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Abstract—This paper investigates optimal constellation labeling the same coset. Following the approach set forth in [2], coset

in the context of the edge profile. A constellation’s edge profile membership is identified by the least significant bits (LSBs) of
lists the minimum-distance edge for each binary symbol error. the point labels.

The paper introduces the symmetric-ultracomposite (SU) labeling Th . . | wisd h h ibl
structure and shows that this structure provides undominated ere Is conventional wisdom that among the many possible

edge profiles for27-PSK, 2"-PAM, and 22"-point square QAM.  permutations of SP and GC labelings, the particular choice does
The SU structure is a generalization of the commonly used re- not matter much as long as it is sensible. However, there is no
flected binary Gray code. With the proper choice of basis vectors, precise notion of what is meant by sensible, and such conven-

SU labeling can support either set-partition or Gray-code labeling . : ; ;
of 2"-PSK. 2"-PAM., and 22™-point square QAM. Notably, there tional wisdom is passed among a relatively small group of code

are Gray-code and set-partition labelings that do not have the SU designers. Itis not readily available in the literature. _
structure. These labelings yield inferior edge profiles. We imagine that the mathematically inclined designer, either

The SU structure does not apply to cross constellations. How- unaware of the conventional wisdom or unsatisfied with it, may
ever, for any standard cross constellation with 32 or more points, he distracted by considering various permutations of SP or GC

a quasi-SU labeling structure can approximate the SU structure. : . . .
With the correct choice of basis, quasi-SU labelings produce labelings. Such a designer might notice, for example, that there

quasi-Gray labelings. However, the quasi-SU structure cannot '€ Structurally distinct labelings that meet the SP paradigm
support set-partition labeling. In fact, the quasi-SU structure and wonder which is best. Indeed, when SP is presented in our

provides a better edge profile than standard set-partition labeling. coding courses, a recurring question is whether it makes any dif-

Thus, for cross constellations there is a choice between edge profileference which branches in the partition tree are labeled with a
optimality and the group structure provided by set-partitioning. one and which with a zero

Here, the correct choice depends on whether the encoder trellis . .
has parallel branches. The purpose of this paper is to formally answer the funda-

mental questions surrounding the selection of a constellation la-
beling for a standard trellis-coded modulation (TCM) without

resorting to brute-force combinatorics. Our analysis must re-
strict attention to linear convolutional encoders. Consideration
I. INTRODUCTION of general nonlinear encoders nullifies the role of constellation

ANY searches for trellis codes pick a single constel@Peling. Such encoders permit a nonlinear table lookup just be-

M lation labeling and search over a set of convolution&pre the signal mapper that effectively relabels the constellation.
codes. While the choice of convolutional code is the result of COnsistent with the conventional wisdom, the difference in
an exhaustive search, the choice of labeling is often not justifig§fformance is small between the labelings we identify as de-
beyond stating that the labeling is a Gray-code (GC) |abe|i,zgable and slight permutations thgt are inferior. However, we
[1] or a set-partitioning (SP) labeling [2], [3]. 0 not geek outthe very worst labelings (those that are not “sen-

A GC-labeled constellation is one where any two points thgt?!€") since such labelings would serve no purpose but to make
are nearest neighbors have binary labels that differ in exactly JR€ best labelings seem even better in contrast. _
bit position. The SP labeling paradigm partitions the constella- FOr pulse-amplitude modulation (PAM), phase-shift keying
tion into a collection of mutually exclusive, collectively exhaus(PSK), and2*"-QAM (square) constellations, it turns out that
tive subsets (called cosets because of their algebraic struct@é&jngle labeling structure (which we will call symmetric ultra-

so as to maximize the separation between nearest neighbor€afPosite when we define itin Section I11) stands out as a clear
choice. This single structure supports both GC and SP labeling
through appropriate choices of basis. For the cross constella-
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distinct structures within the standard paradigms of GC and SP
labeling by showing that some labelings have a more desirable
edge profile than other labelings within the specified paradigm.

Section 1l introduces symmetric-ultracomposite (SU)
labeling, which is a generalization of the common binary
reflected GC labeling. This section proves that for standard
PAM, PSK, and2?*-QAM constellations, no labeling can
provide an edge profile strictly better than the one provided by
SU labeling. The SU structure may be used in either the GC'dg.- 1. 4-PAM constellation with arcs indicating all edges.
the SP paradigm, in both cases producing labelings already in
common use.

Section IV proves tha2?”*! cross constellations must have
atleasn+ 2 minimum-distance edges, which implies that they
cannot be GC labeled. This section then presents a procedure to
convert &2” x 2"t rectangular constellation with SU labeling
into a labeled2?”** cross constellation with exactn + 2
minimum-distance edges. We call this cross-labeling structure 00 01 11 10
quasi-SU. . . .

With the correct choice of basis, quasi-SU labelings produglg' 2. GC labeled-PAM. Ares indicate edges with edge lafiel.

a quasi-Gray labeling. However, the quasi-SU structure cannot

support SP labeling. In fact, the standard SP labelings of craBgy be described (except for the choice of the zero point) by
constellations with 32 or more points have at least+ 4 adifference list L. This list includes only the edge labels be-
minimum-distance edges. Thus, for cross constellations théneen neighboring points (which we will call difference labels),
is a choice between the group structure provided by SP and gi@rting at the leftmost point and moving to the rightmost point.
desirable edge profile provided by quasi-SU. Low-complexity = [01 10 01] for the GC-labeled-PAM constellation in
code searches indicate that the superior edge profile is prefeig. 2. By definition, GC labeling implies that the difference list
able when the best encoder trellis has no parallel branchesnsists of only unit-Hamming-weight difference labels.

When the best encoder has parallel trellis branches, the groughe point labels comprise a binary vector space over
structure provided by SP produces a larger free Euclide&f(2). Hence, the difference list must contain a basis for

distance. this vector space. The labeling structure may be examined
Section V concludes the paper. without fixing the basis by using indeterminate basis vectors
b;. L =1[by by b]is abasis-independent difference list for

Fig. 2.

We similarly define the difference list for a PSK constellation

This section examines constellation labeling in terms of the the list of edge labels between neighboring points starting
TCMs achievable for a given labeling. Section II-A introducegom any point and moving around the circle until returning to
the worst-case mapping and the edge profile as quantitative ingle starting point. When considering PAM and PSK difference
cations of a constellation’s labeling structure. Section II-B digxsts for the same number of points, the PSK difference list in-
cusses the close relationship between the worst-case mapgifigles one more difference label to complete the circle. If we
and the free Euclidean distance of a trellis code. Section ll1gke — [00 01 11 10]to be the point-labels of &PSK

shows that neither GC labeling nor SP labeling completely spegnstellation, the difference list & = [01 10 01 10]or

[I. CONSTELLATION LABELING AND TRELLIS CODES

ifies the worst-case mapping (or the edge profile). L = [by by b by] Unlike PAM, the choice of starting
_ . point for PSK is arbitrary, so any cyclic shift of a PSK difference
A. Worst-Case Mappings and the Edge Profile list is also a valid difference list for that PSK constellation.

For our analysis, constellations are fully connected, weightedGenerally, edge labels do not uniquely identify Euclidean dis-
graphs in which the constellation points are the vertices. Figtances. For example, the edge labgl= 10 in Fig. 2 corre-
shows an examp|e of such a graph fot-BAM Conste”ation, Sponds to edges with Euclidean distantesnd 3. These are
with arcs indicating each edge. Note that the self-loop edges g edges indicated by arcs in Fig. 2. Therst-case mapping
included in the graph. When the constellation is labeled, eadh gives the minimum distance associated with each edge label.
of the 2 vertices has an-bit label. Then each edge has bottror the example in Fig. 2
a label and a weight. The edge label is the exclusive—or (binary
difference) of the labels of two vertices connected by the edge. 00 01 10 11
The edge weight is equal to the Euclidean distance between the M= o 1 1 21° 1)
two corresponding vertices (or zero for the self-loop edges). For
convenience, we assume that normalization forces the smallegDur analysis focuses on the distances in mappidgsithout
Euclidean distance to be one. listing the corresponding edge labels. This listing, denoted by

A valid 2™-point constellation labeling is simply antbit la- P, is theedge profileof a labeled constellation. For tHePAM
beling that gives each pointa unique label. A valid PAM labelingxkample in Fig. 2P =0 1 1 2].
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B. Worst-Case Mappings and Free Distance b 05, ®bh 01 05,85
Now we investigate the effect of the constellation labeling on
the free Euclidean distance of TCM. To begin, consider the ways @

in which two TCMs might be considered equivalent. Two TCMs 000 001 011 010, 110, [100] 101 [111
arestrictly equivalent if they implement the same mapping of ®H © )0 p 1 ® h
input information sequences to constellation point sequences.

