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Low-density parity-chek (LDPC) codes are a family of codes proven to have
good asymptotic ensenble properties. There are many opentheoretical and practical
issuegelatedto LDPC codessud ashow to construct nite length LDPC codeswith
guararteed properties, how to realizerate compatibility with thesecodes,and how to
apply LDPC codesto sourcecoding. This cortribution rst explainsthe relationship
betweencycles,stopping setsand codewords from perspectivesof both linear algebra
and graph theory. A method basedon extrinsic messagealegree(EMD) is proposed
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to construct irregular LDPC codesthat have good cycle properties. As a result,
thesecodesachieve near capacity capability and low error o ors. The performance
of di erent construction schemesare comparedand the roles of cyclesand stopping
setsin aecting capacity and error- o ors are analyzed. Next, a rate-compatible
scheme basedon LDPC codesis proposed. It is basedon two techniques: parity
puncturing and information nulling. Simulations showv that this sdheme achieves
close-to-capacly performanceover a wide range of code rates. Finally, a density
ewlution analysisis deweloped for compressionof correlated sourcesusing irregular
LDPC codes. The standard density ewlution algorithm is modi ed to incorporate
the Hidden Markov Model (HMM) de ning the correlation model betweensources.
The proposedalgorithm achievesa compressiorrate closeto the theoretical Slepian-

Wolf limit.
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Chapter 1

In tro duction

Low-density parity-ched (LDPC) codeswereproposedby Gallagerin the early 1960's
[Gal6Z [Gal63. He de ned an (n, d,, d.) LDPC code as a code of block length n
in which ead column of the parity chek matrix cortains d, onesand ead row
cortains d; ones. Due to the regular structure (uniform column and row weight) of
Gallager's codes, they are now called regular LDPC codes. Gallager also inverted
soft-decisionand hard-decisioniterativ e decalers basedon messagepassing. Using
hard-decisiondecaling, he shoved simulation resultsfor codesof block length around
500 bits. These results indicated that LDPC codes have very good potertial for
error correction. Howeer, thesecodeswere not long enoughfor the spherepading
bound to approath Shannoncapacity, and the computational resourcesfor longer
random codesweredecadesway from beingbroadly accessible For the ensuingthree
decades].DPC codesreceiwed relatively little attention in the coding community.
Over the past two decadesa deeper understanding of the messagegassingalgo-
rithm de ned on graphshasdeweloped. Tanner [Tan8] introducedbipartite graphs
to descrike low-density codesand the sum-product algorithm basedon thesegraphs.

Wiberg et al. [Wib96] extended Tanner graphs by including state variables which



are invisible to decalers. Pearl [Pea88 systematically described the \b elief propa-
gation" algorithm operating on Bayesiannetworks. It hasbeenrecernly shown that
the forward/backward algorithm for turb o codes, the belief propagation algorithm
for LDPC codes,and many other decaling algorithms for other graph-basedcodes,
are variations of the generalizedsum-praduct (S-P) algorithm operating on the so-
calledfactor graphs(see[KFLO1] [ForO1]). To avoid a confusionin notations, we will
call all variations of the generalizedS-P algorithms messageassing.

In the mid-1990's, Berrou et al. [BGT] demonstratedthe impressiwe capacity-
approading capability of turb o codes,which led to the explosionof interestin turb o
codesand other long random linear codes. Turbo codessharemany attributes with
LDPC codes, mostly in the way messagepassingis performed during the iterative
decaling process. These similarities stimulated a revived interest in previous work
on LDPC codes. In 1999, MacKay et al. [Mac99 shaved that LDPC codes have
nearcapacity performanceand proposedse\eral empirical rulesfor constructing good
random codes. Luby et al. [LMSSO01]formally shaved that properly constructed ir-
regular LDPC codescan approad capacity more closelythan regular ones. Richard-
son, Shokrollahi and Urbanke [RSUO1]created a systematic method called density
ewlution to analyze and synthesizethe degree distribution in asymptotically large
random bipartite graphsunder a wide range of channelrealizations.

Recerly, many interesting and equally important researt topics have emerged
asidefrom the fundamenal topics mertioned above. As we know, the decaling com-
plexity per bit for messageassingdependson graph connectivity rather than block
length, which makes decaling of very long blocks possible. Howeer, the encaling
complexity is quadratic in block length if densegeneratormatricesare used. [RUO]]
proposedan almost linear time systematic encaler that cornverts the parity-ched

matrix to \approximate" lower triangular form by permutation. The permutation
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transform doesn't a ect code performancebecauseit conseresthe sparsity of the
original parity-chedk matrix. Howeer, the transformed generatormatrix hasa spe-
cial shape that allows it to encade most of the non-systematicbits recursiwely in
linear time. Chung et al. [CRUO1] proposeda Gaussianapproximation approad to
reducethe density ewlution algorithm to a one-dimensionalproblem, with only a
little lossin performancecomparedto the accuratedensity ewolution. [MB01] shoved
that di erent scheduling in the messageassingdecaler givesdi erent performance
in the high SNR region. [DM98] showved by their simulations that LDPC codesover
GF (g) outperform binary LDPC codes. [Fos0] designeda reliabilit y-baseddecaler
to reducethe performancegap between messagepassingdecaling and maximum
likelihood (ML) decading. [KLFO1] designedLDPC codesbasedon nite geometries
which have quasi-cyclicstructures and very good minimum distance properties.

Density ewlution determinesthe performancethreshold for in nitely long codes
whoseassaiated bipartite graphs are assumedto follow a tree-like structure. Us-
ing the density ewlution theory, Richardson et al. designedrate one-half LDPC
codes achieving bit error rate (BER) 10 ° within lessthan onetenth of a dB from
the capacity limit. Howewer, the block length they usedin order to achieve this
performancewas 10° bits which is too long for many applications. Bipartite graphs
represeting nite-length codeswithout singly connectednodesinevitably have many
short cycles,which are neglectedin the density ewlution theory. Cyclesin bipar-
tite graphs compromisethe optimality of the commonly practiced messagepassing
decdling. If cyclesexist, neighbors of a node are not conditionally independen in
general,thereforegraph separationis inaccurateand sois Pearl's polytree algorithm
[Pea8§ (which de nes belief propagation as a special case).

Two nite-length analyseshave beendeweloped for LDPC codesrecerily: \stop-

ping set analysis" [DPT * 02] for the binary erasurechannel (BEC) and \pro jection
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algebra and critical set analysis" [YSB]. The former predicts the performance of
LDPC code ensenbles with given degreedistributions while the latter predicts the
performanceof a singleLDPC code. Both analyseshave to beimprovedbecausehey
have very high computation complexity for longerblocks (e.g, seweral thousandbits).

