EE236A (Fall 2007-08)

Lecture 13
Convergence analysis of the barrier method

e complexity analysis of the barrier method

— convergence analysis of Newton's method
— choice of update parameter
— bound on the total number of Newton iterations

e initialization
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Outline

1. convergence analysis of Newton's method for

o(x) =tz — Z log(b; — al )

=1

(will give us a bound on the number of Newton steps per outer
iteration)

2. effect of p on total number of Newton iterations to compute x*(ut)
from x*(t)

3. combine 1 and 2 to obtain the total number of Newton steps, starting
at z*(t(0)
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Complexity analysis

we'll analyze the method of page 12-21 with
e update tT = ut
e starting point 2*(t(%)) on the central path

main result: #Newton iters is bounded by

O(v/mlog(e® /e)) (where €(©) = m, /t(0)

caveats:

e methods with good worst-case complexity don't necessarily work better
in practice

e we're not interested in the numerical values for the bound—only in the
exponent of m and n

e doesn't include initialization

e insights obtained from analysis are more valuable than the bound itself
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The Newton decrement

Newton step at z:

—V2p(2) " 'Vp(x)
= (AT diag(d)2A) " (te + ATd)

v

where d = (1/(by — atx),...,1/(b,, — al x))

Newton decrement at z:

Mz) = /Vel@)TV2p(2) 1 Ve(a)

= vIV20(x)v

- (E6%))

= |ldiag(d)Av|
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theorem. if A = A(z) < 1, then ¢ is bounded below and proof: w.l.o.g. assume b — Ax = 1; let a* = 2*(¢t), 2 =1+ Av

o(z) < o(z*(t)) — A —log(1 — \) A=A <1 = 2=14+4Av2>0
V2p(x)v = ATAv = —Vp(z) = —tc — AT1 = Alz=—tc

25 tele* — Z log(b; —alz*) = —2TAz* — Z log(b; — a; «*)
=1

i=1

v

—2T Az* + Zlog zi— 2 (b— Ax*) +m
i=1

0 0.2 0.4 0.6 0.8 1

= —(1 +A:U)Tz+210gzi+m

i=1
o if A <0.81, then p(x) < p(z*(t A
< p(x) < p(a*(t)) + = t"w+ ) (—alv+log(l+alv))
e useful as stopping criterion for Newton's method i
> tclz + X+ log(l — \)
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inequalities follow from: Local convergence analysis

1. logy < —logz+z2y —1fory,z>0

m . ‘TJF =T — VQ@(x)ilvw(m)
2. > (i —log(1+w:)) < —[lyll —log(1 — [lyl]) if [[y]| <1

theorem: if A < 1, then Azt < b and AT < )2

(X is Newton decrement at x; AT is Newton decrement at z™)

e gives bound on number of iterations: suppose we start at z(?) with
MO0 < 0.5, then () — @(x*(t)) < J after fewer than

log, log,(1/6) iterations

e called region of quadratic convergence

e practical rule of thumb: 5-6 iterations
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proof. Global analysis of Newton’s method

2 _ N~ ToN2 /(. T2 e liee 0T _
LA% =200 0)7/(bi — ajx)” < 1 implies aj (z +v) < b; damped Newton algorithm: 2% =z + sv, v = —V2p(x) "1V (z)

2. assume b — Az = 1; let w =1 — d — diag(d)*Av step size to the boundary: s = a~! where
AT = At = ||Avt|? —2(AvT)T Avt 1 r
(A7) = ll4v7] 4wl (Av™)" (w+ 407) (1) a:max{alv;p aiTv>0} (a=0if Av <0)
< w+ Avt — AvT)? bi—a;x
= Z(l —d;)* (2) theorem. for s =1/(1 + «),
i=1
m oz +sv) < p(z) — (A —log(l+N))
= Y (diaTo)! ( ) —(
i=1 e very simple expression for step size

. 4 _ 4
< [ diag(d)Av|" = A e same bound if s is determined by an exact line search