Two TCMs arerange-equivalentif they have the same set of (b)

possible constellation point sequences. Range equivalence '%9.63. Two GC8-PAM constellations with different worst-case distance
notion of equivalence used by Forney in [4]. Finally, two TCM#gnappings. Difference labels are indicated ly = 001, b, = 010, and
aredistance-equivalentf they have the same set of worst—casl(é;) BisiggéeTZS aefrcizriféegtgmfzg;“%Egiae”i?]?e‘:ggeéc‘é"i&&dgﬁhg?ﬁt
distance sequences, where therst-case distance Seql'u:"n(:(:"spoints with Iabelps different from-the labeling of (a) are shown in-boxes.

of a TCM are the distance sequences produced by applying the

worst-case mapping/ to each binary symbol error sequence

produced by an incorrect path through the trellis of the conv8f the minimum Euclidean distance and product distance that
lutional encoder. will result from an exhaustive search of linear convolutional en-

In general, the worst-case distance sequences may be ovEP§ers of a fixed complexity.

pessimistic, i.e., not achievable by an actual trellis error event.

However, in the original paper on TCM [3], Ungerboeck showefd- Different Structures Within the Common Paradigms

that the worst-case distance sequences do occur fok yake-1) The following examples demonstrate structurally distinct la-

TCM. These results can be extended using the equivalence-clasiings within both of the standard paradigms (GC and SP) by

encoder analysis introduced in [5] to most r&i&#+2) codes, showing that one labeling is distance-superior to another. Fig. 3

when the constellation has two reflection symmetries and hengifows two slightly different GC labelings f6rPAM.

can be decomposed into equivalence classes with at least fouss shown below, the worst-case mappings of Fig. 3(a) and

points each. This condition is satisfied by all the common tw@b) are distinct

dimensional (2-D) labelings. Whenever all the worst-case dis-

tance sequences do occur, those sequences are sufficientto ¢ _3(a))— [000 001 010 100 o011 101 111 110}

pute the minimum Euclidean distance and the minimum produtc 10 1 1 1 2 2 3 4

distance [6], [7] of the trellis code. Thus, in many common Sit- 000 001 010 100 011 101 111 110

uations, distance equivalence alone is enough to establish tl%{:g(b)):[ 0 1 1 1 2 2 3 2 }

two codes have the same values of free Euclidean distance and

product distance. The different distances associated withe bs = 110 cause
Now we extend the three definitions of equivalence frorRig. 3(a) to be distance-superior to Fig. 3(b). This distance supe-

trellis codes to constellations. Two labeled constellations atierity makes constellation in Fig. 3(a) the preferred in exhaus-

strictly, range- or distance-equivalent if any trellis code usiniye code searches optimizing Euclidean distance or product dis-

one of the constellations with a linear convolutional encoder heshce.

a corresponding strictly, range- or distance-equivalent trellisFig. 4 shows two SP labelings fa6-PAM. The labeling in

code using the other constellation with a linear convolutiong&lg. 4(a) is the natural labeling, a well-known SP labeling for

encoder having the same number of memory elements as E#M. The labeling in Fig. 4(b) switches the bit labeling used

encoder of original trellis code. on the partition of the cos¢b001, 1001} into two single-point
Considering labels (of points or of edges) as vectors ove®sets. The worst-case distance mappings are given below for

GF(2), two different labelings of a set of points or a set of edgdsg. 4(a) (top) and Fig. 4(b) (bottom) using hexadecimal repre-

arelinearly equivalent if they are related by a linear transfor-sentation for the binary edge labels

mation over the GI2) vector space of the binary labels. Lin-

early equivalent point labelings induce strictly equivalent coriO 137 f 26 e5dd4dcbdb a9 8}
stellations. Linearly equivalent edge labelings induce distange? 1 1 1 1 2 2 2 3 3 4 4 5 6 7 8
equivalent labeled constellations. Constellations with linearljo 1 3 7 f 2 6 ¢ 5 d 4 ¢ b a 9 8
equivalent edge labelings will have linearly equivalentpointlato 1 1 1 1 2 2 2 3 3 4 4 1 2 1 8} g

belings if and only if they assign the zero label to the same point.

Worst-case mappings induce a partial ordering on label&tie 16-PAM SP with point labeling in Fig. 4(a) is distance-su-
constellations. We say that worst-case mappgiigdominates perior to the one in Fig. 4(b), providing more distance for the
M, if the distance mapped by/; to each edge label is greatetthree edge label§b, «, 9}. Note that two of these three edge
or equal to the distance mapped hfp, with at least one strict labels are the nonbasis difference labels= 9 ande; = b
inequality. One labeled constellatiortiistance-superiorto an-  that appear in Fig. 4(b) but not in Fig. 4(a). With a standard
other if it has a worst-case distance mapping that dominates thdtitive white Gaussian noise (AWGN) trellis code, the dis-
of the other. A distance-superior constellation leads to strictignce-superior labeling provides a bit error rate advantage at low
better worst-case distance sequences. As discussed earlier silgisal-to-noise ratio (SNR). Similar examples are given in [8]
often implies that one constellation dominates the other in terrfizs GC 8-PSK and SR 6-QAM.
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Fig. 4. Two set-partition-labelet-PAM constellations with different worst-case distance mappings. Difference label basis vectors are indibatediy1,
by, = 0011,b3 = 0111,andb, = 1111. (a) Distance-superior SP-labele@-PAM. (b) Distance-inferior SP-labeldd-PAM. The two points with labels different
from (a) are shown in boxes. The non-basis difference labels,ate b, & b & by andes = by & by & by

lll. L ABELINGS WITH UNDOMINATED EDGE PROFILES {4, b, B} is called acompositedifference list. Let’,, be the
set of all composite difference lists féf-PAM constellations.

When comparing one edge profile to another, itis helpful to 5ch composite difference lists always provide vafiePAM
sortthe elements in each profile. Let angle brackets indicate thghstellation labelings when the indeterminate basis vectors are
the elements of an edge profile are sorted to increase MoNOtgAr toy,-bit basis vectors. This general truth may be readily un-
ically. Thus, while the elements df may be in any order, the gerstood by considering a special case. Let the leftmost point
elements of P) must increase monotonically. be labeled with all zeros. Léby, ..., b,_;} have a zero in the

Edge profile; dominates P if the value in every position most significant bit (MSB), and lék,, be all zeros except the
of (P1) is greater or equal to the value in the corresponding pRtSB. Ignoring the MSB, the resulting constellation labeling is
sition of (F), with at least one strict inequality. An edge profiley concatenation of two valid label&i—1-PAM constellations,
is undominated if no valid constellation labeling produces amype according tot, and the other according . Considering
edge profile that dominates it. This section presents the SU {ge MSB, the left2*—1-PAM constellation has the MSB: 0,
beling structure and proves that its edge profile is undominateghg the righ2"—1-PAM constellation has the MSB 1.

Section llI-A introduces the SU Iabeling structure for PAM The setl/,, of u|tracomposite difference lists for2™-PAM
constellations. Section I1I-B shows that SU PAM has an undong constructed by induction. The base cagés simply {[b1]}.
inated edge profile. Section IlI-C extends the SU structure iven U,,_;, U,, contains the composite difference lists con-
PSKand square QAM, again showing that SU labeling resultsdftucted by connecting two (possibly identical) difference lists
an edge profile that is undominated. Section IlI-D demonstratg@gm /,,_. Thus,Us contains[b; by by]. U, is completed
how to select the difference label basis so that SU Iabeling CWaddmg any difference list obtained by permuting the indexes

meet either the GC or the SP paradigm. of the indeterminate basis vectors in any difference list already
An edge profile may be undominated but still not dominatg ¢/,,. Thus,

all other edge profiles; there is still the possibility that another

labeling has a sorted profile that is better in some places and Us={[bi b bi],[b2a b1 b2]}.

worse in others, such that neither edge profile dominates the

other. Section IlI-E explores when the SU edge profile domi- In generall/,, C C,,. For2- and4-PAM all valid difference

nates all others. labels are ultracomposite abg, = C,,. For8-PAM, noncom-
posite difference labels exist, but becauseldlAM difference
A. SU Labeling labels are ultracomposite we still hallg = Cs. For 16-PAM

and largerl/,, C C,.

Gilbert's taxonomy of Gray codes [9] enumerates a number Symmetric Ultracomposite (SU)difference lists are ultra-
of different labeling structures that meet the GC condition ardmposite difference lists where every composite difference list
classifies them according to structure. In particular, Gilbeif the construction combines two identical difference lists. The
identifies composite and ultracomposite Gray codes. Below, \§#ference lists for SW2-, 4-, and8-PAM below illustrate the
extend Gilbert's definitions of composite and ultracompositi@cursive structure of SU difference lists.
GC difference lists to permit basis vectors with Hamming
weight larger thari. We also consider the special case (defined by (2
below) of SU difference lists. Later, we show that SU difference by by by ©)
lists provide undominated edge profiles.