Randomly realized nite-length irregular LDPC codeswith block sizeson the or-
der of 10* [RSUO] approad their density ewlution thresholdclosely (within 0.8dB
at BER 10 °) at rate 1=2, outperforming their regular courterparts [Mac99 by
about 0.6dB. Most publications to date on this subject of irregular codes have fo-
cusedon the performancerelative to capacit, and do not considerperformanceat
E,=No levelsin the error o or region. In this paper, we repeatedthe irregular code
construction method described in [RSUO1]and extendedtheir simulation to a higher
SNR region. In the relatively unconditioned codes, an error o or was obsened at
BERs of slightly belov 10 ©. In cortrast, regular codes and almost regular codes
([KLFO1]) usually enjoy very low error o ors, apparerily due to their more uniform
Hamming distance betweenneighboring codewords and higher minimum distances.

MacKay et al. [MWD] rst reported the tradeo betweenthe threshold SNR
and the error o or BER for irregular LDPC codesversusregular LDPC codes. A
similar tradeo has beenfound for turb o codes ([BDMP98], [FW]). In the presen
cortribution, we introduce code construction methods that speci cally addressthe
error o or issue.We presen a designtechnique that requiresall small cyclesto have
a minimum degreeof connectivity with the rest of the graph. This technique lowers
the error o ors of irregular LDPC codes by se\eral orders of magnitude with only
a little costin performancerelative to capacity in the waterfall region of the BER
versuskE,=Ng curve.

The error oor of an LDPC code under maximum likelihood (ML) decaling

dependson the dp, of the code and the multiplicit y of dn,, error events. However,
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for randomly constructed codes, no algorithm is known to ched if they have large
minimum distances(This problem was proved to be NP-hard [Var97)).

As a result, the commonapproad has beento indirectly improve d.,;, through
code conditioning techniquessud asthe removal of short cycles(girth conditioning
[MB], [AEH]). Sud conditioning is usefulalsobecausecertain short cyclescan cause
poor performancein conjunction with iterative decaling even if they have a large
dmin and would not be problematic for ML decaling.

Cycle properties play a critical role in determining error o ors. We explore the
relationship between cycles, stopping sets, and other attributes of the code and its
assiated bipartite graph. One argumert we will make in this cortribution is that
not all cyclesare equally problematic in practice. The more connecteda cycle is
to the rest of the graph, the lessdicult y it posesto iterative decaling. A novel
conceptcalled \extrinsic messagealegree"(EMD) is introducedto help analyzethe
inner-structure of stopping sets. An e cient algorithm basedon an approximation
of EMD is proposedthat constructs LDPC codeswith good cycle properties and a
correspndingly lower error- o or.

Many factors can changethe characteristics (or states) of commnunication chan-
nels. Thesefactors include multipath fading, temperature/moisture change, hostile
jamming, and user-sgeci ed settings. A robust commnunication system should pro-
vide bandwidth closeto capacity under various channelconditions. For example,the
3G CDMA speci cation IS-856 supports 12 data rates ranging from 38.4to 2,457.6
Kbps. The correspnding code rate varies between 1=5 and 1=3. Traditionally, to
achieve rate-compatibility, we have to independerily build seweral subsystemsthat
operate at di erent code rates, and switch betweenthem accordingto channel state
information. Howeer, this schemeincreasegshe design,setup and maintenancecost.

A moree cient and exible rate-compatible schemeis desired.

5



Punctured codeshave long beenusedto achieve rate compatibility [Hag89 [WLS].
Comparedto the traditional rate compatible codesbasedon corvolutional codesand
turbo codes, LDPC codes enjoy more freedomin puncturing pattern design, thus
allowing for an almost cortinuous spectrum of code rates and more robustnessto
catastrophic events (stopping set puncturing). A density ewlution algorithm was
deweloped by Ha et al. [HM] to nd asymptotically good puncturing pro les for
LDPC codes.

We proposea rate-compatible schemethat conbinesparity puncturing and infor-
mation nulling. Simulation results show that this schemeadieves close-to-capacy
performancewith low error o ors acrossa wide range of code rates.

The last cortribution is a density ewlution analysisof a compressionsystemfor
memory correlated binary sourcesusingirregular LDPC codesas sourcecodes.

It is well known that the problem of compressingcorrelated sourcescan be con-
sideredasa problem of channelcoding with sideinformation [Wyn74], [SVZ9§. The
rst approad to usingpractical channelcodesin this context waspreserned in [PR].
More powerful turb o-like codes and iterative decaling schemeswere introduced in
[GF] and [GFZa]. Other work that utilizes turb o codes for sourcecoding can be
found in [BM], [AG]. Recen researt [LXGO02] has showvn that the use of regular
LDPC codesimprovesperformanceover turb o codesfor the caseof memorylesscor-
relation. This result wasextendedin [GFZb] to the caseof correlation with memory;
wherethe memoryis de ned by HMMs.

The basicidea in [GFZDb] is to incorporate the HMM in the graph that repre-
sents the code, and to apply the correspnding messagepassingalgorithm over the
whole graph. We extend this work to irregular LDPC codes. The standard density
ewlution algorithm is modi ed to incorporate the Hidden Markov Model (HMM)

de ning the correlation model betweensources.Analysis and simulation shows that
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the proposedirregular LDPC codesoptimized with this algorithm outperform tradi-
tionally designedregular or irregular LDPC codes. The proposedalgorithm adieves
a compressiorrate closeto the theoretical Slepian-Wblf limit.

Chapter 2 exploresthe relationship betweense\eral important graph structures:
cycles,stopping sets, linearly dependern setsand edgeexpandingsets. A high-level
description of their e ects on the messageassingalgorithm is given. Furthermore,
the su cien t and necessarycondition for a set of variable nodesto be cycle-freeis
introduced.

Chapter 3 focuseson the inner-structure of stopping sets, especially how these
sets are formed by clustering cycles. We will shav that stopping sets have weak
extrinsic messageo w. To descrite extrinsic messagestrength for stopping setsand
variable node setsin general,we introduce EMD and its approximation ACE. A code
construction algorithm basedon ACE is given. The e ectivenessand e ciency of
this algorithm is discussed.

Chapter 4 descrites the \smart" decaler and gives the simulation results for
LDPC codes generatedwith the ACE algorithm. Dierent parameter shemesare
compared.

Chapter 5 discusses novel designof rate-compatible LDPC code that performs
closeto capacity over a large range of code rates. It combines three techniques:
information nulling, parity puncturing, and lower triangular submatrix construction.

Chapter 6 dewelopsa density ewlution analysisof a compressiorsystemfor mem-
ory correlated binary sourcesusing irregular LDPC codesas sourcecodes. In order
to achieve this goal, the standard approad in density ewlution is modi ed to in-
corporate the Hidden Markov Model (HMM) de ning the correlation model between
sources.The proposedsdiemeis then applied to the designof irregular LDPC codes

that optimize the systemperformance.



Chapter 2

Analysis of Cycle Prop erties

This chapter will rst introducetwo equivalert descriptionsof an LDPC code: the
matrix and the bipartite graph. We then explore the relationship between se\eral
important graph structures, namely, cycles, stopping sets, codeword setsand edge
expandingsets. The e ect of thesegraph structureson code performanceat high SNR
will be discussedbrie y. Furthermore, we will provide the su cient and necessary

condition for a set of variable nodesto be cycle-free.

