The initial guess can
be chosen in a way similar to that described for a delay in the
forward path. The total bias is given by (25).

1) Numerical Results:Simulations were performed to
verify the outlined numerical method for computingk"ck. In
all simulations, 5 million points and an adaptive filter order of
20 were used with the NLMS algorithm. A small convergence
factor of � = 0:01 was used to reduce the effect of excess
mean-squared error in the simulations. The feedback path
was modeled with the first 21 samples of the impulse reponse
shown in Fig. 4. The input was a 12th-order Markov sequence
derived from a white Gaussian input that models speech-shaped
noise. Theoretical and simulated curves are shown in Fig. 11.
The continuous curve represents simulation values and the
dashed curve represents predicted values. It can be seen that for
� < 7 samples, the theoretical curve is discontinued because
the numerical procedure converged to a solution that did not
agree with the simulation results.

Fig. 11. Steady-state misalignmentk"ck as a function of cancellation path
delay (in samples) forG0 = 2. Continuous lines represent simulation results
and dashed lines, predicted values. The input was speech-shaped noise (12th
order Markov Process). The feedback path was modeled with the first 21
samples of the impulse response in Fig. 4.

V. SIMULATIONS

In the previous section, analytical predictions of the bias were
verified through simulations. In this section, we extend the sim-
ulations to include a different feedback path, a wider range of
gains, and speech-shaped noise as the input. These simulations
allow a comparison of systems with delayed forward and cancel-
lation paths. We also discuss other properties of the adaptation
schemes.

Computer simulations were conducted to evaluate the effec-
tiveness of the NLMS algorithm in estimating the feedback path
when a delay is used to decorrelate the hearing-aid inputx(n)
and output signalss(n). The model of the acoustic feedback
path used a 100th order FIR linear filter with impulse responses
shown in Figs. 4 and 5. A constant gainG0 and a single delay
were used to model the forward path transfer functionG(z) so
thatG(z) = G0z

�1. No frequency-shaping filter or automatic
gain control (AGC) was used in the forward path model.
The simulations were performed using speech-shaped noise
with variance of 65 dB as the hearing-aid input signalx(n).
Speech-shaped noise was generated by passing white Gaussian
noise through a 12-pole frequency shaping filter. A sampling
rate of 8 KHz was used. The NLMS algorithm [7] used a
normalized convergence factor� = 0:1 and orderN = 100.

A. Steady-State Performance as a Function of Delay

The objective of the simulations was to evaluate the
steady-state performance of the adaptive filter for various
delays. Figs. 12 and 13 show the average misalignment in
the steady-state over a range of delays for four values of the
forward path gainG0 (2, 3, 7, and 12) where the feedback path
impulse response is shown in Fig. 4. A total of 200 000 samples
were used in each simulation. The average misalignment
was obtained by averaging the norm of the difference vector
[kw(n) � fk] over the last 50 000 samples.
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Fig. 12. Steady-state misalignmentk"fk vs. number of samples in the forward
path delay forG0 = 2; 3;7; 12. The feedback path used is shown in Fig. 4. The
input was speech-shaped noise.

Fig. 13. Steady-state misalignmentk"ck vs. number of samples in the
cancellation path delay forG0 = 2;3;7; 12. The feedback path used is shown
in Fig. 4. The input was speech-shaped noise.

Fig. 12 shows that the best steady-state misalignment is at-
tained when the forward path delay is 10 samples (1.25 ms) or
higher and that the adaptive filter is more accurate in estimating
the acoustic feedback path impulse response when higher gains
are used.

Fig. 13 shows the bias as a function of the delay in the can-
cellation path. The curves forG0 = 7 and12 are discontinuous
because the adaptive filter is unstable with a delay greater than
eight and four samples, respectively. The reason for the rela-
tively poor performance in this case is that the use of a delay
in the cancellation path will approximate the first� samples of
the impulse response with zeros—an unreasonable approxima-
tion for the feedback path shown in Fig. 4.

