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Abstract—In this paper, we consider the performance of a turbo code
with 2 transmit antennas and 2 receive antennas for flat fading channels.
We consider robustness within and among families of channels with the
same singular values (SV’s). When the two SV’s are similar, bit error
rate performance is robust in terms of proximity to the channel capacity.
When the 2 SV’s differ significantly, robust performance can be achieved
by a time-varying linear transformation (TVLT). Iterative decoding is the
same as for standard parallel concatenated convolutional codes, except
that the extrinsic information about encoder outputs are also exchanged.

I. INTRODUCTION

Recently, the goal of providing high data rate wireless com-
munications has motivated the use of multiple transmit and
receive antennas. Foschini and Gans [1] showed the extraor-
dinarily large capacity promised by using multiple transceiver
antennas for the flat Rayleigh fading. This opened the new area
of space-time codes, which take advantage of spatial diversity
with multiple transceiver antennas and temporal diversity pro-
vided by channel coding and interleaving.

Tarokh er al. [2], [3] and Guey et al. [4] proposed the de-
sign criteria for space-time codes for flat Rayleigh fading in a
variety of scenarios. To achieve a high level of diversity, turbo
codes [5] can be used to get excellent performance in fading
channels with multiple transceiver antennas. In [6], Liu et al.
proposed a rank criterion of full space diversity QPSK space-
time turbo codes. In [7], [8], Stefanov and Duman showed that
a simple QPSK turbo code outperforms the space-time block
and trellis codes [2], [3] significantly over (ergodic) block fad-
ing channels.

This paper shows the robustness of turbo codes in frequency-
flat quasistatic fading with 2 transmit antennas and 2 receive
antennas. This robustness is measured in terms of consistent
bit error rate (BER) for a specified proximity to channel ca-
pacity. We consider robustness for families of channels with
the same set of singular values (SV’s). We have found that
the robustness is determined by the difference of the 2 SV’s.
When the SV’s are similar, a straightforward turbo decoding
approach provides robust performance. When the SV’s differ
significantly, consistent performance may still be obtained, but
requires a time-varying linear transformation (TVLT) in both
the transmitter and the receiver. A similar concept to the TVLT
technique presented in this paper is phase sweeping by A. Hi-
roike et al. [9].

Section II describes the channel and system models, the
space-time turbo codes, and the decoding techniques. Section
III presents the linear transformation in the receiver side and
the time-varying linear transformation at both transmitter and
receiver. Section IV shows the simulation results. Section V
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concludes the paper.

II. CHANNEL AND SYSTEM MODELS
A. Space-time channels and theoretical limits

As in [1], we assume that the fading is fixed for a transmis-
sion block, but varies between blocks. Let the 2 x 2 complex
matrix H represent the channel matrix for a given transmission
block, where h;; is the path gain from transmit antenna j to re-
ceive antenna ¢ with 4, j € {1,2}. The input-output equation
for the multiple-input multiple-output (MIMO) channel is

y=H -x+n,

or explicitly

P bl |l R b B

where z; is the transmitted signal at the transmit antenna j,
which is a two-dimensional (2-D) constellation point with en-
ergy P, per dimension,P, = P, /2. y; is the received signal
at receive antenna . Noise n; is 1.i.d. additive white Gaussian
noise (AWGN) with variance Ny /2 per dimension.

When the transmitter knows nothing about the channel and
hence transmits z; and zo with the same energy, the maximum
mutual information (MI) is
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where A; and A, are the singular values of the channel matrix
H. As defined in [1], the signal-to-noise ratio (SNR) is the
average SNR at each receiver branch. In terms of the singular

values, SNR = L’g}’é&_

Suppose the transmitter performs a linear transformation on
the transmitted signal 21 and 2 by an 2 X 2 unitary matrix ¢
and the receiver performs linear transformation on the received

signal y; and y» by an 2 X 2 unitary matrix @,.. Then we have

the following
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where the effective channel H = Q, HQ; has the same sin-
gular values as H, and the same MI by (2). Let the chan-
nel matrix H have the singular value decomposition (SVD) as
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Fig. 2. Space-time model with turbo-coding.

H = ASB* with the singular values A; and A, then H has an
SVDas H = ASB* with the same singular values A1 and Ao,
since both A = ). A and B = ()} B are unitary matrices. The

] = Q. { Zl ] is still .id. AWGN with vari-
2

. [ mn
noise | .
No
ance Ny/2 per dimension. So if the original channel is in the
family of channels with singular values A; and A2, the channel
H = Q,HQ), is still in the family. The MI remains the same
when such linear transformation techniques are applied later in

this paper.