2.1 Notation and Background Information

2.1.1 Representation of LDPC Codes

Wewish to designan (n; k) binary systematicLDPC code wheren is the block length
and k is the number of information bits in oneblock. The coderate isR = k=n. The
parity ched&k matrix H is afull-rank (n k) n sparsematrix. The rows of H span

the null spaceof the codeword space.H can be written as

H= H; H, ; (2.1)



whereH; isan(n k) k matrix andHsisan(n k) (n k) matrix. H, is
constructed to be invertible, so by row transformation through left multiplication
with H, !, we obtain a systematic parity ched matrix Hg that is range equivalert

to H

Hos = Ho'H = H,™H; 1, ¢ (2.2)

A systematicgeneratormatrix can be obtained from Hgys

Goys = I Hp'Hy ' (2:3)

The rows of Ggys spanthe codeword space. Obviously, GsysH™ = GgysHd s = 0. It
should be noted that although the original H matrix is sparse,neither Hgys nor Ggys
is sparsein general. Ggys is usedfor encaling and the original sparseparity matrix
H is usedfor iterativ e decaling.

An LDPC code can also be descriked by a bipartite graph. In this graph, n
variable nodesform the left vertex setand (n k) constraint nodesform the right
vertex set. In the caseof a systematic code, the rst k variable nodesare message
nodesandthe other (n k) variable nodesare parity nodes. If the ertire setof variable
nodesformsavalid codeword then the exclusive-or performedby ead constrain node
will be zero.

Onecolumnin the parity-ched& matrix correspndsto onevariablein the bipartite
graph. For corvenience,we will use column'and "variable' interchangeablyin this
paper.

The bipartite graphsand H matriceswe are interestedin have two further prop-

erties:



(1) Thereis at most one edgebetweenany pair of nodes. In other words, there are

no double-edgeor other typesof multiple-edges.

(2) There are no singly connectedvariable nodes,i.e., the degree(number of neigh-

bors) of any variable node is at least 2.

The rst property ensuressquivalencebetweenthe matrix and graph descriptions
of the code. The secondproperty will be usedaspart of a proof which relatesgraph
structures known as stopping setsto cycles. As an example,the matrix and graph
descriptionsof a (9, 3) irregular code are showvn in Fig. 2.1. Becausea vertex cannot
connectto another vertex from the samesidein a bipartite graph, the length of any
cyclein a bipartite graph is an even number. Fig. 2.1 also shows in solid lines a

length-6 cycle that involvesvariable nodesvg, v4 and vg.

H=
o]

~

check
nodes <

\_V_/ k J \
' _ _
variable constraint

nodes nodes

(@ (b)

Figure 2.1: Matrix description and graph description of a (9, 3) code.

The systematicparity ched matrix and the systematic generatormatrix of this
example can be derived accordingto Eq. 2.2 and 2.3. They are shovn in Eq. 2.4

10



and 2.5

2 3
011100000
110010000
011001000

Hsys: H21H1 Ink = ; (24)
110000100
011000010
011000001
2 3
100010100

Geys = I Hy™H; ' 5010111111: (2.5)

001101011

2.1.2 Message Passing Decoding

Let x be the transmitted signal correspnding to a variable bit with BPSK modu-
lation. We de ne signal mapping in a way sud that x = 1 if its correspnding
variable bit is 1 and x = 1if its correspnding variable bit is 0. Let y be the received
signal which is equalto the sum of x and a noise. A messageyassingdecaler tries
to solwe x's basedon the knowledgeabout y's. There exist many ways to descrike
the soft-decisionmessagassingalgorithm (see[KFLO1]). A very parsimoniousand
corveniert one can be descriked as exchanging log-likelihood ratios (LLRS) between
variable nodesand constrairt nodes. De ne u as an incident messagedo a variable

node

p(x = 1jy) .

px= 1y)’ (2.6)

and v as an emanating messagdrom a variable node

11



p(x°= 1jy9’

where x° and y° have the samemeaning as x and y except that they correspnd

(2.7)

to the variable that is located at the sourceof this message. As we can see,an
important advantage of using LLRs is that probabilities such as10 ®>and1 10 °

can be easily represetted by In 29> 1151 and In 12%° 1151, Fixed-point

implemertation is more accurate using LLRs than using probabilities becausethe

nite-w ord e ect is much reducedwith LLRs.

[+] [+]

O
O
variable nodes  constraint nodes variablenodes  constraint nodes
Step A Step B

Figure 2.2: lllustration of oneiteration in messaggassingdecaling.

Oneiteration in messaggassingdecaling consistsof two steps. Step A, passing
messagedrom constraint nodesto variable nodes; step B, passingmessagegrom
variable nodesto constraint nodes. Thesetwo stepsare illustrated in Fig. 2.2. In
step A, the half-edgesattached to the variable nodes represem the a priori LLRs
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determined by the received signal y and channel parameters. One messagdrom a
half-edgeto its correspnding variable node is labeld uy. The computation involved
in thesetwo stepscan be written asEq. 2.8 and 2.9 respectively (see[CRUOQ1)).
()( 1
V= ui; (2.8)

i=0

AT

u Vv

tanh — = tanh -
2 i=1 2

(2.9)

whered, and d. are the degreeof the correspnding variable node or constraint node
respectively. Computation of Eq. 2.8 is simple becauset only involves summation.
Howewer, Eq. 2.9 involves multiplication and hyperbolic tangert functions. We can

prove that by de ning

gx) = Intanh 3
2 In(l 2eX)=2e* if x> 1 (2.10)
Z  In% if x O

Eq. 2.9 can be re-written as

dy 1
sgn(u) = sgn;); (2.11)
j=1
and

K 1 |
juj = f fGvii) - (2.12)
j=1
wheresgn() is the sign function. Eqg. 2.12is computationally e cien t becausethe
f( ) function can be implemerted by a look-up table and thus only summation is
involved in calculating this equation. The curve for the f( ) function is shavn in Fig.
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2.3.

0 05 1 15 2 25 3 35 4 45 5

Figure 2.3: f( ) function usedin messaggassingalgorithm.

Dueto the di erent nature of the functionsinvolvedin Eq. 2.8and 2.9,u messages
and v message$ave di erent e ect on the reliability of correspnding nodes. For

example,in Eq. 2.8, if there are three input u messages

ur= 02u,=2us= 20 (2.13)

then the output v messages

v= 02+2 20= 182 (2.14)

which hasa value closeto 20, the most reliable input messageln Eq. 2.9, if there
are three input v messages
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vi= 02v,=2v3= 20 (2.15)

then the output u messages

u= 2tanh 1(0:0997 0:7616 1:0000)= 0:152 (2.16)

which is similar in magnitudeto the leasereliableinput message 0:2. This is because
the hyperbolic tangent function saturatesat high magnitude. The reliable messages
barely a ect the magnitude of the output u messagéecausehe hyperbolic tangent
of them is closeto either 1 or 1. Only the unreliable messageswhosemagnitude
liesin the linear region of the hyperbolic tangert function, reducesthe reliability of
the output u message.Particularly, in a BEC, an output v messagewill not be an
erasureas long as there is an input u messagehat is not an erasure;an output u
messagewill not be an erasureonly if all of its input v messagesre not erasures.
To summarizethis, we say:

The reliability of a v messagas similar to that of the most reliableinput u mes-
sage;thereliability of a u messages at mostthat of the least reliableinput v message.