Let A and B be two valid difference lists foe"—1-PAM, by bibs b b by )
as L in Section II-A, each containing2”—! — 1) differ- : (5)
ence labels drawn from a set of indeterminate basis vectors
{b1, ..., bp_1}. The basis vectors off and B both must = The commonly used reflected binary labeling structure

span then — 1 dimensional binary space, but they need not be Gray’s 1953 patent [1] is SU with unit-Hamming-weight
identical. As valid difference lists4 and.B must provide valid difference labelsh;. However, for the general SU structure,
labelings of2"~1-PAM when the indeterminate basis vector$,, ..., b, can be any basis of linearly independent-bit

are set tan — 1)-bit basis vectors. Lk, be an indeterminate difference labels. Looking back at Fig. 3(a) and (b), both are
basis vector that extends the range of the basdsaind B to the ultracomposite, but only Fig. 3(a) is SU. Furthermore, Fig. 4(a)
full n-dimensional binary space. For2&-PAM constellation, is SU, but Fig. 4(b) is not even composite.
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(2)

Fig. 6. lllustration for proof of Lemma 2.

We will useb; to refer to the difference list elements that are
also designated as basis vectors in our line of argument. For
8-PAM, call these basis-vector difference labils b2, andbs.

Note that according to Lemma 1, all difference labels must be
(©) basis vectors to achieve the minimum numbet’sfin the edge
) . . . profile. However, there remains considerable freedom as to how
Fig. 5. For each SU labeled constellation above, arcs indicate minim . .
distance edges for each edge label. These arcs illustrate how the edge priifeS€ basis-vector difference labels are tobe erange_d- Inthe rest
of 2-PAM inherits the edge profile af*—1-PAM. of the argument, we usg to denote indeterminate difference

labels for which we have not yet specified the particular basis

The difference list for SU2™"-PAM is simply two SU vector.
2"~1-PAM difference lists connected by a centbal Asare-  Lemma 2:2"-PAM has at most one edge profile entry of
sult, the worst-case mapping and edge profile for28tPAM 27— To achieve this entry the difference list must have the
includes that of SU2"~'-PAM. Fig. 5 illustrates how the following repeating structure:

by ba b1 b3

minimum-distance edges are inherited by the next larger PAM, _ [cr 2 - e e er o emoai].  (7)
constellation. This figure also shows how central location o b SR momd
the new difference labé, causes the integets . . ., 21 to Proof: The sorted Euclidean distances of the edges ema-

comprise the new elements in the edge profile of BLPAM  Nating from any single point form an upper bound on each el-
as compared to SB*—1-PAM. Equation (6) shows the generaement of the sorted edge profile. This is because each of these

form of P(SU 2"-PAM). The values to the left of the last®dges has a distinct edge label. - _ _
comma are the edge profile 2f~1-PAM. There is only one edge emanating from the right central point

(RCP) with length2™—1, and no larger edges. This proves that
P(SU)=[0,1,12,...,12 ... 272,12 ... 2"7']. (6) there can be at most one entry in the edge profile with length
2n—t,
) . The rest of the proof hinges on the lengfti=* edge from the
B. SU Edge Profiles Are Undominated RCP to the left endpoint. F@&-PAM this edge is indicated by
We show that SU difference lists have undominated edge pkgr 1 in Fig. 6, with lengtle™—! = 4.
files through the recursive application of four lemmas that ex- | abel the first2»—! difference labels with the indeterminate
plore the structural requirements necessary to at least achigiglse, - - - 5.1, as in Fig. 6 fos-PAM. By construction, the
(P(SU2"-PAM)), the sorted version of (6). We will use a runedge label for the edge from the RCP to the left endpoint is
ning example of 8-PAM. Note that 1P e PP egnr. FOr8-PAM thisise; & cx & ez & cy.
) _ To have an entry o2 ~! in the edge profile, every point must
(PSUSPAM)) =[1 1 1 2 2 3 4] have an edge labeled © ¢, & - - - & ean—1 With distance2™ !
The proof technique works from the ends/#f{(SU)) toward or more.

the middle. When working on the left end with profile entries Consider the point just to the right of the RCP. The only edge
of 1 or 2, the goal is to ensure that no more than the numbef length 2”1 or larger that can be labeled ® e, & - &
of 1’'s or 2’s in (P(SU)) appear in the edge profile. The fewere,.—1 is the length2"~! edge emanating to the left, arc 2 in
small values in the edge profile the better. When working on tiiiég. 6. (Arc 3 has sufficient length, but its edge label cannot be
right end with profile entries of"~* or 2~! — 1, the goal is ¢; @ co ® e3 @ e4.) This forcesa = ¢;. Working to the right
to ensure that at least the number26f-1's or 2°~* — 1'sin  in the same way, the rest of the difference labels are forced to
(P(SU)) appear in the edge profile. The more occurrences fafllow the lemmaj = ¢; andc = 3 in the example of Fig. 6.

large values in the edge profile the better. At each step, we show O
that it is not possible to do better tha®(SU)), given that up  Note that Lemma 2 does not preclugle= ¢; wheni # j.
to that point{”(SU)} has been achieved. Lemma 3 places some restrictions on whgg= e; can hold.

Lemma 1: The least number of’s in an edge profile for ~Lemma 3: Assuming the structure of Lemmas 1 and 2,
2"-PAM isn. To have exactly, 1's in the edge profile, the” —  2"-PAM must have at least— 1 entries of2 in its edge profile.
1 element difference lisL. must consist of exactly. linearly To have onlyn — 1 such entriesg; = ¢; is only possible when
independent label&hy, bo, ..., b,}. < andy are either both even or both odd.

Proof: L must contain a basis of sizefor the point la- Proof: Fig. 7 shows the difference labeling structure re-
bels. Hence the difference list must contaifinearly indepen- sulting from Lemma 2 foB-PAM with arcs added to identify
dent labels. Since each distinct edge label in the difference k8kthe length2 edges. The points connected by the top arcs pro-
corresponds to & in the edge profile, the lemma is proved] duce a constellation of half the original size. As in the proof of
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2 4 6

Fig. 8. lllustration for proof of Lemma 4.
Fig. 7. llustration for proof of Lemma 3.

label of arc 2 simplifies tes in Fig. 8. The minimum distance

Lemma 1, for thes€™ ! points to have distinct labels, theremapped t@; is 1. More generally, the labeb ez ®- - -egn
must be at least — 1 distinct, linearly independent edge labelgnust have minimum distange™ ' — 3) or less.
for the top arcs. This proves that— 1 is a lower bound on the  For the second case assume that arc 2 provides the edge pro-
number of lengti® edge labels, except if one of the length- file entry of (2*~1 — 1), i.e,, the labet, @ e3® - - - ® egn—1 has
edge labels were also a lengttedge label. minimum distanc@™~! — 1. Again, with arguments similar to

If the same label were to appear on both lengtnd lengthz ~ the proof of Lemma 2, this forces = ¢; for all odd: and}.
edges, this edge label would be both a lengdge label and As in the first case, the label of the other distanze-(' — 1)
the binary addition of two lengtti-edge labels. This would vi- €dge (arc 1 in this case) simplifies to an edge labelr( Fig. 8)
olate the requirement of Lemma 1 that distinct lengtdge With minimum distancé2"~* — 3) or less. These two cases are
labels (difference labels) be linearly independent. Thus, if tfide only two ways to have an edge label with minimum distance

labeling obeys the structure of Lemmas 1 anch2, 1is a 2" — 1, and they are mutually exclusive. 0
Iowc_ar bound_ onthe number of leng#redge labels. (SU labeling | emma 4 instructs us to replace with either alle; with i
achieves this lower bound). even or alle; with ; odd. Essentially, we plade in every other

Now we work from the left setting; = ¢; whenever possible hqsition of the difference list. We are now ready to show that
while labeling the arcs in Fig. 7 to have exactly- 1 distinct g\_paM is undominated.

labels. The leftmost arc is arc 1, which has labetd e>. The
first and third points must have distinct labels. Thus# e,. Theorem 1: For 2"-PAM, P(SU) is undominated.

We wish to have exactly. — 1 distinct labels for lengtt- Proof: For our8-PAM example, the structure of Lemmas
edges. One such labelds & ¢,. We now have: — 2 unspeci- 1-4 completely determines the edge profile to be the SU edge
fied length2 labels andh — 2 unused distinct difference labelsprofile
(assuming from Lemma 1 that there are onlgistinct differ-
ence labels). Thus, we may introduce a new leriggtlge label

only when a previously unused difference label appears.  Also, because there must be exactly three linearly independent
The arc 2 label ot; @ e is either an already used leng2h- difference labels, Lemmas 1-4 fully describe the difference list
label (forcinges = ¢;) or e3 must be distinct frone; andes.  structure to be either

Similarly, _the arc 3 label oés & ¢4 is either an glready used [by by by by b by bi] 8)
label forcingey, = eo or a new lengtl2 label forcinge, to be
a new edge label. While the example shows ai§AM, this
pattern continues for ang’*-PAM constellation, enforcing the [b2 b1 b3 b1 by by b3 9)
lemma. O For larger PAM constellations, the labeling freedom re-
maining after the placement of tHg’s may be considered
in terms of labeling the difference labels of tB&—!-PAM
subconstellation produced by ignoring every other point of the
original 2™-PAM constellation.
Appendix A examines the relationship between the edge pro-
e of the subconstellation and that of the original constellation.
This relationship indicates that for the original constellation to
O@: least achieve the SU edge profile, Lemmas 1-4 must apply to
e subconstellation.
Thus, we force every other position of the subconstellation
Gi¥ference list to be equal by placing in every other open

(Py=[0 1 1 1 2 2 3 4.

