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Degraded Broadcast Channels

Capacity Region [Cover72][Bergmans73][Gallager74]

U— p(x]u) —X—| p(YIX) — Y — a(zly) —Z

The capacity region is the convex hull of the
closure of all rate pairs (R;, R,) satisfying

R, < 1(X;Y |U),
R, <1(U;Z2),
for some joint distribution p(u)p(x|u)p(y,z|x),

where the auxiliary random variable U has
cardinality bounded by [U |<min{|X |,V |.|Z|}.

The Department of Electrical Engineering UCLA



Finding simple single-letter functions.

Joint Encoding

Wl
ORI LU
W, | Encoder 2 s -
Encoder
Independent Encoding
|
n V = X
W, | Encoder 1 v ‘ ‘ ¢| |
Single-letter | X "
function
U n| X=1U,V)
W, +—>{ Encoder 2 !

U [=min {x ] ) | [z} =
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Known cases of simple single-letter functions

Broadcast Gaussian channel [Bergmans/4]

Broadcast binary-symmetric channel [Wyner73]
[Witsenhausen/4]

Broadcast Z channel [Xie08]

Discrete additive degraded broadcast channels
[Benzel79]

Our approach is inspired by [Witsenhausen74]
and [Witsenhausen & Wyner 75],which are also
seminal to [Benzel79] and [Liu&UlukusO7].
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Introduce s and F*(q,s) to optimize (R,, R,)

Given an input distribution X ~q,

R, < I(X;Y |U)
=H(Y |[U)-H(Y[|X,U)
=H(Y |[U)-H(Y [X)
= H(Y | X),
U:Z)

A
1 VAN

H(Z)-H(Z]U)

@€ @D




Defining F* and C”,

Definition of F*
F'(g,s) =min H(Z|U),
s.t. H(Y |[U) =5,

X ~d.
F* is Increasing in s for any fixed q.
F* Is jointly convex In (q,S).
Definition of C”

C,=1(s,mIs=H(Y|U),n=H(Z|U),X ~qf.

C*q IS a convex set.



F* is the lower (optimal) boundary of C*

A7 line s+H(Z)~H(Y)
ol .~ with slope 1
' g
H(Z) -
f slope A
|
|
F*(q,s)
H(Z\X) :
lz[/(q) ’] '-’)' | :
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Input Symmetry

The n-input m-output channel X — Y with probability
transition matrix T,y is input-symmetric if

>, ={Ge® |IH D st T,G=HT,|

IS transitive, i.e., each element in {1,...,n} can be
mapped to each element in {1,...,n} by some
permutation matrices in ZTYX . [Witsenhause&Wyner75]



Example of a G (Binary Erasure Channel)

Binary-Erasure Channel




Example of a G (Binary Erasure Channel)

Binary-Erasure Channel permuted on the right by G
(G permutes the columns)

1-p, 0 |- .-
TYXG: Py Py 9
0 1- p1_12G -
0 1-p, |
— P, Py
1-p 0 _




Example of a G (Binary Erasure Channel)

Binary-Erasure Channel permuted on the left by H

0 0 1(1-p 0
HT,, =0 1 0 P, P,
1 P800 0 R
H
= - pl_
— Py P,
_1_ Py 0 N




Input Symmetry

The n-input m-output channel X — Y with probability
transition matrix T,y is input-symmetric if

5. ={Ge®, |IH e®,, st T,G = HT,}

IS transitive, i.e., each element in {1,...,n} can be
mapped to each element in {1,...,n} by some
permutation matrices in ZTYX . [Witsenhause&Wyner75]



Input Symmetry

The n-input m-output channel X — Y with probability
transition matrix T,y is input-symmetric if

5. ={Ge®, |IH e®,, st T,G = HT,}

IS transitive, i.e., each element in {1,...,n} can be
mapped to each element in {1,...,n} by some
permutation matrices in ZTYX . [Witsenhause&Wyner75]

For the degraded broadcast channel X —»Y — Z
with probability transition matrices T,, and T,x we
define the DBC to be input-symmetric if

Z:TYX ’TZX — 2TYX m Z:TZX
IS transitive.



Examples

Broadcast Binary-Symmetric Channel

T = 1- pl p1 T _ 1- pz pz
ol 1-p] T P, 1-p,
Xy 1. = o 11 o - IS transitive.




Examples

Broadcast Binary-Erasure Channel

TYX —

TZX

— P, P,

- 1S transitive.