We know that a BIAWGN channel can be quartized into a binary symmetric
channel (BSC) in which all the LLRs have large magnitude at mediumto high SNR.
Note tanh(x=2) = sgn(x) for jxj >> 1. If we assumethat all the u's and v's take
value 1 , Eq. 2.11contains all the information about Eq. 2.9 becauseEq. 2.12is
always satis ed. Note Eq. 2.11is exactly the hard-decisionparity chedk equation.
Therefore,Eq. 2.8 can be viewed asthe \soft" versionof the parity chedk operation.

It shouldbe noted that beforemessaggassing,all the unknown messagegxcept

a priori messagegdenoted by ug'sTj 25.3-420(03.79147 0 Td (view)d (‘s.ould)Tj 36.6494 0 Td (|



N
R = sgn u (2.17)
i=0
whereX is the estimate of x and sgn( ) is the sign function. The di erence between
Eqg. 2.17and 2.8is that the sumin Eq. 2.17is taken over all the incident edgesand
half-edges,as opposedto only d, 1 edges.
Messagepassingdecaling is optimal only for tree-like graphs. The performance
of this decding algorithm on a general (dense) graph is not guararteed because
of the wide existenceof cycles. In cortrast, sparsebipartite graphs are suitable

for messagepassingdecaling becausethey have better cycle properties than dense

bipartite graphs. Thesepropertieswill be analyzedin the next section.

2.2 The Relationship Between Cycles, Stopping
Sets and Linearly Dependent Sets

Although the relationship betweengraph topology and code performancein the case
of a speci ¢ codeis not fully understood, work hasbeendoneto investigatethe e ects
of graph structures sud ascycles,stopping sets,codeword sets,and expanders.Here
we give a speci ¢ analysisof how thesefour conceptsare related. This analysiscan
be conmbined with density ewlution to generategood irregular LDPC codes.

For brevity we denote cycle setsby Cq, stopping setsby Sy, codeword sets by
W4, and edge-expandingsetswith parameter 1=2 by E4. Thesesets,aswell asthe
nature of the parameter d are described belown. It is helpful to rst illustrate the

relationship betweenthesesets(Fig. 2.4).
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Figure 2.4: Relationship betweenCy, Sq, Wy and Eg.

2.2.1 C4 Cycle Sets

De nition 2.2.1. (Cycle) A cycle of length 2d is a set of d variable nodesand d
constraint nodes connectedby edgessud that a path exists that travels through
every node in the set and connectsead node to itself without traversing an edge

twice.

De nition 2.2.2. (C4 Cycle set) A set of variable nodesin a bipartite graphis a
Cq setif (1) it hasd elemernts, and (2) one or more cyclesare formed betweenthis
setand its neighboring constraint set. A set of d variable nodesdoesnot form a Cgq

setonly if no cyclesexist betweenthesevariablesand their constraint neighbors.

Note that the maximum cycle length that is possiblein a C4 setis 2d. Fig.
2.1shavsalength-6cycle(vo ¢ V4 € Vs G Vo) and a length-4 cycle
(vi C© Vg C3 V4). Variable node setfvg; vy Veg is a Cz set. Variable node set
fvy; vs; Vg is alsoa Cj set although vs is not cortained in the length-4 cycle. Di et
al. de ned a stopping set as follows, which we will shav to cortain cyclesshortly.

A well known result is that messaggassingis accurateonly for cycle-freegraphs.
We know that the number of edgesin a tree equalsto the number of nodes minus
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one,thus a code whosegraphisatreehasn+ (n k) 1=2n k 1edges.This
number is too small for a practically useful nite length code. Actually the result
given by density ewlution says that all the variable nodes should be connectedto
at least two edges,which gives the minimal number of edges2n > 2n k 1.
Therefore,cyclesare almost inevitable and they make the messaggassingalgorithm
suboptimal. Furthermore, not all cyclesare equally harmful. For example, it is
well-known that short cyclesamonglow-degreevariable nodesrepresen seere code

defects.

2.2.2 Sq Stopping Sets

De nition  2.2.3. (Sq Stopping set [DPT *02]) A variable node set is called an

Sq setif it hasd elemerts and all its neighbors are connectedto it at leasttwice.

Variable node setf vy; V4; Veg in Fig. 2.1is an S; set becauseall its neighbors ¢y,
C1, C3 and cs are connectedto this set at leasttwice.

The following lemma shows that stopping setsalways cortain cycles. The e ec-
tivenessof messagepassingdecaling on graphs with cyclesdepends primarily on

how cyclesare clusteredto form stopping sets.

Lemma 2.2.4. In a bipartite graph without singly connected variable nodes(such as
one genenated with a degree distribution given by density evolution), every stopping

set contains cycles.

Proof. A stopping set (variable nodes)and its neighbors (constraint nodes)form
a bipartite graph where one can always leave a node on a di erent edgethan used
to erter that node. Traversingthe resulting bipartite graph in this way inde nitely,

oneewertually visits a node twice, thus forming a cycle2
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Alternative proof: As explainedbefore,if every nodein an LDPC bipartite graph
is at leastdoubly connected,the total number of edgesis at least 2n which is larger

than 2n  k 1, the number of edgesrequired for the graph to be a tree.2

Lemma 2.2.5. In a bipartite graphwithout singly connected variable nodes, stopping
setsin generl are comprised of multiple cycles. The only stoppingsetsformed by a

single cycle are thosethat consist of all deggree-2 variable nodes.

Proof: A cyclethat consistsof all degree-2variable nodesis a stopping set. To
prove the lemma, we only needto show that if a cycle cortains variable nodes of
degree-3or more, any stopping setsincluding this cycle are comprisedof multiple
cycles. Fig. 2.5(a) shows a cycle of arbitrary length 2d (here 2d = 8 for demonstra-
tion). Assumethat onevariable node v, in this cycle hasdegree3 or higher, v, must
be connectedto at least one constrairt node out of this cycle (for instancec; in Fig.
2.5(a)). By the de nition of a stopping set, c; must be connectedto variable nodes
in the stopping set at leasttwice. Thereforeif ¢, is hot connectedto v, Or vs, Or Vg,
the stopping set must cortain at least one more variable node (for instancevs). The
“concatenation'of constraints and variableson to vs may occur acrossmany nodes.
Howewer, to form a stopping set, evertually a newloop must be closedthat connects
the newest constrairt in the chain to a variable on the chain or in the original cycle.
Thus, the stopping setis comprisedof at leasttwo cycles2

Accordingto Lemmaz2.2.5,the generalview of stopping setsand cyclesis givenin
Fig. 2.5(b). Two typesof variable nodescomprisea stopping set. Variable nodesof
the rst type (denotedby solid curves)form cycleswith other variable nodes;variable
nodes of the secondtype (denoted by dashedcurves) form binding structures that
connectdi erent cycles. It shouldbe noted that both binding nodesand cycle nodes

may have branchesthat lead to cyclescontaining variable nodesnot in the currert
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extrinsic component of v

(b)

Figure 2.5: (a) Extrinsic concatenation(b) Structure of a stopping set

stopping set. Our proposedparity matrix designalgorithm ensurethat short cycles
cortain at least a given minimum number of “extrinsic paths'. This leadsto an
increasein the minimum size of a stopping set.