Lemma 4: Assuming the structure of Lemmas 1-23;PAM
has atmost one entry (" —* —1) in its edge profile. To achieve
this entry,e; = ¢; must hold either for all evenandy or all odd
1 andj.

Proof: Given the structure of Lemmas 1-3, there are onk(yI
two possibilities for an edge profile entry ("~ — 1). Arcs
1 and 2 in Fig. 8 illustrate these two possibilities f8PAM.
Note from Lemma 2 that arc 3 in Fig. 8 is unavailable; it alrea
provides an edge profile entry (27 —1). As we see below, arc
1 and arc 2 cannot simultaneously provide edge profile entri

of (2% — 1), hence only one such entry is possible. - - . . L
'E’he rest gf the argunz/ent s analogon tg that of Lemma(rionbl) position of the original difference list. Continuing in
tNis manner, after placing,, ..., b; we placeb; 1 in every

but considers how to have an edge label with minimum distanCﬁ1 o . ;
other open position in the difference list.

n—1__ n—1 : i H
2 1 rather thar2 . We describe the conclusions without As in the $-PAM example above, the resulting labeling al-

repeating the argument details. X . .
There are two cases to consider. For the first case, assumemaa)fs has exactly the SU edge profile. Since improvement over

arc 1 of Fig. 8 provides the edge profile entry(@f— — 1), i.e., e SU edge profile was impossible with each application of a

the labek; @ea®- - -Peyn—1_1 has minimum distancz®—1 —1. lemma, the theorem is proved. =
With arguments similar to the proof of Lemma 2, this forces The recursive procedure in the proof of Theorem 1 produces
e; = ¢, for all eveni andj. Note that with this condition, the exactly the SU edge profile. Depending on the placement of
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the firstb, difference label, the procedure yields either the SU hi
labeling or a shifted version of the SU labeling, which is not

SU. Appendix A provides a more detailed examination of the

recursive application of Lemmas 1-4 and provides an example Ui Ui
for 32-PAM.

C. PSK and Square QAM hi

Theorem 1 easily extends to demonstrate the optimality g.9. Four neighboring points within a larger GC-labeled rectangle of points.
SU labelings for2”-PSK constellations. For PSK, cyclically
shifting the difference list is not structurally significant and th

procedure always produces an SU labeling. %ycle, hence the binary sum of the four corresponding difference

: . labels must be zero. If each of these difference labels must also

2n_ 2n

segsgncogggﬁﬁate(gég Ceonri[ﬁléa:;,%?sﬁagftr'egégﬂ' (\Xﬁ have unit Hamming weight, the only possible labeling structure
u ' ge proh : ] is that of Fig. 9 where the horizontal difference labels are iden-

extension of Lemma 1 shows that this is the smallest num I and the vertical difference labels are identical.

possible.) Through a change of basis, any such labeling ha onsidering an entire row of such four-point cycles, all the

edge labels linearly equivalent to those of a GC labeling. Thuvsertical difference labels in a row must be identical in any

we begin with a lemma {f‘bOUt the structure 9f GCs for reCta&c-labeled rectangle. Similarly, all the horizontal difference
gular constellations. Our immediate concern is squares, but SI%%'els in a column must be identical. As a result, every hori-

tion IV will use the more general result. zontal2™-PAM has the same difference list and every vertical
Lemma 5: The only ways to GC label &" x 2™)-point 2"-PAM has the same difference list. Hence the labeling has
rectangular constellation are direct products of a Za@PAM  the direct product structure. O

and a GC2™-PAM. : :
Proof: First we define the direct product labeling struc; We have just shown that all the direct products of GC-PAMs

. . _have the minimum number dfs in the edge profile, but they
;iL;:ta.aEO ;Oennit;ﬁgg_dg?n? ﬁ(;?iggﬁi;f ;VX:APQ:\Q fﬁgffeg?:ton%o not all have undominated edge profiles. To see how to ensure
9 P P an undominated QAM edge profile, we first discuss how the

\l;ietglgrarielagitlgtoérr];(ljikz:?liss (tzregIg?;?jz(éi(;as;lligi:gmeleacﬁ pm%gge profile of a direct-product QAM constellation is related to
in the QAM constellation with the binary addition of the correI parent PAM constellations. To maintain integer values, it is

) ) . . convenient here to refer to the squared edge profil’aso that
sponding horizontal and vertical point labels. q gep

: . : . fcir our4-PAM example with(P) =[0 1 1 2]we have
A simple example of this procedure is to augment a vertica

GC-PAM by adding zeros to the left and a horizontal GC-PAM (P’ (SU4-PAM)=[0 1 1 4]. (10)
by adding zeros to the right. Then the final QAM labeling will
also be GC. Section IlI-D gives an example of a direct produ%
construction of SP labeling.

The augmentation of the point labels (or difference label
may be accomplished in any way that satisfies two conditionmsl
It must preserve the basis-independent difference list of eag
PAM (hence preserving the PAM edge profile), and it must Proy
ducem + n linearly independent difference labets:from the
horizontal PAM and: from the vertical PAM. This second con- | 01 1 4

Using the Pythagorean theorem, the squared edge profiles

r 227-point QAM labelings resulting from the direct product

of two 2™-PAM labelings consists of all the pairwise sums of

ements, one from each edge profile. For example, suppose

'ﬁconstruct d6-QAM labeling as the direct product of two
4-PAM labelings. The resulting squared edge profile can be

mputed from the following matrix of pairwise sums:

dition ensures that each constellation point has a distinct label. 0 01 1 4
A rectangular constellation is labeled with such a direct product 1 1 2 2 5.
structure if and only if each horizontal*-PAM subconstella- 1 1 2 2 5
tion has the same difference list and each veri€alPAM sub- 4 4 5 5 8§

constellation has the same difference list. ) .
Of course, to construct a GC rectangular constellation as theThe edge profild P2(SU 16-QAM)) is

direct product of two GC-PAM constellations the augmenta- (PHY=[0111122224455558]. (11)

tion must satisfy a third condition. The augmented difference

lists must contain only unit Hamming-weight difference labels. Theorem 2: The direct product of two SU PAM constella-

The direct product structure implies linear equivalence to a Giéns produces a QAM constellation with an undominated edge

labeling since we can obtain a GC labeling from any direcprofile.

product labeling through a change of basis. Proof: Every constellation that has the minimum number
Now we show that GC labeling requires the direct produdf 1's in the edge profile is linearly equivalent to a GC labeling.

structure. First note that to GC-label any rectangle, each vertit@mma 5 shows that such GC-labeled constellations have the di-

PAM and each horizontal PAM subconstellation in the rectanglect product structure. Hence, non-direct-product QAMs cannot

must be GC-labeled. Consider any four neighboring points asdlieminate direct-product QAMs; they have two mdryin the

lustrated in Fig. 9. The four edges connecting these points forredge profile.
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Within the direct-product structure, the relationship of the
QAM edge profile to the parent PAM edge profiles guarantees
that the QAM edge profile will be undominated if and only if the
parent PAM edge profiles are undominated. Hence, one class of
QAM labelings with undominated edge profiles are those I&ig. 10. Arcs in an edge profile bound f8¢PAM.
belings produced by taking the direct product of two SU-PAM

labelings. We call such labeling an SU-QAM labeling. [ gjngle point form an upper bound on each element of the sorted
. edge profile. Construct such a bound using the left of the two

D. SU-GC and SU-SP Labeling central points in &"-PAM constellation. The arcs in Fig. 10
For PAM, PSK, and square QAM, choosing any basis of uriitdicate the edges in such a bound §PAM. The bound is

Hamming-weight difference labels produces SU labelings that

are also GC labelings. With the proper choice of basis, an SU (Pr<f0 11223 3 4] (12)

labeling can also produce an SP labeling. For PAM and PSKNow note that if we assume that o2f-point constellation

constellations using the SU construction in (2)—(5), setlitg has an ultracomposite labeling, tR&—! points on the left

be the basis vector with ones in théeast significant positions have a basis-independent difference list that would provide a

and zeros elsewhere produces an SU labeling that is also SP.fdid ultracomposite labeling of that—1-PAM constellation.

example, an SU-SP labeling fésPAM hasL = [01 11 01]. Hence, the edge profile for ultracomposif®—1-PAM is