Examples

Group-Additive Degraded Broadcast Channel

'Ih N,
X oY oL
N, ~(e,L a,), N, ~N,®N, ~(B,,L ,z,)
1 1If |©x=1
G.(i ) =4" 25" forxi, j=1L ,n
0 otherwise

TYX — Z Othx TZX = Z ﬂxGx
x=1 x=1

) >{G,,L ,G,} Is transitive.

TYX ’TZX -



Key Result: C°, ™ C7,

For an input-symmetric DBC, a uniform
distribution on X can achieve the entire
capacity region. A single C’; tells all.

i line s+H(Z)-H(Y)
% with slope 1

HZ) ===~ =

slope A

I™*(q,s)
HZX) . _ ===
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Permutation Encoding Approach

A K-Input, n,m-output input-symmetric
degraded broadcast channel X —Y — Z with
transitive set

% 1 ={G,L ,G}.

TYX ’TZX
Permutation function g(u, V)
g(u,v)=x Iff G,(v,x)=1
foru=1L ,I, andv,x=1L ,k.

The permutation function 9(U,V) = X if the
permutation matrix G, maps the vth column to
the xt column.



Permutation Encoding Approach

System Structure

A Al
W, —| Encoder 1

\ 4

0 . i 0 (y | x) S Successive
X {+)V)
)

Un

=

n
> p(z]x) Z>Decoder2 >

W, || Encoder 2

=,

Decoder
| -ary R.V. U is uniformly distributed.
V has distribution p € A, .

The achievable region is

-

R, <h (T, p)-h (T,e,)
co| U <(R1,R2): : n( Y p) n( Y 1) >
peny | R, <h (Txu)—h, (T, P)]




Permutation

Encoding Approach

It achieves t
region for in
broadcast C
The achieva
encoding ap

Thus, the ca

co| U <
peA

.

((Rl’RZ):

ne boundary of the capacity
put-symmetric degraded
nannels.

nle region of permutation
proach Is the capacity region.

pacity region is

Rl < hn (TYX p) o hn (TYX el) L
RZ < hm (TZX U) o hm (TZX p))




The rest of the story...

Optimal simple encoding scheme for discrete
OR degraded broadcast channels. [Trans IT
September 2008]

Optimal simple encoding scheme for discrete
multiplicative degraded broadcast channels.
[accepted ISIT 2009]

Optimal simple encoding schemes for several
classes of degraded broadcast channels.
[almost submitted to IEEE Trans. Inform.
Theory]




Thank you.



Proof of Converse

Represent the capacity region with F*

U

p(u)p

U <
X~q

U

(@R
_p(U)p(XIU)

(X|u)

-

p(u) p(xu)
| with X ~q

U

H (Y]X)<s<H (Y)

{(Rl’RZ): R,<H(Z)-H(Z|U)

s [

R, <1(X;Y|U)
R, <1(U;Z) }

ngH(Y|U)—H(Y|X)}

R < H(Y [U)=H(Y | X)
R, <H(Z)-H(Z|VU)

5 R R <s—H(Y|X)
{ H 2)'R2£H(Z)—F*(q,s)
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Proof of Converse

Uniformly distributed X is optimal.

| U{UlR,Ry: =3~ HITTX)
coO o S{( 11 Z)IRZSH(Z)_F*(q’S)}

__U U< (R,R,)): ngs_hn(TYXel)
ccC E S{( 1 2)'R2£hm(szU)_F*(u’S)}

B R, <s—-h (T,e,) }:|

=CO EJ{(Rl, Rz) : R2 < hm (TZX u)_ F*(U,S)

( R <s—H(Y|X) ]
R.R): V1X) 1

- Co sU *
R, <H(Z)-F'(q,9)]]

X~q [ s
u "

N

f R <s—H(Y[X) |’
(R, Ry): * it
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Proof of Converse

Define Pfs) =inf h_(T,, p),
s.t.h (T, p) =Ss.

We can show envFfs) < F"(u,s).
The converse Is proved by

F%_fglqn(110([))'_an(110(el):%}
Rz < hm (sz u) - hm (TZX p)

T R <s—h (Te)
=C Ui(Ri’ R.): R, <h, (T U)—ﬂ"%s)H

| R <s—h (T.e
D COo U<(R1’R2): : n( Yx*l) '
: R, <h (T,,u)—F (u,s)

\

ﬁ{ U {(RﬂRz):

peA
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