Di, et al. [DPT* 02 shavedthat in a binary erasurechannel (BEC), the residual
erasurebits after messageassingiterativ e decaling are exactly equal to the max-
imum stopping set which is a subsetof the originally erasedbits. Seethe example
in Fig. 2.6. Variable nodes vy, v4 and vs are erased. Any messagepassingfrom
constraint nodesto thesevariable nodes, e.g, the one from ¢; to v, is a function
of the incident messageso c¢; from other variable nodes,which cortain at leastone
erasure(the chedked edge). Becausean erasureis a bit that hasequal probability to
be 0 or 1, the resulting messageemainserasedand no further iterations canrecover
it. Therefore, stopping setsare the only type of \bad" cyclesin a BEC. A natural
conjectureis that stopping setsplay an important role in other channels. In particu-
lar, considerthe scenariowhereall menbersof a stopping set are received with poor

reliability at the output of a binary-input additive white Gaussian(BIAWGN) chan-
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Figure 2.6: Erasure of stopping setsin BEC causesdecdling failure.

nel. Thesereliabilities will be particularly slowv to changein the courseof message
passingdecaling asthe reliability generatedby any connectedneighbor (constraint

node) must also be low.

2.2.3 W,y Codeword Sets

De nition 2.2.6. (Wyg Codeword set) A variable node setis called a Wy setif it

is comprisedof exactly d elemerts whosecolumnsform a (weight-d) codeword.

Variable nodes set fvp; v4;Veg in Fig. 2.1 is the W3 set correspnding to the
codeword 100010100.A linear code with minimum distance d,i, has at least one
codeword with weight d.,j;, and no non-zerocodewords with smaller weight. Hence,
there is at leastoneW, ,, setbut no Wy setswhered < dpy, -

Erasingall the variablesin a codeword setis the sameas erasingall the non-zero
positions of a binary codeword. Recoery from sud an erasureis impossibleeven

under ML decdaling. Thus all codeword setsare stopping sets. This argumert can
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be formalizedinto the next theorem.
Theorem 2.2.7. An W4 setmust alsobe an Sy set.

Proof: The binary sum of all columnscorrespnding to the variable nodesin Wy
is the all-zero vector. Thus any neighbor (constraint node) of Wy is sharedby the
variable nodes that comprise Wy an even number of times, which meansat least
twice2

In alinear block code, the lowest codeword (Hamming) weight is called the min-
imum distance dni, . Preventing small stopping setsalso preverts small dn,j, . If a
code hasdnmin , it must have an Sy stopping set. Thus, avoiding all stopping sets
Sy ford t ensuresdy,, > t.

Howewer, small stopping sets do not necessarilyrepresen low distance evens.
Indeed,an ML decaler cansuccessfullydecale an erasedstoppingsetif a full column-
rank sub-matrix is formed by the columnsof the parity chedk matrix that areindexed
by the stopping setvariables. For example,f v3; V4; Vs; Vg; Vgg in Fig. 2.1is a stopping
setthat may be recoveredby ML decaling (in the BEC case,simply solwe a linear
equationset). Howewer, an erasedstopping setcan never be overcomeby an iterative
decaler.

With additive white Gaussiannoise(AWGN), the magnitude of a corrupted signal
can be so small that it can be e ectively treated as an erasure. Hencethe role
of stopping sets can be translated to AWGN scenarioswhere variables with poor
obsenation reliability are analogousto erasures. All stopping sets of small size
are problematic. Somecausesmall distance, and all causeproblems for iterative
decaling. An obvious direction to take in order to generatecodes well-suited to
iterative decaling is to increasethe size of minimum stopping set and reduce its

multiplicit .
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2.2.4 Eg4 Edge Expansion Sets

Edge expandersare known to have good minimum distance properties.

De nition 2.2.8. (( , ) edge expander [DPT*02]) Let L be any subsetof left
nodes (variable nodes). De ne E(L) to be the number of edgesconnectedto L and
N (L) to bethe number of neighborsof L. An ( , ) edgeexpanderof an (n, k) code
is a graph that hasN (L) > E (L) for all subsetswith E (L) n.

Methods that realize regular graphs with good edgeexpanding properties were
proposedby Margulis in [Mar82]. Howeer, a construction that can simultaneously
satisfy a given edgeexpanding property aswell asa givenirregular degreedistribu-
tion hasyet to be proposed. We are interestedin the special caseof ( ;1=2) edge

expanders.

De nition 2.2.9. (E4 Edge-expanding set with parameter = 1=2) A setofd
variable nodesis called an E4 setif one-halfof the number of edgesemanatingfrom

it is lessthan the number of neighbors to which theseedgesconnect.

The relationship betweenstopping setsand ( , 1=2) edgeexpandersis given by

the following theorem.

Theorem 2.2.10. (1) fSqg and f E4g are disjoint sets. i.e., An Sy setcannot be an
Eq4 setand vice versa. (2) If all sized subsetsof variable nodesare f Ey4g setsthen

an f Syg setdoes not exist.

Proof. According to the de nition of Eq4, neighbor nodesof E4 are connectedto
Eq4 lessthan twice on average. So there must exist at least one singly connected
neighbor to Egq, this proves(1). It easily follows that if all sized subsetsform Eg4

setsthen no sized subsetmay be an Sy set(2). 2
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For a code with minimal variable node degree2, if all the subsetsof an (n, k) code
with d elemerts are E4 sets,whered = 1;2;:::;ceil( n=2), then this codeis an ( ,
1=2) edgeexpander. (This is a su cien t condition but not a necessaryone, because
an E4 set can have more than 2d edgesif it cortains variable nodes with degree
higher than 2.) It follows that designinga code that avoids Sy setsis similar to the
problem of generatingas many E4 setsas possible. In the code designprocessthat
follows we improve the edgeexpansionproperty of short cycles,therefore indirectly
reducingthe occurrenceof small stopping sets.

Fig. 2.4 outlinesthe relationshipsbetweenthe above-mertioned graph structures.
Someexampleshelp clarify theserelationships. Fig. 2.7 (a) shavsthree columnsthat
are not linearly dependert sincetheir binary sumis not all-zero, hence,f0, 3, 5g is
not a W3 set. But becauseall neighbor nodesof f 0, 3, 5g (corresponding to the rst
three rows) are connectedto it at leasttwice, it is an Sz set. Fig. 2.7 (b) shows one
length-6 cyclein setf 0, 3, 5g which makesthis a C3; set. Howewer the last constraint
node is singly connectedto the variable node setand sothis setdoesnot form an S;

set.

