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Abstract

Robust trellis codes that perform well on channels with
severe� correlated fading require low rates and do not em�
ploy uncoded �pass�through� bits	 For this trellis code design
problem� neither Gray�coding or set�partitioning is well mo�
tivated	 We propose a new approach to constellation labeling
and provide a low�rate 
��QAM trellis code design example
to show how the new approach can provide improved metrics
at low rates	

� Introduction
For low�rate trellis codes that do not utilize uncoded bits�

there is no compelling structural motivation to use either
Gray coding ��� see references therein� or set partitioning
��� �� ��	 We present a new approach to constellation labeling
that results in improved low�rate trellis codes	

Section � reviews the trellis code design problem	 Section
� examines ways to compare trellis codes and subsequently
constellations	 Section � uses edge�pro
le maximization to
identify good constellation labelings for low�rate codes using
��PSK� ��PSK� and ���QAM	 Section 
 presents a ���QAM
labeling that has a better edge pro
le than can be achieved
with any set�partitioning	 Section � uses this labeling to
design low rate trellis codes with improved metrics	

� Trellis Code Design
Any two�dimensional trellis code is fully described by enu�

merating the set of valid sequences of constellation points and
the mapping of input information sequences to that set	 Both
the set of sequences and the mapping to that set are impor�
tant factors to code performance� but they can be addressed
separately	 Theoretically� any mapping of information se�
quences to a given set of output sequences can be achieved
by preceding the encoder with the appropriate bijective map�
ping from the set of information sequences to itself	 In prac�
tice� the choice between various �equivalent� feedback and
feedforward encoder structures selects the particular map�
ping of information sequences to output sequences	 In any
case� this paper restricts attention to the search for the best
possible set of output sequences	

A coded modulation scheme can be separated into a bi�
nary encoder and a signal mapper that maps the binary code
symbols to constellation points	 For a linear binary encoder�
the set of valid binary symbol sequences and the set of possi�
ble binary symbol error sequences are exactly the same set	
Thus� checking all possible binary symbol error sequences
can be accomplished by examining only the set of valid code
sequences rather than considering every possible pair of code
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sequences	 For convolutional codes� this exhaustive search of
code sequences can be accomplished e�ciently for any addi�
tive metric using the Larsen algorithm �
�	

However� the binary symbol errors do not directly map to
Euclidean metrics	 Consider the constellation to be a fully
connected graph with an edge between pair of constellation
points	 The binary symbol error that corresponds to an edge
is its edge label	 For a constellation with �n points� each bi�
nary symbol error labels �n�� edges	 The edges with a given
binary symbol error may not all have the same Euclidean
distance� as illustrated in Figure �	
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Figure �� Symbol errors �edges� associated with the binary
symbol error �edge label� ����	

Typically� code searches simply assign to each binary sym�
bol the Euclidean distance of the smallest edge labeled by
that binary symbol ��� �� ��	 This worst�case distance assign�
ment allows the Larsen algorithm to be applied by forcing the
code search to consider only the worst possible Euclidean dis�
tance sequence for each binary symbol error sequence	 This
approach can be pessimistic� but often it is not	 The worst�
case Euclidean distance sequences are guaranteed to exist for
many common code rates and constellation sizes ���	

� Codes and Constellations
A constellation labeling is as good as the best code that

can be achieved with that labeling	 Comparing labelings re�
quires the ability to compare codes	 We de
ne three forms
of code�constellation equivalence and one relative for com�
parison	

De�nition � Two codes are strictly equivalent if they im�
plement exactly the same mapping of input information se�
quences to output sequences�

De�nition � Two codes are range equivalent if the have the
same set of possible output sequences

Two di�erent binary encoders combined with two di�er�
ent labelings may implement two strictly equivalent codes	
Range equivalence is the notion of equivalence for convolu�
tional codes considered in ���	

�



De�nition � Two codes are distance equivalent if they have
the same set of worst�case distance sequences�

Distance equivalence is the weakest equivalence of the
three� but it is the most important for practical code design	
The metrics of Euclidean distance ���� product distance� ef�
fective code length ��� ��� periodic product distance� and pe�
riodic e�ective code length ���� ��� are all computed from the
set of Euclidean distance sequences	 Algorithms that use the
worst�case distance assignment discussed at the end of Sec�
tion � produce the same value of any of these metrics when
applied to two distance�equivalent codes	

De�nition � Two labeled constellations C� and C� are strictly�
range� or distance equivalent if for any code that uses labeled
constellation C� there is respectively a strictly� range� or dis�
tance equivalent code that uses labeled constellation C��

Any two labeled constellations whose edge labels are re�
lated by a change of basis are distance equivalent	 If two
such constellations label the same point with the zero label�
then they are strictly equivalent	