To examine the behavior of the algorithms when a different
feedback path is used, simulations were carried out for the cases
where most of the feedback path impulse response energy is
not concentrated in the first samples. The impulse response of

Fig. 14. Steady-state misalignmentk"fk versus number of samples in forward
path delay forG0 = 2;3;7;12. The feedback path used is shown in Fig. 5. The
input was speech-shaped noise.

Fig. 15. Steady-state misalignmentk"ck versus number of samples in
cancellation path delay forG0 = 2;3;7; 12. The feedback path used is shown
in Fig. 5. The input was speech-shaped noise.

a different feedback path is shown in Fig. 5; simulation results
are shown in Figs. 14 and 15. Comparing Figs. 14 and 12, one
notices that the magnitude of the bias vector is relatively inde-
pendent of the feedback path when a delayed forward path is
used. On the other hand, a comparison of Figs. 15 and 13 indi-
cates that, for a delayed cancellation path, higher gains can be
used only if the feedback path impulse response does not have
most of its energy concentrated in the first samples. With the
feedback path shown in Fig. 5, a delayed cancellation path al-
lowed higher gains for a delay of 10–15 samples. A delay of
more than 15 samples in the cancellation path made the adap-
tive filter unstable for high gains, due to the poor approximation
of the samples 10–15 of the impulse response in Fig. 5.

B. Choice of Delay

The simulations discussed previously, illustrated in
Figs. 12–15, clearly show that the smallest value of delay that
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Fig. 16. (a) Autocorrelation sequence of speech-shaped noise (2
19 samples). (b) Autocorrelation sequence of a sentence (31265 samples).

effectively reduces the bias is around 10 samples (1.25 ms);
this value is the same as that chosen by Bustamanteet al. [1]
and Estermann and Kaelin [4] experimentally. This delay can
also be justified by the autocorrelation sequence of the input
signals. When the input is speech-shaped noise, its autocorre-
lation decays continuously until a lag of 10 samples (1.25 ms)
[Fig. 16(a)], and it does not show a significant decrease with
greater lags. When the input is a sentence with 31 265 samples,
the autocorrelation shows a similar behavior [Fig. 16(b)].

C. Convergence Rate as a Function of Delay

The simulations in this section indicate that a delay in the for-
ward and cancellation paths allows a reduction of the bias at the
expense of a slower convergence rate. Comparing the curves in
Fig. 8 it can be seen that the convergence of the NLMS algo-
rithm is slower when delays are used. Previous works [11], [12]
have acknowledged a reduction in convergence speed as a func-
tion of delays in the updates of the LMS algorithm.

D. Dependence of the Bias on the Feedback Path

As mentioned earlier, depending on the characteristics of the
feedback path, a delay in the cancellation path might prevent
the adaptive filter from converging. There is a clear dependency
of the adaptive filter performance on the number of samples of
delay in the cancellation path. Equations (51) and (52) in Ap-
pendix I show that the elements of the vectorsr

c
1
; rc2 andRc

ee

are dependent onf1;�, thus explicitly showing that the bias in
this case is a function of the first� elements of the feedback
path impulse response. This result is in contrast with the delayed
forward path case where the bias is independent of the feedback
path characteristics. Equations (42) and (43) show that the ele-
ments ofrf

1
andRf

ee are independent of the feedback path coef-
ficients. Finally, the simulations shown in Figs. 12 –15 indicate
that when delays are used in the forward path, the bias curves
have the same shape when different feedback paths are used,
while the same result does not hold for a delayed cancellation
path.

VI. CONCLUSION

In this paper, it was shown that the closed-loop plant used
in continuous-time feedback reduction systems for hearing

aids results in biased estimations of the feedback path when
correlated input signals are used. Analysis in the case of an
M th-order Markov process input signal was presented, and
equations that allow prediction of the bias were derived. The
analysis was extended to the cases where the forward path
or the cancellation path are delayed to decorrelate the error
signal and the input signal to the adaptive filter. The analysis
justifies the role of delay, which had been proposed previously
in the forward and cancellation paths of continuous adaptation
systems for hearing aids [1], [4], and illustrates how delay
decreases the bias in the adaptive filter’s estimate. The analysis
allows the prediction of the magnitude of the bias, while
previous works relied on subjective evaluation for determining
the steady-state performance of feedback reduction systems.