2.3 Cycle-free Sets

At this point, the value of removing small stopping setsis apparent. Howewer, one
might arguethat simple girth conditioning accomplisheghis becausesvery stopping
setcorntains cycles. The problemwith traditional girth conditioning is that there are
somany cycles. Fig. 2.8 llustrates a cyclein the support tree of variable node vq
of Fig. 2.1. All the levelswhoseindicesare odd numbers consistof constraint nodes
and all the levels whoseindicesare even numbers consistof variable nodes. A cycle

occursif two positionsin the support tree represen the samenode in the bipartite
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Figure 2.7: Examples(a)S;z but not W3 (b)Cz but not Ss.

graph (e.g, vg in level-3). To detect cyclesof length up to 2d in the support tree of
Vo, We needto expandits support tree d levels.

The number of nodesin the support tree grows exponertially with the number
of levels expanded. To be short-cycle-free,all these nodes have to be di erent, so
the longestcycle sizewe can avoid increasenly logarithmically with block size(see
[Gal6d). Sincethe logarithm is a slowly increasingfunction, girth conditioning of a
nite length LDPC code is se\erely limited by block length.

Girth conditioning is especially problematic when there are high-degreenodes,
asis commonwith degreedistributions producedby density ewlution. Recen girth
conditioning techniques usually bypass high degreenodes. For example,in [MB],
the edge-wisehighest variable degreeis only 3; in [AEH], the fraction of the high-

est degreevariables g is only 0.025. As a result, girth conditioning was easierto
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Figure 2.8: Traditional girth conditioning removestoo many cycles.

perform. Howewer, the capacity-approading capability was sacri ced. High degree
nodesare indicated by density ewlution and leadto large stopping sets. The follow-
ing argumerts further discussthe cycle-relatedstructures for high degreenodesand

low degreenodes.

De nition 2.3.1. (Cycle-free set) A variable node setis called a cycle-freeset if

no cycle existsamongits constituert variables.

Theorem 2.3.2. A necessaryand su cient condition for a set of degree-2 variable

nodesto be a cycle-free setis that this setis linearly indepgendent.

Proof: All setsthat arenot linearly independert contain codeword sets. Codeword
sets are special stopping sets and stopping setscontain cycles(Lemma 2.2.4). For
su ciency, note that the constraint nodes taking part in a cycle among degree-2
nodes are ead sharedby exactly two variable nodes. Therefore the binary sum of
columns(variables)taking placein the cycleis the all-zerovector and thesecolumns

are linearly dependen. 2

Corollary 2.3.3. A maximumofn k 1 degree-2columnsof lengthn k may be

linearly independent(cycle-free).
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Proof. Considerthe (n k) (n k 1) bi-diagonal matrix,

2 3

1 0 0

1 1

0o 1 .

: n K (2.18)
10
11

0 01

n k 1

This matrix formsarank n  k 1 basisof degree-2columnsead with dimension
n k. Any possibledegree-2column of dimensionn Kk can be formed via a linear
combination of columnsin the above basis2

Corollary 2.3.3may alsobe considereda versionof the Singletonbound wherethe

restriction to degree-Zolumnslowersthe bestpossibled,,, fromn kton k 1.

Theorem 2.3.4. In an (n, k) code free of degree-1 variables, a cycle-free variable
P
node setfvy;Vv,; i::; Vsg must satisfy iS:l (d 1) n k 1 wheed isthedegree

of v;.

Proof. A degreed variable node whoseconstraints are f ¢;; ¢;; :::; ¢gg can be con-
ceptually replacedby aclusterofd 1 degree-zhodeswhoseconstrairts aref c;; c,g,
fc; a0, ..., fCg 1; CqQ respectively. As an example,Fig. 2.9 showns how variable node
vy in Fig. 2.1 may be replacedby a cluster of two degree-2nodes.

Becausehe indicesof the constrairts in a cluster are ordered,any cycleinvolving
the degreed node is equivalent to a cycle involving someof the degree-2nodesin
the cluster replacing the original node. Fig. 2.10shows an example. Replaceevery
variable in the setwith its equivalent cluster. According to Corollary 2.3.3,at most
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Figure 2.9: v; can be replacedby two degree-2nodes.

@ )

Figure 2.10: Replacev; by its clusterin a cycle.

n k 1oftheseresulting degree-z2hodescanform a cycle-freeset. Thusthe theorem

is proved 2

Corollary 2.3.5. In an (n, k) code free of degree-1 variables, no set of variable

nodeswhosecardinality is largerthann k 1 can be cycle-free.

Proof: Equality in the inequality of Theorem 2.3.4 is achieved with n  k 1
independent degree-2variable nodes. Fewer variable nodesare allowed if somehave

higher degree2
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Lemma 2.2.5 and Theorem 2.3.2 show that for degree-2variable nodes, cycles,
stopping sets and codeword sets are equivalert. These structures are distinct for
higher degreenodes following the Venn diagram of Fig. 2.4. Theorem 2.3.4 shavs

that higher degreenodes may b



Chapter 3

Extrinsic Message Degree and

LDPC Code Design

The goal of LDPC code designis achieving good performancecloseto capacity while
maintaining low error o ors. Thesetwo goalsare corntradictory in general,as sug-

gestedby Urbanke in [DPT* 02]:

Steepcli s are usually assaiated with high error o ors. A large frac-
tion of degreetwo left nodesleadsto an initial rapid declineof the error
probability. On the other hand a large degreetwo fraction usually causes

problemstowards the end of the decaling process.

This can also be explained intuitiv ely in the following way. A low-error- o or
code can dilute the e ect of a few corrupted bits to a large number of bits at high
SNR while a near-capaciy code tendsto localizeerrors at low SNR to prevert error
propagation. Degree-tvo nodes widely exist in irregular LDPC codes with degree
distribution generatedby density ewlution (see[RSUO1) whereasthey do not exist

in regular codesinvolving variable node of degree3 or higher.
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In this chapter, we will seethat degree-tvo nodesallow very little extrinsic mes-
sage ow, which is the major reasonwhy randomly generatedirregular codes have
small stopping sets,and hencehigh error o ors. Our goalin LDPC code designis to
reduceerror o or level, and maintain the capacity performanceof irregular LDPC
codesaswell as possible.

For QPSK and BPSK modulation, Euclidean distance and Hamming distance
are linearly related. Thus, it is reasonableto designcodesfor sucd modulations to
focus on the Hamming distance spectrum. Minimum Hamming distance (dpi, ) is
well-known to be related to the number of errors (t) that can be correctedreliably,
dmin = 2t + 1. Minimum Hamming distanceis also known to be linearly related to
the number of erasures(u) that can be corrected,dn,i, = u+ 1. We already know
that the minimum stopping set sizeis equalto the smallestnumber of erasuresthat
cannot be correctedby iterative decaling. Thusit is closelyrelated to the Hamming
distance (and henceEuclidean distance for QPSK and BPSK). Becausethe weigh
distribution of stopping setsis socloselyrelated to the Euclideandistancespectrum,
it is clearthat LDPC designsfocusingon the weigh distribution of stopping setsis
appropriate for AWGN channelsas well asthe binary erasurechannel (BEC).