B. Space-time turbo codes

The constituent encoders we use in the symbol-interleaved
turbo-trellis code of Figure 2 are depicted in Figure 1. They are
characterized by the octal polynomial (hg, h1,ha,hs, hs) =
(13,1,17,13,17), the meaning of which is described in Figure
1. These constituent encoders are optimal for an AWGN chan-
nel by the criteria proposed in [10], [11]. For the upper encoder
the input bit ug is punctured. For the lower encoder the input
bit u; is punctured.

The turbo interleaver (I'IL) of Figure 2 is a 4098-symbol
randomly generated interleaver with 2 input bits per symbol.
The input bits are flipped in each interleaved symbol, as shown
in Figure 2, which avoids repetition of systematic bit. A 4098-
symbol block-interleaver (BIL) is used at the output of the up-
per encoder. z; is the transmitted signal in the upper transmit
antenna which is the block-interleaved version of the output of
the upper encoder. xo is the transmitted signal in the lower
transmit antenna, which is the output of the lower encoder.

At the receiver, y; and y are the linear combinations of x;
and z distorted by AWGN noise received by the two receive
antennas. After a linear transformation R as shown in Figure 2
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at the receiver, which will be discussed in the next section, the
received signals y; and y2 become §; and . So the inputs to
the turbo decoder are ; and 95.

Figure 3 shows the decoding diagram. The only channel
input to the upper decoder is the block-deinterleaved version
of 1. Similarly g» is the only channel input to the lower de-
coder. The channel input §; not considered by one decoder is
accounted for through the extrinsic information on z; provided
by the other decoder.

Both upper and lower decoders use the forward-backward
algorithm to get the reliabilities of input and the outputs of
corresponding encoders. They exchange the reliabilities for
the input in the same way as in standard parallel concatenated
convolutional codes. Each decoder also sends the reliabilities
about the outputs of the corresponding encoders to the other
decoder. The upper and lower decoders are connected by in-
terleavers, which is standard in soft-input soft-output (SISO)
networks [12].

The crucial part of the forward-backward algorithm for the
lower forward-backward iterative decoding is

Ye(m',m) = Pr(fag, Sy = m|Sg—1 = m')

=Pr(Sg = m|Sg-1 =m') - Pr(§ax|Sk—1 =m', S, = m)
=Pr(ug;I) - Pr(fior = fiok — ho1 Tip — haz Zog |Tox)
=Pr(ug;I) - ZPr(aclk;I)

Tik
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We can get a similar expression for the upper decoder. With
the extrinsic information about z; or x, the upper and lower
decoders can update its -y, (m',m) and calculate the reliabil-
ities about the input and the output of the corresponding en-
coder.

Assume that the upper decoder is doing the decoding first in
each iteration. In the first iteration, the extrinsic information
P(u; I) about the input will be zero (all u’s are equally likely),
when the logarithm is taken. The soft information P(z2; )
is needed by the upper encoder. It is possible to overcome
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Fig. 3. Space-time iterative decoding.



the need for soft information P(x2; I) on the first iteration by
using an upper/lower-triangular decomposition (ULTD).

Let U = [1 U1z

0 1
I - [ iy O
) l21

l22
H = UL. U and L can be uniquely determined for a given
H and it can be shown that Iy, = ho1,l20 = hos. The inverse
1 —ujo
0 1
transformation on §; and §» by matrix U1, we get §j; and g
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there is no dependency in z2. §2 = g2 by (3), so the channel in-
put to the lower decoder is §» for all the iterations even with the
ULTD performed in the first iteration. However the ULTD in
the first iteration might introduce potential noise enhancement
for niy.

III. SIGNAL PROCESSING TECHNIQUES
A. Linear transformation at the receiver side

From an MI perspective (2), all channels with the same SV’s
are equivalent. However diagonal channels perform best in
our turbo decoding simulations because there is no interference
from the other transmit antenna. Normally, the channel matrix
is not diagonal in the space-time scenario; there is interference
between the transmitted signals.