Fig. 4(a) gives such an SU-SP labeling 16rPAM. upper-bounded by the edge profile of S13—1-PAM. Now
For22"-point square QAM constellations, an SU-SP labelinge can tighten the upper bound of (12) by replacing values

can be constructed by simple augmentationgstdits of the associated with the arcs between points in thedgft!-PAM

n-bit basis vectors for SU-SP"*-PAM discussed above. Oneconstellation with the values of the SI3—1-PAM edge profile,

of the constituent PAM bases expands each basis vector bywhich were shown in Fig. 5. Thus, we can replace entries

sertingn zeros, one to the left of each of theriginal bits. The {0, 1, 2, 3} in (12) with {0, 1, 2, 2}. This yields the tighter

other constituent PAM basis replaces each oftleeiginal bits  bound

with that bit value repeated twice. As an example, an SU-SP

labeling of 16-QAM may be constructed from the PAM dif- (Py<[0 1 1 1 2 2 3 4] (13)

ference list above as the direct product of tad?PAM label-

ings, one withL = [0001 0101 0001] and the other with  Notice that (13) is exactly the edge profile of SPAM il-

L=[0011 1111 0011]. Fora proofof how this direct product lustrated in Fig. 5(c). In general, this tighter bound is exactly

structure always produces SP labeling, see [8, Theorem 9]. the edge profile of SI2"-PAM. The SU-labeling structure has
The SU labelings for GC and SP differ only in the choic@n edge profile that equals or dominates every ultracomposite

of bases. This demonstrates that for23li-point square-QAM labeling because it achieves this tighter upper bound. [

and all2"-point PAM and PSK constellations there exist lin- gy Theorem 3 leaves open the possibility of non-ultra-com-
early equivalent SP and GC labelings. This fact was also egssite labelings with edge profiles that are better in some po-
tablished in [8, Theorem 9]. When such SU labelings are eiftions that the SU labeling. Note that &M, 4-, and 8-PAM
ployed (and they are the commonly used SP and GC labelinggjnsteliations are ultracomposite. In [8] we showed that such
there is no difference between the trellis codes possible usig occurrence is impossible for the smallest 2-D constellations,
linear convolutional codes with the GC labeling and those pogpgk g-psk, andl6-QAM. However, whether or not SU la-

sible using linear convolutic_mal codes with the SP labeling. ‘(Sblings have edge profiles that dominate all others in general
contrast, our results in Section Il demonstrated examples Whekg,sins an open question.

two constellations, both GC-labeled or both SP-labeled, could
produce distinct sets of trellis codes (having distinct worst-case
distance sequences). Neither the GC nor the SP paradigm spec-
ifies the underlying structure as precisely as the SU paradigm. We now turn our attention to cross constellations. This section
focuses attention on the standard cross constellations with 32

E. When Do SU Profiles Dominate All Others? or more points, i.e.22"*1-QAM constellations withn > 1.

. Fig. 11 shows how such cross constellations have a céXitral
Theorems 1 and 2 prove only that SU labelings are undorgl,; square with four wings, each® x 27~ rectangle. The

nated. There remains the possibility that another labeling has a . . . 1
X : . . central square and right and left wings comprig® & 3 -2
sorted profile that is better in some places and worse in others,
central rectangle.

The next theorem shows that if such an occurrence is possible S :
) . . . he standaré-QAM constellation is also considered a cross
all for PAM, the labeling that achieves it is not ultracomposite, . . . .
constellation, but it lacks the central-square-with-four-wings

Theorem 3: The SU labeling fo2™-PAM has an edge profile structure. This structural difference leads to different labeling
that equals or dominates the edge profiles of all other ultracoproperties. Appendix B shows that all SP labelingS-@AM
posite labelings. have the best possible edge profile ®8QAM. In the rest of

Proof: For a two-point constellation, the theorem clearlyhis section, we use the phrase “cross constellation” to denote
holds. Now suppose that it holds far—1-PAM. Recall that constellations that have the structure of Fig. 11, i.e., 32-cross
the sorted Euclidean distances of the edges emanating from any larger.

IV. CROSSCONSTELLATIONS
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Fig. 11. A22"*! cross constellation. The unshaded region is the central ® C‘ @ @ @ ®
square. The wings are shown as shaded rectangles. The central rectangle is
outlined in bold. Fig. 12. lllustration of why32-QAM cannot be GC-labeled.

Section IV-A shows that cross constellations cannot hRat support GC-labeling since it cannot take on any of the
Gray labeled. Section IV-B presents a procedure that produggfit-Hamming-weight labels. Similar arguments apply to any

quasi-Gray-labeled cross constellations by approximating»+:-QAM cross constellation with > 1. n
the SU structure. We call this labeling structure quasi-SU.

Section 1IV-C shows that these quasi-SU cross constellatioBs Quasi-SU Cross Constellations
have fewerl's in the edge profile than standard SP-labeled Motivated by the undominated edge profile provided by

cross constellations. However, the SP cross constellations §[?—Iabeled22"-QAM we label cross constellations by ma-

still the best choice for trellises with parallel branches. Some . .
. nipulating SU-labeled rectangular constellations. The next

example code searches demonstrate how the choice betwgen : . .
€orem provides a construction that requires exactly one

;Iihaenge(?llijsag-su hinges on the presence of parallel brance)e(ztsra minimum-distance edge, which is the best that can be

expected given Theorem 4. Such a labeling is commonly called
a quasi-Gray labeling whe?n + 1 of the 2n + 2 difference
labels have unit Hamming weight.

I.n this SUbS?C.t'On' we establish that cross ponstellatlons " Theorem 5: All 227+ cross constellations may be labeled to
quire2n + 2 minimum-distance edge labels (difference label

rather than thén + 1 difference labels characteristic of a G avezn +_2 difference Iabe_ls. . .
labeling. Proof: Then =1 case is demonstrated in Appendix B. For

n > 1 this proof provides a constructive procedure that proves
Theorem 4: All 227+1 cross constellations must have at leaghe theorem. First, construct an SU labeldx 2 t1-point
2n + 2 difference labels. “wide” rectangle as a direct product of two SU-labeled PAM
Proof: It is sufficient to show that the constellationconstellations. Fig. 13(a) shows the SU labeled rectangle with
cannot be GC-labeled. The arguments of Lemma 5 show thattical difference labels SW, v2, ..., v,)andthe horizontal
to GC-label the central rectangle alone, all the horizontdlfference labels SU:y, h2, ..., h,41). The unshaded™x3 -
3 - 2n~1.pPAM difference lists must be identical and all the2”~! central rectangle of Fig. 13(a) is exactly the labeled cen-
vertical 2"-PAM difference lists must be identical. Furthertral rectangle of our final cross constellation.
more, the horizontal difference labels must be distinct from theNow we construct the2”—2 x 2"~! “wide” rectangle
vertical difference labels. comprising the right half of the top wing as an SU la-
The horizontaB-2"~1-PAM difference listrequirea+1 dis- beled rectangle. Considering this rectangle as a separate
tinct Hamming-weight-one labels, and the verti2alPAM dif- SU-labeled constellation, the vertical difference labels are
ference list requires an additionakuch labels. Thus, &ln+1  SU(vs, vs, ..., v,—1). The horizontal difference labels are
unit-Hamming-weight labels have been used. Now consider BY(hq, ho, ..., h,—2, v1). Note thatv; appears here as a
beling the first row of points in either the top or bottom winghorizontal edge label. Fig. 14 illustrates for 512-cross how this
The structure of the GC-labeled central rectangle makes it ipertion of the top wing consists exactly of those points in the
possible to label even theg® points distinctly while using only top half of the right shaded rectangle in Fig. 13(a) and (b). The
Hamming-weight-one edges between neighboring points.  directional arrows in Fig. 14 indicate the order in which points
Fig. 12 illustrates this situation f@&2-QAM. The difference are moved from the shaded rectangle to the top wing.
labelswvy, va, by, he, and h3 are the five distinct unit-Ham-  Now consider how this rectangle (the right half of the top
ming-weight difference labels. These difference labels are usgthg) connects to the central rectangle. The left half of this rec-
to label thed x 6 central rectangle. Difference labglcannot be tangle connects to the central rectangle with vertical edges la-
v1 Or ve Without forcing two points{a, b) and(a, ¢), respec- beledh,,. The right half of this rectangle connects to the central
tively, to have the same label. Similarky, cannot be equal to rectangle with vertical edges labelgd & h,,—1 & v1.
hi1 or ha, andes cannot be equal thy or hs. Actually, the entire top wing is an SU-labeled rectangle. The
For a GC-labelinge; andes; need to have the same labekdge labeling of the right half of the wing is reflected to pro-
in order to allowes to have unit Hamming weight (by beingduce that of the left half. The two halves are connected with the
hi1). At this point, we see that there are no options #r difference labeh,,+1.