De�nition � Code G� is distance superior to code G� if the
worst�case distance sequences of G� can be paired bijectively
with those of G� such that each term in every distance se�
quence of G� is greater than or equal to the corresponding
term in the corresponding sequence for G�� There must be
at least one strict inequality� otherwise the trellis codes are
distance equivalent�

De�nition � Constellation C� is distance superior to C� if
for every code G� designed using C� there is a distance supe�
rior code G� de�ned using C��

De�nition � A labeling is distance superlative if it is supe�
rior to all but distance equivalent labelings�

Unfortunately� distance superlative labelings do not ex�
ist for every constellation size	 In general� proving distance
superiority of one labeling over another is di�cult� and no
technique either constructive or exhaustive is known for di�
rectly identifying a distance superlative labeling	

� The Edge Pro�le
A necessary condition for a distance�superlative labeling

is based on the edge pro
le of a labeled constellation� which
is de
ned below	

De�nition 	 The edge pro�le of a labeled constellation is
the monotonically increasing list of minimum squared dis�
tances� one for each nonzero edge label�

Examining Figure �� the minimum squared distance asso�
ciated with the edge label ���� is �� assuming that the near�
est points are separated by unit distance	 Table � presents
the entire edge pro
le for this labeled constellation	

The edge pro
le imposes a partial ordering on labelings
according to the following de
nitions	

� � � � � � � � � � � � � � �

Table �� Edge pro
le for constellation in Figure �	

De�nition 
 C� is pro�le superior to C� if the edge pro�le
for C� is element by element greater than or equal to the edge
pro�le for C�� with at least one strict inequality�

De�nition �� A pro�le�superlative constellation is pro�le
superior to all labelings except those with the same pro�le�

Either one of the pro
le superlative labelings is distance
superlative or no distance�superlative labeling exists	 We
identify all pro
le superlative labelings for ��PSK� ��PSK�
and ���QAM constellations	 For detailed proofs that the
labelings presented below are pro
le superlative and that all
pro
le superior labelings are distance equivalent for these
constellations� see ����	

All ��PSK labelings are pro
le superlative� they all have
exactly the same edge pro
le �� � ��	 In fact� all ��PSK
labelings are distance equivalent and within a rotation or
re�ection of being strictly equivalent	

For ��PSK and ���QAM we upper bound the possible
edge pro
les and then show that the upper bound is achieved
only by distance equivalent labelings	 To construct the edge�
pro
le bound� the set of edges emanating from a central point
are considered	 Regardless of the particular labeling� each
edge in this set has a distinct label� and every label appears
exactly once	 Thus the squared lengths of these edges pro�
duce an upper bound on the edge pro
le	

Figure ��a� shows the edges used to construct an edge
pro
le bound for the ���QAM constellation	 The bounding

�a� Bounding Edges�
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�b� Optimal Structure�

Figure �� ���QAM bounding edges and edge labeling	

pro
le resulting from the edges in Figure ��a� is the same as
in Table �	 All labeled ���QAM constellations that achieve
this pro
le are distance equivalent� they all have the struc�
ture shown in Figure ��b� where e�� e�� e�� and e� are any
basis for the edge labels	

A similar procedure can be applied to ��PSK	 Figure ��a�
shows the edges emanating from a single point and identi
es
the four possible squared distances as ��������� and ��	
The 
rst row of Table � shows the pro
le bound correspond�
ing to Figure ��a�	
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�b� Optimal Structure�

Figure �� ��PSK Bounding edges and edge labeling	

Figure ��a� �� �� �� �� �� �� ��

Best Achievable �� �� �� �� �� �� ��

Table �� Edge pro
le bounds for ��PSK

Every ��PSK constellation must have at least three edge
labels with minimum squared distance �� since these mini�
mum distance edge labels must form a basis	 Further argu�
ment demonstrates that the 
fth element in any ��PSK edge
pro
le cannot be larger than ��	 These two observations
produce the bottom edge pro
le bound shown in Table �	
All the constellations that achieve this improved bound are
distance equivalent� they all share the structure of Figure
��b� with e�� e�� and e� being any basis for the three�bit
edge labels	

� ���QAM
For ���QAM� we have not yet proven a labeling strategy

to be pro
le superlative	 However� we can show that the best
known achievable pro
le is superior to what can be obtained
by either Gray coding or set partitioning	 Gray coding is im�
possible for ���QAM ����� and we show that set�partitioning
forces a sub�optimal edge pro
le	

Enumerating the edges from a central point in the ���
QAM constellation produces the upper bound on the edge
pro
le shown in the top row of Table �	 Since it is impossible
to Gray code the ���QAM constellation� there are at least
six distinct edge labels for the unit�distance edges	 Thus the
edge pro
le must begin with six ones as shown in the second
row of Table �	