When the receiver has the knowledge of channel H, the re-
ceiver can perform linear operations on y; and y- to separate
the transmitted signals. In this way, the receiver tries to cre-
ate an effective channel H that has the same mutual informa-
tion but less interference. The linear transformation can be ex-

NI

Assuming H = ASB* and R = BA*, the effective channel
matrix H = RH = BSB* is hermitian and positive-definite.
If \; = Xy, H is diagonal. This technique improves perfor-
mance by mitigating variation in A in all cases and B when
A1 = Xo. For example,

Let
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B,SBf

AL cos? 6 + Xosin’ 6
(A1 ~ X2) cos @ sin fef¥

(A1 = X\2) cos@sinfe—7%
A1 sin? 6 + Ay cos? 6 '
(6)

Another unitary matrix Bs can be represented as

|

and B,SB; = B;SB;j. Together, B; and Bs represent all
possible 2 x 2 unitary matrices.

We observe that smaller singular value difference [A; — Ao
implies smaller off-diagonal (interference) elements in H =
B,SBf. If Ay = A2 = A, then H = B;SB} = A\, regardless
of #. So, using the unitary transformation R produces the same
interference-free (diagonal) effective channel H = A1, for all
channels with two identical singular values.

—sinf
cos fedf

cos fe 301

B, = { sin

B. Time-varying linear transformations

When )\; and A, are far apart, the channels with interference
perform noticeably worse in our simulations than the diagonal
channels despite the use of R. This can be observed from ex-
pression (6). For large singular value spread, the values in the
off-diagonal elements depend on the specific value 8 or the uni-
tary matrix B. For channels with different 6, the performance
can be noticeably different.

To achieve robustness (i.e. similar performance within a
family of channels sharing the pair A;, A2), a time-varying but
channel independent linear transformation at both the transmit-
ter and the receiver can be introduced to make the performance
on the family of channels consistent. This technique in a sense
transforms the unitary matrix B in (5) to a time-varying unitary
matrix T3, B, where T}, is a unitary matrix at the transmitter and
is periodically varying for every channel transmission. Let

sin 1,
— COS d}l el

cos ;eI
sin ¢;

Ty = ; @)
1; is a phase-sweeping term taking values between 0 and 7,
ie. ¥ pili,i:1~--,p1and’yj p%j,j:ﬂ---,pg—l,
where p; and py can be any positive integer numbers. The
index k is related with i and j as k = (j — 1)p; + 1.

Introducing a time-varying phase 6 at both the transmitter
and receiver (by T}) is similar to the phase sweeping tech-
nique used in [9] to force fast fading at the receiver. To the
extent that T}, cycles through a set of matrices that finely sam-
ples the space of possible B’s, performance will be consistent
throughout the class. We have found that the worst B’s ben-
efit substantially from this time variation. The best B’s suffer
a performance loss, but not as much as the gain for the worst
Bs.
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Fig. 4. Bit error rate vs. mutual information for two families of channels
with different sets of singular values. The notation H;:TVLT represents
the time-varying linear transformation for channel H; used at both the
transmitter and receiver.

IV. SIMULATION
A. Proximity to Capacity

To have an idea about how closely the space-time turbo
codes perform to the MI expressed in (2), we consider the plot
of BER versus MI in plots of simulation results using Monte
Carlo simulation with 15 iterations. All the simulations are
terminated when 80 block errors occur. The standard plots
of BER versus SNR make a fair performance comparison be-
tween different channels difficult so we use MI (2) instead of
SNR, as in [13].

Figure 4 shows the BER versus MI for two families of chan-
nels. The H = I curve represents all channels with singu-
lar values Ay = Ay = 1. The other six curves represent 3
channels all with A; = 1, A3 = 0.5 without and with TVLT.
With the assumption that the receiver has perfect knowledge
of channel, all different channels with Ay = Ay = 1 have
the same effective channel H = I, which is the identity ma-
trix. At BER=1079, this class of channels needs 2.26 bits per
2 antennas. Thus, this family of channels requires an excess
MI of 0.13 bits per antenna. At BER=10"2, all 3 channels of
A1 =1, A2 = 0.5 without using TVLT need 2.33-2.37 bits per
2 antennas; they require an excess MI of 0.165-0.185 bits per
antenna.