A. Cross Constellations Cannot Be GC-Labeled



2426 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 47, NO. 6, SEPTEMBER 2001

SU(h1, k2, - - -, hnta) quasi-SU. The quasi-SU construction appears generally to pro-
< = duce a good quasi-Gray labeling since it retains the SU structure
except along the interfaces between the central rectangle and the

271 points E top and bottom wings.
---------- S We have performed a complete combinatorial analysis of the
2" points s 32-cross case and found that quasi-SU 32-cross has an undom-
3 x 2"~! points K inated edge profile. This combinatorial analysis considered all
""""" ~e possible quasi-Gray labelings of 32-cross. These labelings may
< be classified into six sets, according to structure. Each of these

sets imposes a structure-based upper bound on each position of
the sorted edge profile. Quasi-SU 32-cross achieves the upper
bound of its structural set, and this upper bound dominates the
upper bounds of the other five structural sets. Thus, quasi-SU
32-cross has an edge profile that either equals or dominates the
edge profiles of all quasi-Gray labelings. Hence it has an un-
dominated edge profile.

Table | lists the six edge-profile bounds for the six struc-
tural sets. Fig. 15 shows, for each of the six structural classes,
a labeled 32-QAM constellation that achieves the edge-profile
bound for its structural class.

Note that our combinatorial analysis does not rule out the
existence of other, structurally distinct, quasi-Gray-labeled

Fig. 13. To construct a quasi-SU cross labeling, points in the right and I“:’fQ-QAM constellations beyond these six. Our analysis does
shaded regions of the SU labeled rectangle are used to construct the top and

bottom wings (shown in black) of the cross constellation. (a) An SU labeldd 1SUre that any such constellations will not have better edge

2" x 27 +1-point rectangle. (b) Converting an SU rectangle to a quasi-SU crogf0files. For the details of the combinatorial analysis, we refer
The region in the dashed rectangle is shown in detail for quasi-SU 512-crosgfie reader to [10], [11].

(b)

Fig. 14.
C. Quasi-SU Versus SP for Cross Constellations
hy_ha by V1L R B | e=hiohs@n In contrast to th@**-QAM case where SU labeling supports
V2 SP labeling, n@?"*t1-QAM constellations with. > 1 can be
U3 | A both quasi-SU and SP. There is a structural difference between
U2 ‘ SP labeling and quasi-SU labeling.
g q g
o 0 0 As a specific example of this fact, consider 32-cross. The top
row of Table | gives the undominated edge profile of quasi-SU
000000000000 E 32-cross. In [11], (see also [12]), we demonstrated that SP
000000000000 32-cross cannot achieve this edge profile by showing that the
000000000000 edge profile for SP-32-cross must have at least eightrather
000000000000 than the six in the top row of Table I. In [12], we also showed
000000000000 that the largest entry in the SP 32-cross edge profile could not
00000000000 O0 be larger thari0, in contrast to the twd3's in the top row of
OHONONORONONONONONONORON Table I.

Fio. 14, Detailf SUS1o howind how 32 ooint " The best SP 32-cross edge profile that we have found through
1g. . etall for quasi- -Cross snowing now points are moveda 1rg, H H H H H

the top right edge of the SU label@d x 32-point rectangle to form the right g‘pa'r'ual sea_rch of the many DOSSIble SP 'Iabellngs is achieved
half of the top wing of the cross constellation. by Fig. 16. Fig. 17 compares the edge profile of the SP 32-cross
constellation in Fig. 16 to that of quasi-SU 32-cross. Fig. 17
shows that the quasi-SU 32-cross edge profile dominates the

The point labels from the”—! x 272 rectangle in the top : : . .
half of the left shaded region of Fig. 13(a) comprise the left ha?tdge prof"e of this SP 32—crqss constellation. The quasi-SU
dge profile has a larger value in 12 of the 32 positions, four of

of the top wing. Similarly, the bottom halves of the left and righ? . - !
shaded regions of Fig. 13(a) comprise the left and right halv\;ethCh are forced by the restrictions on SP-32-cross discussed
of the bottom wing, which has an edge labeling that is simply a
reflection of the top wing’s edge labeling.

This constructive procedure proves the theoremnfas 1.
The 2n + 2 difference labels are; with 1 < ¢ < n, h; with

1<i<n+1,andh, ® hp_1 S 1. O

The two extral’s in the SP 32-cross edge profile are inherited

by larger SP-cross constellations as well. In general, the stan-

dard SP labeling 02" *!-cross withn > 1 requires(2n + 4)

1’s in the edge profile, where quasi-SU labeling only requires

2n+2. Inthis sense, the quasi-SU labeling has a more desirable
There are other ways to quasi-Gray-label a cross constekalge profile.

tion. We distinguish the labeled cross constellations producedDespite having moré’s in the edge profile, set partitioning

by the procedure in the proof of Theorem 5 by calling thens the clear choice when the encoder trellis has parallel transi-
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TABLE |
SIX DISTINCT SQUARED EDGE PROFILE BOUNDS FORSIX DISTINCT QUASI-GRAY 32-CROSSSTRUCTURES

Set 1 (quasi-SU) [[1|1]1|1]|1[1]2(2{2|2]|2(2(|2|2|4]4]|5]|5(5|5|5(5{5|5[8|8|8|10{10[13|13
Set 2 111]11)1(1(2(2]|2(|2|2(2|2]|2]|4|4(4|5|5|5|5|5|5|5|5|8|8| 8|10{13(13
Set 3 1)1|1§1|1(1(2(2(2]|2|2(2(2|2]|2|4|4|5|5|5|5]|5}5|5!5|5|8| 8| 8]10|13
Set 4 111|1)1|1|1(2(2{2|2|2(2(2|2]|2{4|4|4|5|5|5]|5}{5|5}|5|5|5| 5| 8] 8| 8
Set 5 11111)1(1(1{2(2|2|2|2(2(2]|2]|2{2(4|5|5|5|5|5|5(5|5|8|8| 9|10{10(13
Set 6 1(1]1|141(1(2(2]2]2]|2[2]|2|2]|2]|2|4|4|5|5|5|5{5|5|5[5|5| 8| &| 9|10
26 36 34 14 - . v
1 3 - -
330 31 % 2 12| | & Quasi-SU Sorted Edge Profile
06 16 17 37 04 24 20 21 25 05 g Bl SP Sorted Edge Profile
04 14 15 35 14 10 00 0l 11 15 10y
m L
00 10 11 31 16 12 02 03 13 17 g8
S 6t
0z 12 13 33 06 26 22 23 27 07 g ©
2 32 30 36 32 33 37 B 4
©
= 2
(a) Case 1 (quasi-SU). (b) Case 2. (47] 0
0] 10 20 30
06 07 17 32 06 07 33 Sorted Edge Labels
04 05 15 35 34 30 04 05 31 35 Fig. 17. The sorted edge profiles for quasi-SU 32-cross and the SP 32-cross
constellation of Fig. 16. The quasi-SU edge profile dominates the SP edge
00 01 21 25 24 20 00 01 21 25 profile. The two profiles are equal in 20 positions, the quasi-SU profile edge
profile is larger in the other 12 positions.
02 03 23 27 26 22 02 03 23 27
12 13 33 37 3 16 12 13 17 37  tjons are often the optimal choice for practical complexity trellis
10 11 31 14 10 11 15 encoders on the AWGN channel even when the search space is
widened to include a trellis without parallel transitions [8].
(c) Case 3. (d) Case 4. When the best encoder trellis does not have parallel transi-
tions, then the edge profile becomes the main consideration.
06 07 27 26 12 13 27 Such cases include TCM for fading channels [13] (where the
o4 05 25 35 34 24 10 11 25 35 pargllel transitions provide no protection from fadlng)_,low—rate
trellis codes (such as those in [14]), where the relatively small
60 01 21 15 30 04 00 01 05 31 number of trellis branches makes parallel transitions unneces-
02 03 23 17 32 06 02 03 o7 33  sary, constituent encoders for symbol-interleaved parallel con-
catenation [15]-[17] (where parallel transitions cause poor de-
12 13 33 37 8 16 22 3 17 7 coder performance), and space—time codes [18], [19] (where
10 11 31 14 20 21 15 parallel transitions violate the rank criterion).
In these situations SP labeling is not clearly motivated,
(e) Case 5. (f) Case 6.

and edge-profile-superior labelings can provide an advantage.

Fig. 15. Constellations labeled in octal according to each of the six distin%'mple code design examples illustrate this pO_Int. The fol-
quasi-Gray 32-cross labeling structures. Each achieves the edge profile bol@ing example code searches used the quasi-SU 32-cross

for its structure.

Fig. 16. SP 32-cross used in code searches.
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34

22
11
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31

labeling of Fig. 15(a) and the SP 32-cross labeling of Fig. 16,
whose edge profiles are shown in Fig. 17.

As shown in [20], low-rate trellis codes that are robust to se-
vere periodic fading for a specific periodic interleaver can be ob-
tained by maximizing the periodic effective code length (PECL)
and the code periodic product distances (CPPDs) with orders
ranging from the PECL to the interleaver period. The choice of
constellation labeling does not affect the PECL, but it does af-
fect the periodic product distances.