The edge pro
le bound given in the second row is not
likely to be achievable� but more investigation is required to
tighten it further	 By seeking a labeling that has only the
required six edge labels corresponding to unit distance� we
found the labeling structure shown in Figure �	 Edge labels
e� through e� are any basis for the 
ve�bit edge labels and
e� � e� � e� � e�	 The edge pro
le for a labeling with this
structure is given in the third row of Table �	 The labeling
structure in Figure � has the least possible number of unit�
distance edge labels� and it�s last four elements are as large
as they can be	 One labeling with the structure of Figure �
is given �in octal� in Figure 


The edge pro
le obtained by Figure � cannot be achieved
with set�partitioning	 The fourth row in Table � gives the
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Figure �� Labeling structure that achieves best known ���
QAM pro
le	
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Figure 
� A Labeling with the structure of Figure �	

best edge pro
le we found using set�partitioning	 Rather
than exhaustively search all possible set�partitionings� we
show that the structure imposed by set�partitioning of ���
QAM restricts the maximum edge pro
le in at least two
ways	 With set partitioning� the last two elements in the
pro
le can be at most �� �rather than �� which is achieved
by Figure ��� and the 
rst seven elements of the edge pro
le
must be � �only six elements are � for Figure ��	

We prove these two restrictions for ���QAM partitioned
at least to the C�level �� cosets�	 The three�bit edge labels
implied by the coset labeling are called the coset edge labels	
The complete 
�bit edge label is not completely determined
by the coset edge label	 We begin with a lemma partially
characterizing the structure imposed by set�partitioning	

Lemma � Set�partitioning the ���QAM constellation to eight
cosets causes unit�distance horizontal �or vertical� coset edge
labels alternate between exactly two di	erent three�bit labels�
which di	er only in the third �the most signi�cant� bit� To�
gether� the vertical and horizontal unit�distance coset edge
labels consist of four distinct labels�

Proof� This lemma follows from an examination of the par�
titioning tree for ���QAM such as the one shown in ��� page
���	 In this tree the A�level coset is the entire constellation	
B�level cosets have sixteen points whose labels all share the
same least signi
cant bit	 C�level cosets have eight points
whose labels all share the same two least signi
cant bits	 D�
level cosets have four points whose labels all share the same
three least signi
cant bits	
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Edges in Figure ��a� � � � � � � � � � � � � � � � � � � � � � � � � � �	 �	 �	 �	 �
 �


Tighter bound � � � � � � � � � � � � � � � � � � � � � � � � � �	 �	 �	 �	 �
 �


Best known � � � � � � � � � � � � � � � � � � � � � � � � � � � �	 �	 �
 �


A set�partitioning � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �	

Table �� ���QAM edge pro
les	

Consider the nearest neighbors of a point in the C�level
coset C�	 These nearest neighbors will all be in B�� the B�
level coset that does not contain C�	 Either the horizontal
nearest neighbors are in C� and the vertical neighbors are
in C�� or vice versa	 Because all neighbors of a particular
orientation �horizontal or vertical� are in the same C�level
coset� they have their two least signi
cant bits in common	
Thus the unit�distance edges of a given orientation connect�
ing a point in C� to these neighbors have coset edge labels
that di�er only in the third bit	 The horizontal and vertical
unit�distance edges emanating from C� have the same labels
as the respective edges emanating from points in C� by sym�
metry	 Thus all the unit distance edges have labels that obey
the lemma	 �

We now use this lemma to prove two earlier statements
about the edge�pro
le limitations of a set�partitioned ���
QAM constellation	

Lemma � Set�partitioned ���QAM has no edge label with
minimum normalized squared distance greater than 
��

Proof� For a ���QAM constellation normalized so that the
closest points are separated by unit distance� consider the
central point shown inside a square in Figure �	 Every non�
zero 
ve�bit pattern must label exactly one of the �� edges
emanating from this point	 The largest squared distance for
an edge emanating from this point is �� �occurring twice��
and the next largest squared distance is ��	
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Figure �� Proof of Lemma �	

To show that set partitioning forces all edge labels to have
minimum distance of at most ��� we need only show that
the 
ve�bit labels for the two edges with squared distance ��
emanating from the central square point must also be labels
for edges with squared distances of �� or less	

The alternating behavior proved in Lemma � implies that
with set partitioning� the three least signi
cant bits �LSBs�
of the 
ve�bit edge labels for the two dotted edges in Figure
� must be identical	 Every point in a given coset has the
same three least signi
cant bits	 Thus all labels for edges

connecting a diamond point to a circle point have the same
three LSBs� and all labels for edges connecting a hexagon
point to a square point have these same three LSBs	

With only two unspeci
ed bits� there are only four labels
with the three LSBs of interest	 Each of these four labels
must label exactly one of the four dashed edges shown in
Figure � emanating from the circle point	 The largest of
these edges has squared distance ��	 One of these edge la�
bels must be the same as the label of the solid�line edge with
squared distance �� connecting the central square point to a
hexagon point	 Thus� the edge label of this edge has mini�
mum squared distance �� or less	