By using TVLT at both the transmitter and the receiver, the
channels with singular values A\; = Ay = 1 still have the ef-
fective channel H = I and perform the same as without using
TVLT at both the transmitter and the receiver. However, for
the channels with singular values with A; = 1, Ao = 0.5, the
TVLT technique makes the worst channels Hy and Hj per-
form much better and the best channel H; = S perform a lit-
tle bit worse. By using TVLT, the 3 channels perform much
closer and need approximately 2.34 bits per 2 antennas for
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BER=1075; they require an excess MI of approximately 0.17
bits per antenna;

The equivalent AWGN SNR as described in [13] is used
here to get a more familiar term. For a given MI, the equiv-
alent AWGN SNR is the SNR which yields this MI for the
AWGN channel capacity. For H = 1, the 1.13 bits per an-
tenna corresponds to equivalent AWGN SNR of 0.81 dB. For
the other 3 channels, the 1.165-1.185 bits per antenna corre-
spond to equivalent AWGN SNR of 0.94 dB-1.05 dB. Using
TVLT, 1.17 bits per antenna corresponds to equivalent AWGN
SNR of 0.97 dB. For comparison, the turbo-codes for transmis-
sion of 1 bit per channel use in the AWGN channel require an
equivalent SNR of 0.7 dB-1.0dB (or 0.121-0.176 bits of excess
MI) for BER=10"3. Thus, there might still be some room on
the performance of space-time turbo-codes demonstrated here.

B. Examples
Here, we take a closer look at the 3 channels with singular
— 1.0 0.0
values Ay = 1,y = 0.5 in Figure 4. Let S = 00 05 |°

Channel matrix H; = S is a diagonal matrix. Hy = A,SB;,
where B, = [ 83??;1 _()06259}18 } with § = 49°, and A, can
be any unitary matrix in real or complex domain. So the chan-
nel matrix Hy represents a family of matrices which have the
same effective channel matrix Hy = B>SBj after the linear
transformation at the receiver. Similarly Hy = A3SBj, where
By = | geoes oot | with 6 = 41.25°.
H,, channel matrix H3 represents a family of channel matrices
which have the same effective channel matrix Hz = B3 S B;3.

As described in subsection IV-A, at BER=10"2, the diago-
nal channel H; requires 2.33 bits of MI per 2 antennas using
(2) while the other 2 channels Hy and Hjs require approxi-
mately 2.37 bits per 2 antennas; the gap between bits the di-
agonal channel H; requires and the other 2 channels require is
0.04 bits per 2 antennas. The 3 channels require an excess MI
of 0.165-0.185 bits per antenna. By using TVLT, the diagonal
channel H; requires 2.335 bits per 2 antennas and the other 2
channels H, and H3 require approximately 2.341 bits per 2 an-
tennas; the gap between bits the diagonal channel H; requires
and the other 2 channels require is 0.006 bits per 2 antennas.
The 3 channels require an excess MI of 0.167-0.171 bits per
antenna by using TVLT.

In Figure 5, we consider 3 channels, all with singular val-

Similar to

1.0 0.0
ues Ay = 1,A = 0.25. Thus S = 0.0 025 | The
first is Hy =S = diag{1.0,0.25}. Hs = A,SBj, where
0.9239  0.3827 . _ o
By 0.3827 _0.9239] with 8 = 22.5° from (6).

Hs = A3SBj, where Bj is the same as in [V-B, and the ma-
trices A, and Ag are irrelevant, as before.

At BER=2 x 1074, the diagonal matrix H; requires 2.46 bits
per 2 antennas. Channels Hy and H3 require 2.52 bits and 2.65
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Fig. 5. Bit error rate vs. mutual information for the family of channels with
A1 =1, A2=0.25. The notation H;:TVLT represents the time-varying lin-
ear transformation for channel H; used at both the transmitter and re-
ceiver. The notation H; = S:SW represents the transmitted signals z;
and z2 alternated for each antenna at the transmitter for the diagonal chan-
nel Hy = S.

bits per 2 antennas respectively; the gap between bits the diag-
onal channel H; requires and the channel H3 requires is 0.19
bits. The 3 channels need an excess MI of 0.23-0.325 bits per
antenna. Also Figure 5 shows the performance improvement
by alternating between the transmitted signals z; and xy for
each antenna when channel matrix is H; = S.

In all cases studied, the time-varying linear transformation
technique is used with parameters p; = 12,p2 = 1. In the
simulation, we only consider the linear transformation in the
real domain, i.e. 79 = 0 as shown in (7). Using this technique,
diagonal channel H; performs slightly worse. channel H» per-
forms better, but the improvement is negligible. Only channel
Hj performs much better. The performances of the 3 chan-
nels are much more consistent after the TVLT technique. The
performance loss suffered by the diagonal channel H; is much
less than the performance gain by the channel Hs. However
the performance gain by Hy is negligible. At BER=2 x 1074,
the diagonal matrix H; requires almost 2.5 bits per 2 antennas,
while channels Hs and H3 require 2.51 bits per 2 antennas; the
gap between the bits required by the 3 channels is 0.01 bits.
The 3 channels consistently need an excess MI of 0.25-0.255
bits per antenna.