Table Il gives an example of a rateg’s 32-QAM trellis code
designed to maximize PECL and the CPPDs for a pegsioder-
leaver using four memory elements. The largest possible PECL
is 5. We seek a code with PEG1L for which the CPPDs of order

tions. Quasi-SU labeling does not have the proper group strd@and6 are as large as possible. Table 1l shows the largest values
ture to protect parallel transitions. Encoders with parallel trangif the sum of the logs of CPRand CPP[Q obtained with each
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TABLE I freedom to choose the final labeling within either paradigm, and

BESTLOG SuM OF ORDER 5 AND ORDER 6 CPPD WTH FOUR MEMORY R ; ; TP
ELEMENTS FORRATE-1/5 32-QAM TRELLIS CODESUSING SPAND QUASI-SU this choice can affect trellis code performance. SKeor

5 . .
32-0R0SS Go, G1, G2, Gs, G4 ARE THE GENERATOR POLYNOMIALS OF PAM and2“"-point square QAM, the class of SU labelings (a

EACH RATE-1/5 FEEDFORWARDENCODER generalization of the commonly used reflected binary GC) pro-
SP quasi-SU Gain vides undominated edge profiles. SU labelings can produce the
GoG1G2G3Gy | 672327 | 11 35 37 27 33 standard set-partitioning and GC labelings for these constella-
log, CPPDs 14.8138 16.0447 1.2317 tions.
log, CPPDg 11.3219 13.1674 1.8455 227+1_point cross constellations must have at |€ast-2 dis-
Sum 26.1357 29.2122 3.0765 tinct labels for the minimum-distance edges, i.e., GC labeling is
TABLE Il impossible for cross constellations. This paper gives a simple
BEST FREE EUCLIDEAN DISTANCES WITH FOUR MEMORY ELEMENTS procedure for producing quasi-Gray labelings having exactly
FOR RATE-1/5 AND RATE-4/5 32-QAM TRELLIS CODES USING SP 2n + 2 distinct labels for the minimum-distance edges. In con-
AND QuAsI-SU 32-(Ross P In+1 . e
trast, set partitioning ot -Cross requiregn + 4 minimum-
Rate | 1/5 (GoG1G2G3Gya) | 4/5 (ho by hs hs hy) distance edge labels.
Sl_) 36(0605022211) | 6(230416 - - ) Thus, for cross constellations there is a choice between edge
quasi-SU | 44 (13 17 37 25 23) 421112723 13) rofile optimality and the group structure provided by set par-
Gain 0.87 dB -1.76 dB b pumatty group P ysetp

titioning. In a low-complexity code search example, set parti-

tioning is superior when there are parallel trellis branches in the

of the two Iabeling paradigms. AS_ expected, the superior edggst encoder but edge-profile optimality is better when the best
profile of the quasi-SU 32-cross yields better CPPD values. encoder does not have paralle! trellis branches

In Tables Il and Il the generator polynomial; of the rafe- Quasi-SU should be the proper labeling strategy for cross
feedforward encoder&i, G1, Ga, Gs, Gy are given in octal ,,qieations whenever parallel branches must be avoided.
repregenta‘upp with the least S|gn|f|pant bit (LSB) representing, example applications include trellis codes for fading
theID qulff'c'?m ofheach pqur;omlatll. In t‘!’at;le glb thEf"’;igtychannels [13], trellis codes that protect against periodic era-
po yn(;)m};a sho }elzach cgnomca Isys ematic eet Iac de- sures [14], space—time codes [18], [19], and symbol-interleaved
encoderho, i, hz, hs, iy Ar€ IS0 gIven In Oclal represens, ., coges [15]-[17]. Generally, the results of this paper apply

) . : o -
tation W'Fh the LSB repre_sentmg the c_oefﬁment of every directly to linear encoders that map binary symbols to one of
polynomial. For the mapping of convolutional encoder OUtpUIR . <tandard 2-D constellations

to constellation points, the LSB of the 32-QAM constellation Care must be taken when applying our results to bit-inter-

label is produced by the leftmost polynomial with significanqeeaved coded modulation (BICM) with or without concatena-

'”CTresls'r:ﬁ thV|ngtrI1eftIto ”grt'tf' Euclid dist btai tian and iterative decoding. With BICM, performance depends
b ta ”? 3 owgth fe arges reel uct ;aant é]ste;ncedz ralng both the Euclidean distance and the value of the edge label it-
y trellis codes with four memory elements at rat¢s and4/5 self [21], [22]. The mostimportant condition for BICM with the

produced with each of the two labeling paradigms. sinale i . . :
i . . . single iteration decoding of [21], [22] is that all (for cross con-
Quasi-SU labeling provides 0.87 dB more free Euclidean dIgfellations, almost all) of the difference labels have unit Ham-

tan;:se__éhjlnabseli;nfor :28.52?167215820? dii\?]l?jns.tgnocgetxzrr; ming weight. SU or quasi-SU labelings with difference labels
gl::f ! th te}l Ptp IIYI d .d ) Tuh ! . II it chosen to meet the Gray or quasi-Gray condition should also be
or the ratat/5 trellis code design. The rattys largest free the best choice for BICM in this case.

Euclidean distance encoder wii-QAM SP has four parallel When multiple iterations are employed at the decoder, as de-

branches in each trglhs transition. . . scribed in [23], [24], the best choice of labeling depends on the
These code design results support the earlier discussign ; . . )

. : . : umber of iterations used. The more iterations used, the less the
i.e., a superior edge profile provides an advantage when the . ; :
. . .. labBeling looks like a Gray labeling. Perhaps all the best label-

best trellis code does not have parallel transitions, as with the

best Euclidean distance rat¢5 trellis code with four memory ngs here are SU or quasi-SU, and what changes is the choice of

elements in Table Ill. However, traditional SP labeling is, asis. The questions raised in [23], [24] make labeling for the

. . ICM systems an interesting area for future investigation.
course, the better choice when the best trellis code does hav: y 9 . . g
here are several other open questions available for further

parallel transitions. This is the case for the best Eucnde?gsearch While we showed that SU labeling provides an un-
distance ratet/5 trellis code with four memory elements in | gp

Table Il dominated edge profile, we did not show that SU edge profiles
' dominate all others. From [8], the SU edge profile dominates

Perhaps even high-rate trellis codes benefit from a superh rothers forR-PSK andl6-QAM. Theorem 3 restricts potential

edge profile Whe_n the number of trellis states is Iarge_gnou% elings with edge profiles undominated by the SU edge pro-
that the best trellis code does not employ parallel transitions.. .
file to be nonultracomposite. However, whether SU edge pro-
files generally dominate all others remains an open question.
For cross constellations, we did not even show that quasi-SU
This paper examined constellation labelings in the context efige profiles are always undominated. This is true for 32-cross,
their edge profile, the list of minimum-distance edges for eaend it might be true in general.
binary symbol error. Neither GC labeling nor set-partitioning Another interesting area is the relationship between the trellis
uniquely specifies the labeling structure. There remains sorued the choice of labeling structure. For cross constellations,

V. CONCLUSION
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one might also explore how the group constraints imposeddpond to forcing the originad2-PAM edge profile to have ex-
maintain an edge profile and by set partitioning might be coractly four2’s, exactly onel6, exactly threel’s, and exactly one
bined. For a trellis with relatively few parallel branches, ong4, respectively. It would appear that this second application of
could impose group constraints less comprehensive than a fitdmmas 1-4 has skipped the value3oin the 32-PAM edge
set partitioning in return for an improved edge profile. Thigrofile.
might yield a better labeling structure for the particular trellis, However, the structure of (14) and (15) actually forces the
one that lies between the extremes of SP and quasi-SU. number of3’s to be exactly the same as the numberdts.
Finally, this paper focused on the standard PAM, PSHKote that an edge label for a distargedge has two possible
square-QAM, and cross constellations. Future work shoudtfuctures: eitheb, & e; @ b, or ¢; @ by & e;. Furthermore,
address both the design of new nonstandard constellations ane ¢; @ b; = ¢; so that this edge label has minimum distance
the associated labeling of such constellations. Fragaal.in 1. Thus, only labels with the structurg @ b, & ¢; have min-

[25] provide an example of the possibilities. imum distances.
For each distancg-edge with such a label, there is a dis-
APPENDIX A tance4 edge labeled
EXAMPLE OF THEOREM 1 RECURSION b e @b e =cde; (16)

The proofs of Lemmas 1-4 and Theorem 1 all follow the basishtained by adding an additiorigl to one of the two ends. Sim-
principle of determining the structural constraints required to @érly, for every distancet edge there is a distanGeedge ob-
least achieve each position of the SU edge profile. This is aained by removing thé, from the end. Thus, the number of
complished by working from the edges of the sorted edge pr®s in the edge profile is exactly the same as the numbef<f
file toward the center. in the edge profile. For this structure, restricting the number of