Simulations and theoretical analysis indicate that a reduction
of more than 15 dB in the misalignment can be obtained when
the input signal is speech-shaped noise and a delay is used ei-
ther in the forward or cancellation paths. It was also shown
that a better approximation is obtained as the forward path gain
increases.

If a delay is used in the cancellation path, the adaptive filter
might not be able to satisfactorily approximate the feedback
path, causing the system to become unstable for high values of
the forward gain. This result can be explained by observing that
when a delay is used in the cancellation path, it approximates the
first� samples of the impulse response with zeros, causing the
bias to be dependent on initial values of the impulse response. It
is important to note that a delay in the feedback path may be in-
troduced by sigma-delta A/D and D/A converters. In this case, a
delayed cancellation path that properly matches the delay intro-
duced by the converters may have the advantage of permitting a
lower order adaptive filter.

The derived equations show that the bias is independent of
the feedback path characteristics if a delay is introduced in the
forward path. Simulations and theoretical curves with a delay
in the forward path have shown that the magnitude of bias does
not decrease significantly with a delay greater than 10 samples
(1.25 ms for a sampling rate of 8 KHz). The theoretical analysis
also showed that the bias reduction in the case of a delay in the
forward path is not limited by the feedback path characteristics,
unlike the delayed cancellation path case. This perhaps explains
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why Estermann and Kaelin [4] obtained a higher increase in the
critical gain of a hearing aid (20 dB) by using a delay in the
forward path than Bustamanteet al. [1], who used a delay in the
cancellation path (6–10 dB). For this reason, and due to the fact
that the feedback path impulse response usually has most of the
energy concentrated in the first samples, delay in the forward
path is preferred over delay in the cancellation path to reduce
the bias in the adaptive filter’s estimate.

APPENDIX I
CALCULATION OF AUTOCORRELATIONS AND

CROSS-CORRELATIONS FORMARKOV INPUTS

A. Calculation ofrfex(m)

Assuming thatx(n) is anM th-order Markov Process with
M poles at�i; i = 1; . . . ;M , and derived from white Gaussian
noisev(n) with variance�2v , the transfer functionHxv(z) can
be written as

Hxv(z) =
X(z)

V (z)
=

1QM

i=1(1� �iz�1)
: (37)

According to Fig. 3(b), it is possible to write an equation for
e(n) as a function of�f (n) andx(n) as follows:

e(n) = d(n)� G0�
fT (n)x(n��� 1) (38)

where�f (n) = w(n)� f . Using the above relation it is possible
to determine the transfer functionHf

ex(z)

Hf
ex(z) =

E(z)

X(z)
=

1

1 +G0"fT t(z�1)z���1
(39)

wheret is defined in (15). In the above equation, it is assumed
that an LMS-based adaptive filter with a sufficiently small con-
vergence factor� was used, so that in steady-state

lim
n!1

�f (n) � lim
n!1

Ef�f (n)g
�
= "f (40)

where"f is given by (10).
It is now possible to computerfxe(m) by using the Residue

Theorem [13], and assuming that the transfer function in (39) is
stable (poles inside the unit circle). Form � 0 the result is

rfex(m) = Z�1
�
�2vHxv(z)Hxv(z

�1)Hf
ex(z)

�
(41)

= �2v

MX
i=1

�M�1iQM
j=1

i6=j
(�i � �j)

1QM

j=1(1� �i�j)

�
1

1 +G0"fT t(�i)�
�+1
i

�mi : (42)

B. Calculation ofrfee(m)

The autocorrelation ofef (m) can be calculated using (38). It
is possible to show that

rfee(m) = rfex(m) �G0"
fT
r
f
ee(m��� 1) (43)

whererfee(m � � � 1) = [rfee(m � � � 1) rfee(m � � �
2) � � � rfee(m � � � N � 1)]T .