This goal can be achieved by ensuringthat all stopping setshave at least some
minimum number of variable nodes. Howewer, no polynomial-time algorithm is
known that removessmall stopping setsexplicitly, and our attempts to directly con-
trol stopping set sizesweretoo complexewven to prevernt very small stopping setsin
a reasonableamourt of time.

LemmaZ2.2.5shavsthat stopping setsare comprisedof linked cycles. An e cien t
way to suppresssmall stopping setsis to improve the edge expanding properties
of cyclesin an irregular LDPC code. From the discussionof E4 sets,we know that

constrairt nodessingly connectedto a variable node set provide good edgeexpansion
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becauseheseconstrain nodesensureuseful messageo ws. Our algorithm adchieves
this by focusingon a parameterof variable node setsthat we call the extrinsic message

degree(EMD).

3.1 Extrinsic Message Degree

The essenceof the messagepassingdecaling algorithm is to nd the probability
of every variable bit basedon the obsenation of all the other variable bits. From
Chapter 2 we know that there are two types of messagegassedin the bipartite
graph: messagefrom constraint nodesto variable nodes(u messagesand messages
from variable nodesto constraint nodes(v messages).Thesetwo typesof messages
have di erent reliability ewolution rules. As shovn in Eq. 2.8, the reliability of the
output v messagas similar to the reliability of the most reliable input u; message;
in Eg. 2.12,the reliability of the output u messages similar to the reliability of the
least reliable input v; message.

Considerthe "voting' examplein Fig. 3.1. If the incident u messagés positive, it
\v otes" variable node v, as+1, otherwise,it \votes"v, as 1. The magnitude of a
messagendicatesits reliability. The output v messages generatedasthe sum of all
incident u messageswhich shavs a compromisebetween\v oters”. If the magnitude
of u is much larger than the magnitude of the message$rom ¢, and ¢, to v,, u will
almost dominate the \v ote" result at v,. In cortrast, the reliability generatedby
constrairt node ¢, is not guararteed solelyby onev messageNo matter how reliable
this v messagas, the reliability of ¢; alsodependson other incident message¢from
variable nodesv,, v4, Vs and vg). Flipping of any two incident v messagesn Eq.
2.11shaws no detectablee ects. In the caseof a BEC wherea stopping set (vo, V4

and vg) is erased,at least two of the incident v messages$o constrairt node ¢, are
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lost and any output u messagec; generateswill be erasedno matter what incident
messaged receivesfrom variable nodesoutside of this stopping set.

Thuswe conclude:a non-erasureu messagés usefulin increasingthe reliability of
the correspnding variable node; a non-erasurev messages only usefulin increasing
the reliability generatedby the correspnding constrairt node if this constrairt node
is not a neighbor of an erasedstopping set.

The di erence betweenthe e ectivenessof u messagesnd v messagegxplains
why the variable nodesof a good LDPC code can have very di erent degreewhereas
the constraint nodestypically have uniform degree. If someconstraint nodes have
very high degreestheseconstraint nodeswill becomethe \w eaklinks" in the graph
becausethe probability that two incident messagesre corrupted for a high-degree
constrairt node is much higher than that for its low-degreecourterpart. The degree
di erence of variable nodes does not have such an e ect thus we can choosesome

variable nodesto have higher degreeand make the decaling processcorvergefaster.

[+]

<
c
[+ ]

OO0O000000O0
E F E

Figure 3.1: MessageE ectiv eness
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Using the languageof \extrinsic messages'the unreliability of an erasedstopping
setcanbe explainedin the following way. A stopping sethasno extrinsic u messages
but only extrinsic v messageswhich are not very e ectiv e in increasingthe reliability
of variable nodesin this set. Sinceall the neighbor nodesare connectedto a stopping
settwice or more, if all the variable nodesin the stopping setare erased there will be
no extrinsic messagethat canrecover them e ectively. The next de nition descrikes

the e ectivenessof the extrinsic messageo w of a variable node setin general.

De nition  3.1.1. (Extrinsic message degree) An extrinsic constrairt node of
a variable node set is a constraint node that is singly connectedto this set. The
extrinsic messagedegree(EMD) of a variable node set is the number of extrinsic

constraint nodesof this variable node set.

Obviously, the EMD is a metric represeting the number of useful u messages
incidert to a variable node set. The EMD of a stopping set is zero. The only
stopping setthat cortains a singlecycleis a stopping setthat consistsof all degree-2
nodes. If this stopping setis erased,all of its u messagesre erasuresand all of the
v messagesire not usefulin increasingthe reliability generatedby the neighbors of
this stopping set.

Now we calculate the EMD of a cycle. If there are no variable nodesin a cycle

that sharecommonconstraint nodes,the EMD of this cycleis equalto (d 2),

i
whered; is the degreeof the i variable in this set. Otherwise, there are constrairt
nodes connectedto at least two variable nodesin a cycle, and the EMD of this
cycle should be lower. In Fig. 3.2, variable nodesv,; and vs; are both connectedto
constrairt node ¢c,. Thus the two edgesthat connectv,, vz and ¢, are not extrinsic

edgesand the EMD of the large cycle is reducedby two. c; also breaksthe large

cycle into two smaller onesand generally speaking, constrairt node sharing causes
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short cycles.

Figure 3.2: Sharing constraint nodesreducesthe EMD of a cycle.

As was previously described, the high-SNR performanceof an iterativ ely decaled
LDPC code is limited by the size of the smalleststopping set (and its multiplicit y,
to be exact) in the code. The EMD of a stopping setis zero. A set of variable nodes
with large EMD will require additional concatenationof nodesto becomea stopping
set. We will proposea conditioning algorithm that ensuresall cycleslessthan a
given length have an EMD greater than a given value. This technique statistically
increaseghe smalleststopping setsize. It alsoincreased,, becausecodeword sets

are special casesof stopping sets.
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3.2 Construction of LDPC Codes

with Large Stopping Sets

3.2.1 Appro ximate EMD

First we considerthe EMD of a genericcycle. If there are no variable nodesin a
cyclethat sharecommonconstrairt nodesoutside of the cycle,then the EMD of this

(di  2), whered; is the degreeof the i'" variable in this cycle. Otherwise,

cycleis |

the EMD is reducedthrough constraint node sharing. To provide a calculableEMD

metric, we neglectconstrairt node sharing and de ne an appraximate cycle EMD.

De nition  3.2.1. (Appro ximate cycle EMD (A CE)) The ACE of a length 2d

(di  2), whered; is the degreeof the i" variable in this cycle. We also

cycleis |

say that the ACE of a degreed variable nodeisd 2 and the ACE of any constrain

nodeis O.