The same argument applies to the other edge with squared
distance �� emanating from the central square point	 Thus
set partitioning forces the minimum distance associated with
every edge label to be less than or equal to ��	 �

Lemma � Set�partitioned ���QAM has at least seven dis�
tinct edge labels for minimum�distance edges�

Proof� From the Lemma � there are two horizontal and two
vertical three�bit unit�distance coset edge labels h�� h�� v��
and v� with h��h� � v��v� � ����Assign coset edge labels
for the unit�distance edges between the points with 
ve�bit
labels b�� b�� and b� as shown in Figure �	 Coset edge labels
only 
x the three least signi
cant bits of the edge label	

a�

a�

a�a�

b� b�

b�

v�

v�

h� h�

v�

v�

h�h�

b�

Figure �� Proof of Lemma �	

Since b� � b� �� ���� either the two h� coset edges or the
two h� coset edges have di�erent �MSBs	 This implies the
existence of a 
fth distinct label for a unit�distance edge	
The same reasoning applies to b� and b�� demonstrating a
sixth distinct label	

If both the two h� coset edges and the two h� coset edges
have di�erent �MSBs then the the argument is complete	
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The same reasoning applies to the vertical coset edges v�
and v�	 For the rest of the argument� assume that all h�
coset edges have the same � MSBs and that all v� coset
edges have the same � MSBs	

Since b� and b� are distinct point labels�

b� � b� �� b� � b� � ���

Thus there must be unit distance edge labels such that two
h� edge labels and two v� edge labels have distinct nonzero
exclusive�or�s	 However� the coset structure also forces

a� � a� � a� � a� �� � � ���

Thus there must be unit distance edge labels such that two
h� edge labels and two v� edge labels have the same nonzero
exclusive�or	 Equations ��� and ��� force at least 
ve distinct
edge labels having h� or v� as least signi
cant bits	 Com�
bined with one h� edge label and one v� edge label� we have
at least seven distinct labels for the unit�distance edges	 �

� Code Design Results
Low rate trellis codes that are robust to severe fading were

the original motivation for identifying constellation labelings
with good edge pro
les	 As shown in ����� robust trellis codes
for a speci
c periodic interleaver can be obtained by max�
imizing the periodic e�ective code length �PECL� and the
code periodic product distances �CPPDs� with orders rang�
ing from the PECL to the interleaver period	 The choice
of constellation labeling does not a�ect the periodic e�ective
code length� but it does a�ect the periodic product distances	

Consider the example of a rate���
 ���QAM trellis code
designed to maximize PECL and the CPPDs for a period �
interleaver using � memory elements	 The largest possible
PECL is 
	 We seek a code with PECL 
 for which the
CPPDs of order 
 and � are as large as possible	 Table �
shows the largest values of the sum of the logs of CPPD� and
CPPD� obtained with each of the two labeling strategies	
As expected� the superior edge pro
le yields better CPPD
values	

log�CPPD� log�CPPD� Sum
Set partitioning ��	���� ��	���� ��	��
�
Figure 
 labeling ��	���� ��	���� ��	����

Gain �	���� �	��

 �	���


Table �� Best log sum of order 
 and order � code peri�
odic product distance �cppd� with four memory elements for
rate���
 ���QAM trellis codes using set partitioning and the
labeling of Figure 
	

Table 
 shows the largest free Euclidean distance obtained
by trellis codes with four memory elements at rates ��
 and
��
 produced with each of the two labeling strategies	

The superior pro
le provides �	�� dB more free Euclidean
distance than set partitioning for the rate ��
 trellis code
design	 However� the superior pro
le provides �	�� dB less
Euclidean distance than set partitioning for the rate ��
 trel�
lis code design	 We conjecture that to maximize free distance

Rate ��
 ��

Set partitioning �� �
Figure 
 labeling �� �

Gain �	�� dB ��	�� dB

Table 
� Best free Euclidean distances with four memory el�
ements for rate���
 and rate���
 ���QAM trellis codes using
set partitioning and the labeling of Figure 
	 The values 	 and

����
 dB are corrections to the mini�conference proceedings�

for a rate k�n trellis code� the labeling should maximize the
largest minimum distance in a �k element algebraic coset of
edge labels	 When k � � this corresponds to maximizing
the edge pro
le	 When k � n � � this corresponds to set
partitioning	

	 Conclusions
For low�rate trellis codes� maximizing the edge pro
le of

a constellation can provide improved metrics compared to
set partitioning and Gray coding	 However� pro
le supe�
rior constellations can cause reduced Euclidean distance rel�
ative to set partitioning for high rate codes	 We conjecture
that there is a general rate�dependent labeling policy that
includes edge�pro
le maximization and set partitioning as
extreme points	
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