Equation (43) can be rewritten as

rfee(m) = rfex(m) �G0

NX
i=0

"
f
i r

f
ee(jm��� i� 1j): (44)

The above equation can be rewritten in matrix form form =
0; . . . ;�+ 1 + N

2
64

rfee(0)
...

rfee(� + 1 +N )

3
75 =

2
64

rfex(0)
...

rfex(� + 1 +N )

3
75

�G0K
f

2
64

rfee(0)
...

rfee(� + 1+ N )

3
75 (45)

whereKf is a matrix with elementskfm;j defined by

k
f
m;j = "

f
m���1�j + "

f
m���1+j (46)

where it is assumed that"fi = 0 for i < 0 or i > N . Equa-
tion (45) can be solved for determiningrfee(m) as a function of
rfex(m) as follows:
2
64

rfee(0)
...

rfee(� + 1 + N )

3
75 = [G0K

f + I]�1

2
64

rfex(0)
...

rfex(� + 1 +N )

3
75 :

(47)

For solving the above equation, it is necessary to first determine
rfex(m) and the elements of the matrixKf , which are functions
of the bias vector elements"fi .

C. Calculation ofrcex(m)

According to Fig. 7, it is possible to expresse(n) as a function
of �c2(n) andx(n) as follows:

e(n) = d(n)� G0�
cT
2 x(n��� 1) + G0f

T
1 x(n � 1): (48)

The transfer functionHc
ex(z) can now be determined as

Hc
ex(z) =

E(z)

X(z)

=
1

1�G0f
T
1;�t�(z

�1)z�1 +G0"
cT
2 t(z�1)z���1

(49)

wheret� is defined in (14). In the above equation, assumption
(40) applied to a delayed cancellation path was used. Now, the
cross-correlationrcxe(m) can be determined by using the inverse
Z-Transform of�c

xe(z) given by

�c
xe(z) = �2vHxv(z)Hxv(z

�1)Hex(z): (50)

To computercex(m) for m � 0 we note thatrcex(m) =
Z�1f�c

ex(z)g = Z�1f�c
xe(z

�1)g. Using the Residue The-
orem [13], it is possible to calculatercex(m)

rcex(m) = �2v

MX
i=1

�M�1iQM
j=1

i6=j

(�i � �j)

1QM

j=1(1� �i�j)

�
1

1� G0f
T
1;�t�(�i)�i + G0"

cT
2 t(�i)�

�+1
i

�mi :

(51)
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D. Calculation ofrcee(m)

From (48) it is possible to calculate

rcee(m) = rcex(m) +G0f
T
1;�r

c
ee;�(m � 1)

�G0"
cT
2 r

c
ee(m ��� 1): (52)

In the above equation,rcex(m) is given by (51).
A relationship similar to (45) can be derived for the case

where a delay is used in the cancellation path
2
64

rcee(0)
...

rcee(� + 1 + N )

3
75 = [G0K

c + I]�1

2
64

rcex(0)
...

rcex(� + 1 + N )

3
75 :

(53)

The values ofrcex(m) can be calculated from (51). The matrix
K

c has elementskcm;j defined by

kcm;j = "cm���1�j+"
c
m���1+j+f1;m�1�j+f1;m�1+j (54)

where it was assumed that"ci = 0 for i < 0 or i > N and
f1;i = 0 for i < 0 andi � �. For solving the above equation,
it is necessary to first determine the elements of the matrixK

c,
that are a function of the bias vector"c2.

APPENDIX II
BIAS FOR A SINGLE-POLE INPUT, SINGLE-TAP ADAPTIVE

FILTER AND DELAYED FORWARD PATH

In the case of a single tap, (30) can be rewritten as

"
f
0 =

1

G2
0

�
rfee(0)

�
�1

r
f
1;0 (55)

where"f0 is the first value of the vector"f = Ef�fg. rf1;0 can
be calculated from (31) and (42) as follows

r
f
1;0 =

G0�
2
x�
�+1

1 + G0"
f
0�

�+1
: (56)

In the case of a single tap, (43) implies that

rfee(0) = rfxe(0) =
�2x

1 + G0"
f
0�

�+1
: (57)

Equation (55) can then be solved, and"f0 can be calculated as
follows

"
f
0 =

��+1

G0

: (58)
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