EE236A (Fall 2007-08)

Lecture 16
Large-scale linear programming

cutting-plane method

Benders decomposition

delayed column generation

Dantzig-Wolfe decomposition
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Cutting-plane method

minimize clx

subject to Ax <b
AeR™" m>n

general idea: solve sequence of relaxations

minimize Lz

subject to alx <b;, i€l C{l,...,m}

e gives a lower bound on the optimal value of the original problem

e if x solves the relaxed LP and Axz < b, then x solves the original LP
e if 2 solves the relaxed LP and a?

and solve the new relaxed LP

x > b; for some j, then we add j to I

key to an efficient implementation: find a violated inequality without
testing all inequalities
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Robust linear programming

minimize c¢fx

subject to  (a@; + Biy)Tx <b;forally€ Pandi=1,...,m
where B; € R"*P, P ={y | Cy < d}

assume P is bounded with extreme points y*, k =1,..., K; problem is
equivalent to

minimize ¢!z

subject to  (a@; + Byy*) Tz <b;fork=1,...,Kandi=1,...,m

e a linear program in x

e a huge number of inequalities (except for very small p, or special choice
of C, d)
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key step in cutting-plane method: given z, find ¥* and ¢ for which the
inequality

(@ + Biy*) e < by
is violated (and do this without enumerating all %)

solution: solve the LPs (with variable y)

maximize x7 B;y
subject to Cy <d

let y* be an optimal extreme point

o if 27 Bjy* > b; — @l x, then y* defines a violated inequality

e otherwise, (@; + Byy)Tx < b; for all y € P

very fast if dimension of C' is small
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summary (for simplicity we add bounds | < z < u)

set N;=0,1=1,...,m
1. let x be the optimal solution of the relaxed LP

minimize ¢’z
subject to  (a@; + Bjy)Tz <b; fory € Njandi=1,...

[ <zx<u
2. fori=1,...,m,
e let y be the solution of the LP

maximize x1 By
subject to Cy <d

o if 27 By > b; — @l x, then set N; := N; U {y} and go to step 1

if no violated inequality is found, return x
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Benders decomposition

minimize  cl'zy 4+ clzy + dTy
subject to A1z, + By < by
Aoy + Boy < by

o A, € Rmixni, B; € R™i*P
e variables 1 € R", 295 € R™?, y € RP, p < ny,no
equivalent to
minimize  t] + to + dTy
subject to  pi(y) <t1,  pi(y) <t
(variables ¢y, to, y), where
pi(y) = min{clT:E | Aijx + By < b1}

p5(y) = min{ciz | Az + Boy < bo}

Large-scale linear programming 16-6



using LP duality, can reformulate as:

minimize  t; +t2 +dly
subject to 2T By <t; +bfz forall z € Py
2T Boy < ty + bgz for all z € Py

where P; = {2 | AT2+¢; =0, 2> 0}

e variables y € R?, t1, 12 € R

e we'll assume for simplicity that P; and Ps are bounded: so we need
only consider z that are extreme points of P;

e (in general) a huge number of constraints

key step in cutting-plane method: given z, ¢;, find a z € P; for which
zTBiy <t;+ bsz

is violated (and do this without enumerating all extreme points of P;)
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solution: solve the LP (with variable 2)
maximize (Byy — b;)T2

subject to Alz+4+¢;=0, 2>0 (1)

corresponding primal problem:

minimize ¢! x

subject to A,z < b; — By

(variable z, optimal value p%(y))

let 2* be an optimal vertex for (1)

o if (Bjy —b;)T2* > t;, then 2* defines a violated inequality

2TBiy <t + bsz for all z € Py
e otherwise, 2T BI'y < t;+ bl 2 for all z € P;
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summary (for simplicity we add bounds I <y < u): set N1 =Ny =)
1. let y, t1, to be the solution of the LP

minimize  dTy +t; + to
subject to 2T By <t; +blz forall z € Ny
2T Boy < to +bl'z for all z € Ny

[<y<u
(ti = —o0 if Ny = 0)

2. let x1, x2 be the solutions of the two LPs

minimize ¢! x;

subject to A;x <b;, — B;y
and let z1, 2o be the corresponding dual solutions

o if Z?Bly >t + b{Zl, set Nl = Nl M {Zl};
o if 21 Boy >ty + bl 2y, set Ny i= Non{z};
e if no violated inequality is found, terminate; otherwise go to step 1
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Chebyshev approximation

minimize ||Az — b||o

[A B 0
A‘[o Bs A2]

and 4, € R"*" B, € R™*P p < ny,no

where

can formulate as

minimize ¢
subject to  ||A1x1 + B1y — biljeo < 't
| Ao + Boy — baloc <t

e variables 1, xo, ¥, t

e decouples in two feasibility problems if y, t are fixed
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from LP duality: given y, t, there exists an x; s.t.
|Aizi + Biy — billoo <t
if and only if (b; — B;y)Tz <t for all z € P;, where
Pi={z| A{z =0,z < 1}
hence, can reformulate problem as

minimize t
subject to  27(by — Byy) <t for all z € Py
2T (by — Boy) < t for all z € Py

e variables ¢, y

e (in general) a huge number of linear inequalities (one for each extreme

point of Py and Ps)

key step in cutting-plane method: given y, t, find z € P; for which

2T (b; — Byy) < t is violated
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solution: solve LP (with variable z)

maximize (b; — Byy)lz
subject to ATz =0
2]l <1

corresponding primal problem (variable x)

minimize ||A;x — b; + Byl

let z* be an optimal vertex for (1)

o if (b; — Bjy)T2z* > t, then z* defines a violated inequality in

e otherwise, 27 (b; — Byy) <t for all z € P;
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example: (m; = mo = 100, ny = ny =80, p =5)

0 2‘ 4 (; .‘8 1‘0‘ 1‘2 1‘4 1‘6 1‘8 20
Iiterations
e lower bound: optimal value of relaxed problem

e upper bound: cost function evaluated at solutions z1, x5 from
subproblems, solution y from relaxed problem
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Delayed column generation

minimize !z
subjectto Axr=0b, x>0

AeR™" m<n

general idea: solve sequence of restrictions

minimize Y ., ci; maximize bTy
subject to ) . ;x;A; = b subject to ATy <¢;, i€l
x; >0, 1€l

o if ; (i € I), y are optimal for the restriction, and ATy < ¢, then x
(with z; = 0 for i ¢ I) is optimal for the original LP

o if A;Fy > c¢; for some j, then we add j to I and solve the new restriction

key to an efficient implementation: find a violated dual constraint without
testing all inequalities
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Dantzig-Wolfe decomposition

minimize crf:rzl + cg:cg

subject to Aixy =by, Asro =bo
lel + BQZ’Q =d
1 >0, 290 >0

A; € Rmixni, B, € Rpxni, p small

assume P; = {x | Az =b;, x > 0} (i = 1,2) is bounded with extreme
points a:f" k=1,..., K;

we can reformulate the problem as
minimize  cf 30,0 af + ¢f 302
subject to By S1it, Apah + Bo SOr2 gk = d
1'x=1, 1Tu=1
p=0, A=>0

few constraints, a huge number of variables A,
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Conclusion

e cutting-plane method and column generation are dual techniques

e many variations, e.g., problems with a few coupling variables and a few
coupling constraints

e general idea: decompose in smaller problems; use duality to combine
the results

implementation:

e simplex method: very well suited for column generation

e interior-point methods: same decomposition techniques work with small
modifications (to take into account the fact that interior-point methods
provide suboptimal solutions)
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