For this approach to work, the progression toward the centgs in the edge profile is equivalent to simultaneously limiting
cannot skip any values. For example, it is not useful to limit thlde number of3’s and4’s.
number of3’s in the edge profile to be less than or equal to that In fact, this argument easily generalizes to show that with a
of the SU profile without first limiting the number dfs and2’s.  constellation where every other difference label is séf tdor
Otherwise, the number 8fs might be trivially kept small at the each odd numbet > 1, the number of’s in an edge profile
cost of a large number dfs. Having edge labels of distan@e- must be the same as the numbe(/oft- 1)’s. Thus, by forcing
edges also appear on distaricedges would accomplish this.exactly onel4 in the edge profile, we have also forced exactly
The resulting edge profile would have few&s than the SU one13 in the edge profile.
edge profile but moré’s, producing an edge profile that cannot The 16-PAM subconstellation has difference labels of the
dominate the SU profile. form b; @ ¢;. Thus, forcing every other difference label of

The purpose of this appendix is to show that no values in tkige 16-PAM subconstellation to be identical (using Lemma 4)
edge profile are skipped in the recursive application of Lemm#isrces every other unassigned difference label (i.e., labels other
1-4inthe proof of Theorem 1. It would appear at first that somRan 4,) in our original 32-PAM to be identical. Using our
values are indeed skipped. However, the additional structureoirtlered introduction of basis labels, we assign these difference
the labeling imposed with each recursion is exactly enough |bels to beb,.

show that no values are skipped after all. Starting from (14), the two possibilities are
Consider how Theorem 1 appliesi®-PAM. The first appli- b1 by b1 ey by by by es
cation of the four lemmas guarantees that L= by by by e by by by e - @)
(Py=[1 1 1 1 1 2 2 2 2 ... 15 16 pobroer by bioes biob (18)
bi eo b1 by by eq by by -]
and forces the structure of either (14) or (15) on the diﬁerenceStartinglfrorr110(15)1 theQ tvvol poslgibilitlies ;re ]
list. Noting the structure forced by Lemma 2, (14) and (15) show by b e ' b be b e b
only the first half of the difference list L= b2 bl . 8 bl b2 bl . 7 bl ] (19)
2 1 11 1 2 1 15 1 T
I = [br e by es by eg by eg (14) I_ [ex b1 by b1 ez by by by (20)
by cio b1 ez by cia b1 e o] eo by by by ez bi by by .
ol e bhioes bioer b (15)  With the additional structure provided by, arguments sim-
e b1 en b1 ez b1 oes biooo] ilar to those above place even more structure on the edge pro-

For each of these two difference lists, we apply Lemmas 1fife. If there is an edge of lengtk with leftmost difference
to a 16-PAM subconstellation obtained by taking every othdabel ¢; and rightmost difference label;, with ¢; # ¢;, and
point in the original32-PAM constellation. We still assume unite;, e; ¢ {b1, b2}, then the edge profile will have the same
distance between neighboring points. Hence, a distanteef numberoft’s, (k+1)’s, (k+2)’'s, and(k+3)’s. An example of
tween neighbors in the newly construct@&dPAM constellation this is the edge of length = 5 with labele; ®b; ® by D by B es
corresponds to a distance in the original32-PAM constel- in (20) above.
lation. Edge labels with ar; and ane; at the ends are the only

Lemmas 1-4 applied to this constellation force thePAM  ones that have minimum distankeand each of these has cor-
edge profile to have exactly folis, exactly ones, exactly three responding edge labels with minimum distanges 1, & + 2,
2's, and exactly on€’, respectively. These constraints correandk + 3 asby, b1 P b2, andb;, @ bs & b; are added to the end.
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For each of the four difference lists (17)—(20) we apply
Lemmas 1-4 to af-PAM subconstellation obtained by taking
every fourth point in the originad2-PAM constellation. These
8-PAM subconstellations have difference labels of the form
bs @ ¢;. Lemmas 1-4 applied to this constellation force the
8-PAM edge profile to have exactly threBs, exactly one Fig. 18. Edges for profile upper bound QAM.
4, exactly two 2’'s, and exactly one3, respectively. These

constraints correspond to exactly thré¢'s, exactly onel6, €1 €3

exactly twog8’s, and exactly ond?2 in the edge profile of the 62 e4

original 32-PAM constellation. & a 2 2
Here again, one might consider it premature to force exactly ‘34 €2

two 8's when the number 08’s, 6’s, and 7’'s have not been
specifically constrained. However, as discussed above, the struc-
ture imposed by the placementlafs andb,’s means that the (a) (b)

number of5'’s, 6’s, 7's, and8'’s in the edge profile will be the _. _ . , ,

. Fig. 19. The two labeling structures achieving the superior edge profile for
same. Also note that forcing exactly ohé also forces exactly s.oam constellations.
onel3, onel4, and onel5. At this point, the entire edge profile
has been forced to be exactly the SU edge profile. c

Applying Lemmas 1-4 to (17)—(20) by labeling every other a
unassigned position withy produces eight difference lists each | €1

with exactly four difference labels yet to be assigned a basis b
label. However, for each of these difference lists, the four unas:
signed difference labels consist of two instances each of two dis- (a) Step 1 (b) Step 2 (c) Alt. Step 2

tinct difference labels, say; ande;. At this point, any matching

of b4 andb; to ¢; ande; produces an equivalent structure.
Furthermore, examining these difference lists reveals that

each one achieves exactly the edge profile of BJPAM. OF quasi-Gray depending on the choice of basis. In this way,

Actually, the only additional observation required for this i§-QAM is similar to PSK and square QAM where a single

that the number of2’s in the edge profile also determines théPtimal labeling structure supports either SP or GC.

number of9’s, 10’s, and11’s. Note that some of these differ- Fig. 18 shows the edges emanating from one of the two cen-

ence lists are exactly S82-PAM, but some are shifted versionstral points in ar8-QAM constellation (tilted 45for simplicity).

of the SU labeling, and as such are not even ultracomposite. These edges provide an upper bound on the achievable edge pro-
In general, at theth level of the recursion, the placementile for 8-QAM

of by, ..., b; forces groups o’ distances to have the same (P2(8QAM) <[0 1 1 1 1 2 2 4] (21)

multiplicity in the edge profile. The smallest distance in each _ ) o ) )

such group corresponds to an edge with-aand ane; at the Fig. 19 illustrates the two d|§t|nct quasi-Gray Iqbellng struc-

ends. That is, the difference labels at the ends are not labeidtfS for8-QAM that also achieve the edge profile bound of

with any of the assigned basis vectérs . . ., b;. (21). There are other qua§|—Gray IabehngsSeQAM that do
This grouping of multiplicities is just sufficient to permit thent achieve the edge profile of (21) [10]. In Fig. 19(aj, =

application of Lemmas 1-4 at the next level of recursion g ® ¢2 @ e3 since these four edges form a cycle. In Fig. 19(b),

place constraints on the edge profile that continue working froffié POSsibilities for, arecs = ¢ @ ez 0req = c1 G ez ®ea

the edges toward the center without skipping any values. For/BC€ca®e1 @cz andes bez s label paths thatare not cycles.

2"-PAM constellationp —2 levels of recursion completely con-  Theorem 6: All SP labelings of8-QAM achieve the edge

strain the edge profile to be exactly the SU edge profile. profile bound of (21).

Proof: First note that any SP labeling 6fQAM causes
unit-distance horizontal edge labels to alternate between exactly
two different 3-bit labels, which differ only in the third (the most
significant) bit. Vertical unit-distance edge labels alternate be-

This appendix considers labeling for the stand&@QAM tween a different pair of labels. Altogether, the vertical and hor-
constellation shown in Fig. 18. While considered one of theontal unit-distance edge labels consist of four distinct labels,
cross constellations, this constellation does not have the cemich are selected fromi001, 011, 101, 111}. Each of these
tral-square-with-four-wings structure of all the other cross connit-distance edge labels is the sum of the other three unit-dis-
stellations, and this structural distinction leads to a different ltance edge labels. These restrictions make an enumeration of SP
beling behavior than what was shown in Section IV. The prockbeling structures fo3-QAM straightforward.
dure outlined in Theorem 5 does not apply8tQAM. Fig. 20(a) begins this enumeration by using the four distinct

In contrast to the larger cross constellations, we show bel@dge labels to label the four edges emanating from one of the
that all standard SP-labele®tQAM constellations achieve two central points. The alternating label rule also forces place-
the best possible edge profile. This structure can be either ®Bnt of an additionat; label. Fig. 20(b) and (c) shows the only

Fig. 20. Steps to achieve SP labeling3eQAM.

APPENDIX B
8-QAM L ABELING



WESELet al: CONSTELLATION LABELING FOR LINEAR ENCODERS

two ways to complete the SP labeling while obeying the alter{10]
nation rule. These two labeling structures are exactly the two
structures identified in Fig. 19 as achieving (21). [11]
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