(1) uses ATw = te + AT1, AT Av* = —te — AT1 if A>0.5, »
(2) uses Av = AzT — b — Az + b = —1 + diag(d)'1, plz+ (14+a)” v) < p(x) —0.09
therefore diaiTv =1—d; and w; = (1 — d;)* (hence, convergence)
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proof. define f(s) = p(x + sv) for 0 < s < 1/a Summary
T T2 T

['(s) =v" Vp(z + sv), f"(s) = v Vip(z + sv)v given = with Az < b, tolerance § € (0, 0.5)
f N d i ) , . " . )\2 repeat
or Newton direction v: f'(0) = —f"(0) = — 1. Compute Newton step at z: v = —V2p(z) 'V (z)

2. Compute Newton decrement: X\ = (v V2p(z)v)"/?

by integrating the upper bound
3.1f X <6, return(z)

m alv 2 #(0) 4. Update z: If X > 0.5,
f(s) = Z (bi I Do saTU> < (1= sa)? z:=x + (1 + &) 'v where o = max{0, max; alv/(b; — alz)}
i=1 i i else, z :=x + v
twice, we obtain . . .
upper bound on #iterations, starting at x:
< ! f”(o) 1 1 *
F(s) < f(0) +5£(0) = —5~(sa +log(1 - sa)) log, 1og,(1/8) + 11 (¢(x) — p(x*(t)))
upper bound is minimized by s = —f’(0)/(f"”(0) — af’(0)) = 1/(1 + «) usually very pessimistic; good measure in practice:

19 < 50T 0 tog(1 +a)) o+ B1 (p(@) = (e (1))
< f(0) — (A —log(1+ \)) (since o < \)) with empirically determined 3; (8o < 5, /1 < 11)
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#Newton steps per outer iteration

#Newton steps to minimize ¢(z) = tTclz — Y7 log(b; — al x)

theorem. if 2 > 0, ATz + ¢ =0, then

o(x*(tT) > —tTbl 2 + Zlog zi +m(1 +logt™)
i=1

in particular, for tT = ut, z; = 1/t(b; — aXz*(t)):

p(z*(t7)) = (" (t)) —m(p — 1 - log )

yields estimates for #Newton steps to minimize ¢ starting at z*(¢):
Bo+ Pim(p — 1 —log )

e is an upper bound for 5y = log, log,(1/4d), /1 = 11
e is a good measure in practice for empirically determined 3y, (1
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Bound on total #Newton iters

suppose we start on central path with ¢ = ¢(©)

number of outer iterations:

Fouter iters = [

log(e(/ 6)}

log pu

o 0 — m/t(o): initial duality gap

e (9 /e: reduction in duality gap

upper bound on total #Newton steps:

Fog(e(o)/ €)

19 (G + Bl — 1~ log )

o [y =logylogy(1/9), 1 =11

e can use empirical values for 3; to estimate average-case behavior
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proof. if 2 >0, A2+ ¢ =0, then

ox) = ttelz - Z log(b; — al'x)
i=1

Vv

i=1

m
= —tTpTz 4+ Z log z; + m(1 +logt™)
i—1

for z; = 1/(t(b; — aTx*(t)), t+ = put, this yields

p(a*(t7)) = p(a*(t)) — m(n — 1 —log )
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Strategies for choosing 1

e /i independent of m:
#Newton steps per outer iter < O(m)
total #Newton steps < O(m log(e(?/¢)))
e 1 =1++/y/m with v independent of m
#Newton steps per outer iter < O(1)

total #Newton steps < O(yv/mlog(e¥ /¢)))
follows from:

- m(p—1—logp) <~%/2, because x — 2%/2 < log(1 + z) for z > 0
= log(1 4+ ~/+v/m) > log(1+ ~)/v/m form > 1
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tTcle + Z log z; — tT27 (b — Ax) + m(1 + logt™)
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Choice of initial ¢

rule of thumb: given estimate p of p*, choose

m/tx~cle—p

(since m/t is duality gap)

via complexity theory (c.f. page 13-12) given dual feasible z, #Newton
steps in first iteration is bounded by an affine function of

t(cTe +b72) + p(z) — Z log z; — m(1 + logt)

i—1
= t(c"z +b"2) — mlogt + const.
choose t to minimize bound; yields m/t = ¢cT'x + b1z

there are many other ways to choose ¢
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