ACE is an upper bound on EMD. The code conditioning algorithm to be proposed
next is basedon ACE instead of EMD. This approximation is reasonablesincein
this algorithm, all cyclesshorterthan a givenlength (including thoseformedthrough
constrairt node sharing) will be requiredto meetthe ACE criteria. An LDPC code
hasproperty (dace, ace), if all the cycleswhoselength is 2dacg or lesshave ACE

valuesof at least ack.

3.2.2 ACE Algorithm Outline

The weight distribution of H is given by the density ewolution algorithm [RSUO1].
A typical distribution generatedby this algorithm has one single concertration for

constraint nodes(row weigh) but hastwo separateconceitrations aroundthe highest
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degreeand the lowest degreefor variable nodes (column weigh). It is well known
that variable nodeswith more neighbors (constraints) experiencelower decaer bit
error rates. We assignhigher degreeso the information bits to provide them with
better protection. There is another advantage to this arrangemen: cyclesamong
degree-2nodesare very harmful to code performancebecausetheir EMD is always
zeroand thus are always stopping sets. We note that if acodehasn k | degree-2
nodes(j > 0), it is possibleto form a submatrix of degree-2columnsthat hasrank
n k | (seeCorollary 2.3.3). Our codesare constructed such that the degree-2
variable nodes(columns) have this property whenthe density ewolution distribution
allows it.

In our codes,information bits comebefore parity bits (seeFig. 2.1). We assign
column nodes sud that degreedecreasesmonotonically (i.e., d d if i < j).
Becauséhigh degreenodescorvergefaster, this arrangemen providesmore protection

to information bits than to parity bits. The algorithm is asfollows:
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for i=n 1;i O;i )
begin
redo:
Randomly generatev; accordingto deg. distr.;
if ik (i.e., v; is a parity bit)
begin
GaussianElimination (GE) on Hy;
if vi 2 SPAN (V% ;V%,;:5v0 )
goto redo;
else
v?  the residueof v; after GE;

end

ACE detection for v;;
if ACE < ace for acycleof length 2dsce or less
goto redo;

end

The Gaussianelimination processultimately guararteesthat the H matrix has
full rank by ensuringthat the n k columnsof H, be linearly independern. For
degree-variable nodes,independenceentails freedomfrom cyclessothat all degree-
2 parity ched nodeswill be cycle-free. A caveat is that if Gaussianelimination is
usedin conjunction with a degreedistribution that yieldsmorethann k 1degree-2
nodes,then at leastoneof the n  k parity ched variablesshould have odd number
degree(this can be adhieved by column swapping). This follows immediately from

Corollary 2.3.3.
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Figure 3.3: lllustration of an ACE seart tree assaiated with vq in the examplecode
of Fig.2.1. ace = 0. Bold linesrepresem survivor paths. ACE valuesare indicated
on the interior of circles (variables) or squares(constraints), except on the lowest
level wherethey are instead descrilked with a table.

3.2.3 ACE Detection in Tree Depiction

The ACE detection method can be equivalertly depictedin two ways. The rst one,
basedon support trees, is directly related to the graph structure. The secondone,
basedon trellises, is oriented for algorithm implemertation.

The tree depiction of ACE detection ( ace = 0) is given in Fig. 3.3. Here,
variable and constraint node labelsreferliterally to thoseof the examplecode in Fig.
2.1 and the support tree that extendsfour levels belon root node vq is portrayed.
We de ne p( ;) to be the ACE of a path betweenroot node vy and an arbitrary
node (it can be either a variable node or a constrairnt node). Recall also that

ACE( {)=degedq ;) 2if isavariable,and ACE( {) = 0if . isa constrair.
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ACE Detection of vy

p( 1) 1 for all variablesand constrairns;
p(vo) ACE(vp); Activate v, for level-0;
for (I =1;1 dacg;l++)
begin
for any active node ws in level-(I 1)
begin
Find its children set Ch(ws);
for every child 2 Ch(ws)
begin
Pemp  P(Ws) + ACE( 4);
if (Pemp + P( 1) ACE(Vo) ACE( 1)) < ace’
exit with failure;
elseif pemp  P( 1)
Deactivate  in level-l with respect to current parernt wq;
else
P( t)  Premp;
end
end
end

exit with success;

To explain the above algorithm, we needto recognizethat a node should propa-
gate descendats (be active) only if the path leadingto this node hasthe lowest ACE

value that any path to this node has had thus far. Thereforelinear costis achieved

INote that this is the ACE of acycleinvolving  if (pemp + P( t) ACE(vo) ACE( ¢)) < 1.
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instead of an exponertial cost. Initially all the path ACEs canbe setto 1 (which
means urnvisited’). Note that cyclesoccur whena nodeis revisited, is simultaneously
visited, or both. A cycle ACE equalsthe sum of the previously lowestpath ACE to a
node and the current path ACE to the node minus the doubly courted root and child
ACE. When a cycleis formed by connectingtwo distinct paths from vy to  we have
cycle ACE = pemp + P( 1) ACE(vo) ACE( ), wherepemp and p( ;) arethe
ACEs of the two paths from v to ;. Handling multiple simultaneousarrivalsto the
samenode is a trivial extensionwhere ACE minimization is performed sequetially
acrossall arrivals.

In the exampleshown in Fig. 3.3, bold lines at ead level descrike the current
set of active paths In this example ‘ties' are assignedthe path whoseparent has
the lowest index. For instancethe path (vo-Cs-vi-c;) with ACE = 1 surviveswhile,
(Vo-C5-V-C1), (Vo-Co-V2-C1), (Vo-Co-V4-C1) ead also having ACE = 1, perish. For an
example of pruning occurring due to cycle detection on di ering levels of the tree,
obsene that the path (vo-Co-vg-Cs) with ACE = 1 does not survive since ¢s was

visited at Level-1 and was accordingly assignedACE = 0.

3.2.4 ACE Detection in Trellis Depiction

Fig. 3.4 providesa trellis depiction of the previousdiscussion(with two more stages
added). A trellis instead of a full support tree is adequatefor ACE detection because
the ACE minimization is performedsequetially and only the minimum ACE needs
to bestored. Again, a path ACE is storedfor every variable node and every constrairt
node. An active path is a path that connectsthe root variable node and any other
node with the lowest ACE value up to the current step. Activ e paths are marked by

solid linesin Fig. 3.4. An active node is a node that connectsto an active path at
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the current step.
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Figure 3.4: The Viterbi-lik e ACE algorithm. acg =0

Viterbi tree pruning yields a complexity at ead root that is upper bounded by
dace n (d 1) whered is the highestdegreeof any node in the graph, because
the support tree is expandeddac e levels, for ead level we have to considerat most
n nodes,and every node hasat mostd 1 children. As showvn in Fig. 3.4, relatively
few nodesat a level are active, thus the actual computational burden is reasonable,
even for block size on the order of 1(° bits. The storage spaceneede