C. Rayleigh fading channels

Figures 6 shows the Block error rate vs. SNR in quasistatic
Rayleigh fading. Each entry of the 2 x 2 channel matrix H is a
zero mean, unit power complex Gaussian, i.i.d. from block to
block but constant for each entire transmission block of 4098
symbols. Figure 6 plots the outage capacity along with four
simulation curves for Block error rate, with or without linear
transformation R = BA* at the receiver side and with or with-
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Fig. 6. Block error rate vs. SNR for quasistatic Rayleigh fading channels,
with and without the linear transformation R at the receiver, and with or
without the TVLT at both the transmitter and receiver.

out time-varying linear transformation (TVLT) (7) at both the
transmitter and receiver. Notice that the use of R improves
performance significantly, by about 5 dB, while the TVLT has
no visible effect on Block error rate. One possible explana-
tion for that is that error performance in ergodic of Rayleigh
fading is the average performance in good channels and bad
channels. Figures 4 and 5 show that the TVLT improves per-
formance in bad channels and deteriorates the Block error rate
in good channels. If the quasistatic Rayleigh model produces
a balanced mix of good and bad block channels, the limited
effect of the TVLT on Rayleigh performance is justified.

We can see that the performance is 2.0 dB away from the
capacity when the linear transformation R is used, which is
equivalent to the 64-state space-time codes in [2].

D. Discussions

In the examples, we show that the performance is dictated
by the set of singular values. The channel transformation and
space-time iterative decoding techniques used in the receiver
make the performance robust. When the values of A; and
Ao are close to each other, the performance in the family of
channels is almost the same as the diagonal channel which can
achieve turbo-coding performance similar to that in the AWGN
channels.

When A; and Ay are significantly different, there are two
differences from the previous case. First the diagonal chan-
nels need more additional mutual information to get the de-
sired BER. We saw in one example how alternating between
the transmitted signals x; and x5 for each antenna can im-
prove performance in this case. Second there is some notice-
able gap between the performance of the diagonal channels
and the channels with the worst interference. In this case, a
time-varying symbol-wise linear transformation technique pro-
vides consistent performance in the family of channels. We ob-
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served that the performance loss suffered by the good channels
is much less than the performance gain obtained by the worst
channels. However the performance gain by using TVLT for
channels as H» in Figure 5 is negligible.

The performance of Rayleigh fading channels is 2.0 dB
away from outage capacity. The time-varying linear trans-
formation provides no advantage in this case, but the receiver
transformation R does.

V. CONCLUSION

This paper shows one way to achieve robust performance in
MIMO frequency-flat quasistatic fading channels with 2 trans-
mit and 2 receive antennas, using turbo codes and linear re-
ceiver processing. The BER vs. mutual information (MI) per-
formance is determined by the 2 singular values (SV’s). When
the 2 SV’s are close to each other, the performance is consis-
tent in the family of channels with the same SV’s regardless
of the unitary matrices A and B, where the channel matrix has
singular value decomposition (SVD) in the form H = ASB*.
In this case all the channels in the family perform very close to
each other and to channel capacity.

When the 2 SV’s differ significantly, there is a noticeable
gap between the diagonal channel H = S and the worst chan-
nel with the most off-diagonal interference between transmit
antennas. Also the channels in the family need more additional
mutual information to get the desired BER and therefore per-
form farther from the channel capacity.

However, by using the time-varying linear transformation
technique (TVLT), the channels in the family can achieve a
kind of consistent performance in the sense that they perform
much closer to each other, and the worst channels perform
closer to the channel capacity. With this TVLT we observed a
slight performance loss for the best channels, negligible perfor-
mance gain for channels with moderate interference and much
more performance gain for the bad channels. This TVLT has
the same effect even for channels with singular values close to
each other.

We also observed that the linear transformation R at the re-
ceiver can improve the performance significantly as shown in
Rayleigh fading channels. The TVLT technique helps some
worst channels but hurts other good channels. So the overall
effect of this technique is negligible in Rayleigh fading chan-
nels.
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