EE236A (Fall 2007-08)

Lecture 5
Structural optimization

e minimum weight truss design

truss topology design

limit analysis

design with minimum number of bars

Truss
-
P

e m bars with lengths [; and cross-sectional areas x;

e N nodes; nodes 1,...,n are free, nodesn +1,..., N are anchored

e external load: forces f; € R® at nodes i =1,...,n

design problems:

e given the topology (i.e., location of bars and nodes), find the lightest
truss that can carry a given load (vars: bar sizes xy, cost: total weight)

e same problem, where cost o< #bars used
e find best topology
e find lightest truss that can carry several given loads

analysis problem: for a given truss, what is the largest load it can carry?
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Material characteristics

e u; € Ris force in bar i (u; > 0: tension, u; < 0: compression)

e s; € R is deformation of bar i (s; > 0: lengthening, s; < 0: shortening)

we assume the material is rigid/perfectly plastic:

(6%

$;, =0 if —a<wu/z; <«
ui /T = « if s, >0

S; .

' w;/r; = —a if s, <0

— . .
(v is a material constant)
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Minimum weight truss for given load

force equilibrium for (free) node i: E;”Zl u; { Nij,a } + { fia ] =0

Nijy Jiy

.ﬂy

n;; depends on topology:
bar j

e n;; = 0 if bar j is not connected to node ¢
i e n;; = (cosb;;,sinb;;) otherwise
node 1 '

minimum weight truss design via LP:

minimize > l;z;

subject to Z;n:1 UM + fl = 0, 1= 1, oo

—ar; <u; <arj;, j=1,....m
(variables zj, ;)
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example

e
45
bar 3 node 1
459 f

mimimize 121 + loxg + l373

subject to  —u1/V2 —us/V2 —us+ fr =0
u1/V2 —uz/V2+ f, =0
—ary <up < ar
—Qr2 < Uz < T

—arsy < uz < arg
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Truss topology design

e grid of nodes; bars between any pair of nodes
e design minimum weight truss: u; = 0 for most bars

e optimal topology: only use bars with u; # 0

example:

e 20 x 11 grid, i.e., 220 (potential) nodes, 24,090 (potential) bars
e nodes a, b, ¢ are fixed; unit vertical force at node d
e optimal topology has 289 bars
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Y
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Multiple loading scenarios

minimum weight truss that can carry M possible loads f}, ..., f;

minimize > lx;

subject to S ukny; + fF=0, i=1,....n k=1,....M

—oza:jgujkgozxj, ij=1....m, k=1,...,.M

(variables zj, uj, ..., u}’)

adds robustness: truss can carry any load
fi=Mfi+- -+ aufM

with A\ > 0, Zk;)‘k? <1
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Limit analysis

e truss with given geometry (including given cross-sectional areas ;)

e |load f; is given up to a constant multiple: f; = vg;, with given g; € R?
and v >0

find largest load that the truss can carry:
maximize vy
subject to Z;n:l ujni; +7v9; =0, i=1,...,n
—ax; <wuj <ar;, j=1,...,m

an LP in v, u;

maximum allowable « is called the safety factor
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Design with smallest number of bars

integer LP formulation (assume wlog x; < 1):

minimize
subject to

e variables z;, x;, u;

e extremely hard to solve; we may have to enumerate all 2" possible

values of z

ZT:1ZJ

doiuingg + fi=0, i=1,....n
—axr; <uj<ar;, j=1...,m
x; <z j=1,....m

ZjE{O,l}, jzl,...,m

heuristic: replace z; € {0,1} by 0 < z; <1

e yields an LP; at the optimum many (but not all) z;'s will be 0 or 1

e called LP relaxation of the integer LP
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