
UNIVERSITY OF CALIF ORNIA

Los Angeles

Research on

Low-Densit y Parit y Check Codes

A dissertation submitted in partial satisfaction

of the requirement for the degreeDoctor of Philosophy

in Electrical Engineering

by

Tao Tian

B.S., Tsinghua University, 1999

M.S., University of California, Los Angeles,2000

Ph.D., University of California, Los Angeles,2003

2003



:



The dissertation of Tao Tian is approved.

Richard D. Wesel

Gregory J. Pottie

Adnan Darwiche

John D. Villasenor, Committee Chair

University of California, Los Angeles
2003

ii



Con ten ts

Table of Con ten ts iii

List of Figures v

List of Tables viii

Ac knowledgmen ts x

Abstract xiii

1 In tro duction 1

2 Analysis of Cycle Prop erties 8

2.1 Notation and Background Information . . . . . . . . . . . . . . . . . 8

2.1.1 Representation of LDPC Codes . . . . . . . . . . . . . . . . . 8

2.1.2 MessagePassingDecoding . . . . . . . . . . . . . . . . . . . . 11

2.2 The RelationshipBetweenCycles,Stopping Setsand Linearly Depen-

dent Sets. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.2.1 Cd Cycle Sets . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.2.2 Sd Stopping Sets . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.2.3 Wd Codeword Sets . . . . . . . . . . . . . . . . . . . . . . . . 21

iii



2.2.4 Ed EdgeExpansionSets . . . . . . . . . . . . . . . . . . . . . 23

2.3 Cycle-freeSets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

3 Extrinsic Message Degree and LDPC Code Design 30

3.1 Extrinsic MessageDegree . . . . . . . . . . . . . . . . . . . . . . . . 32

3.2 Construction of LDPC Codes

with Large Stopping Sets. . . . . . . . . . . . . . . . . . . . . . . . . 36

3.2.1 Approximate EMD . . . . . . . . . . . . . . . . . . . . . . . . 36

3.2.2 ACE Algorithm Outline . . . . . . . . . . . . . . . . . . . . . 36

3.2.3 ACE Detection in TreeDepiction . . . . . . . . . . . . . . . . 39

3.2.4 ACE Detection in Trellis Depiction . . . . . . . . . . . . . . . 41

3.2.5 Intuitiv e Explanation . . . . . . . . . . . . . . . . . . . . . . . 43

3.3 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

4 Simulation Results and

Data Analysis 48

4.1 Block-length 10,000LDPC codes . . . . . . . . . . . . . . . . . . . . 48

4.2 Shorter block lengths . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

4.3 A Smart Decoder . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

4.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

5 Rate-Compatible LDPC Codes 60

5.1 Overview of the ProposedRate-CompatibleLDPC Codes . . . . . . . 61

5.2 Weight-Assigning Algorithm . . . . . . . . . . . . . . . . . . . . . . . 63

5.3 Advantage of the ProposedScheme . . . . . . . . . . . . . . . . . . . 65

5.3.1 E�cien t Encoding . . . . . . . . . . . . . . . . . . . . . . . . 65

iv



5.3.2 Error Floor Suppression . . . . . . . . . . . . . . . . . . . . . 66

5.3.3 Why Nulling and Puncturing? . . . . . . . . . . . . . . . . . . 67

5.4 Simulation Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

5.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

6 Compression of Correlated Sources Using LDPC Codes 70

6.1 Finite-State Markov Channelsand

Gilbert-Elliott Channels . . . . . . . . . . . . . . . . . . . . . . . . . 70

6.2 Encoding and Non-ZeroSyndromeDecoding . . . . . . . . . . . . . . 72

6.3 LLR Evolution in the

Forward-Backward Algorithm . . . . . . . . . . . . . . . . . . . . . . 75

6.4 Density Evolution Optimization of

Irregular LDPC Codesfor Correlated Sources . . . . . . . . . . . . . 82

6.5 Analytical and Simulation Results . . . . . . . . . . . . . . . . . . . . 86

6.6 Appendix: Estimation of F-B Characteristics. . . . . . . . . . . . . . 87

6.7 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

Bibliograph y 89

v



List of Figures

2.1 Matrix description and graph description of a (9, 3) code. . . . . . . . 10

2.2 Illustration of one iteration in messagepassingdecoding. . . . . . . . 12

2.3 f(�) function usedin messagepassingalgorithm. . . . . . . . . . . . . 14

2.4 Relationship betweenCd, Sd, Wd and Ed. . . . . . . . . . . . . . . . . 17

2.5 (a) Extrinsic concatenation(b) Structure of a stopping set . . . . . . 20

2.6 Erasureof stopping setsin BEC causesdecoding failure. . . . . . . . 21

2.7 Examples(a)S3 but not W3 (b)C3 but not S3. . . . . . . . . . . . . . 25

2.8 Traditional girth conditioning removestoo many cycles.. . . . . . . . 26

2.9 v1 can be replacedby two degree-2nodes. . . . . . . . . . . . . . . . 28

2.10 Replacev1 by its cluster in a cycle. . . . . . . . . . . . . . . . . . . . 28

3.1 MessageE�ectiv eness. . . . . . . . . . . . . . . . . . . . . . . . . . . 33

3.2 Sharing constraint nodesreducesthe EMD of a cycle. . . . . . . . . . 35

3.3 Illustration of an ACE search tree associated with v0 in the example

code of Fig.2.1. � AC E = 0. Bold lines represent survivor paths. ACE

values are indicated on the interior of circles (variables) or squares

(constraints), except on the lowest level where they are instead de-

scribed with a table. . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3.4 The Viterbi-lik e ACE algorithm. � AC E = 0 . . . . . . . . . . . . . . . 42

vi



3.5 Cycle clustering. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

3.6 Fake cyclesin the EMD algorithm. . . . . . . . . . . . . . . . . . . . 46

3.7 Our algorithm viewed as a 
o oding process. . . . . . . . . . . . . . . 47

4.1 Left edgedegreedistribution. . . . . . . . . . . . . . . . . . . . . . . 49

4.2 Right edgedegreedistribution. . . . . . . . . . . . . . . . . . . . . . 50

4.3 Results for (10000,5000)codes.

The BPSK capacity bound at R = 0:5 is 0.188dB. . . . . . . . . . . . 51

4.4 Comparisonof code performance. . . . . . . . . . . . . . . . . . . . . 54

4.5 Results for (1264,456) codes.

The BPSK capacity bound at R = 0:36 is -0.394dB. . . . . . . . . . . 55

4.6 Results for (4000,2000)codes.

The BPSK capacity bound at R = 0:5 is 0.188dB. . . . . . . . . . . . 56

4.7 Spherepacking bound and someknown good codes.

� : somegood rate 1/2 turb o codes (data from JPL); 4 : rate 1/2

LDPC codes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

4.8 Fluctuation in number of bit errors in a BIAWGN channel. . . . . . . 58

5.1 Proposedrate-compatibleschemefor center rate R0 = 0:5. . . . . . . 62

5.2 Normalizednode-wisedegreedistribution ~L i . . . . . . . . . . . . . . . 64

5.3 Es=N0 simulation results. AWGN channel. . . . . . . . . . . . . . . . 68

5.4 Gap to BPSK capacity bound. . . . . . . . . . . . . . . . . . . . . . . 69

6.1 The E-B channel model. . . . . . . . . . . . . . . . . . . . . . . . . . 72

6.2 Encoding processof correlatedsources. . . . . . . . . . . . . . . . . . 73

6.3 Messagepassingin the correlatedsourcedecoder. . . . . . . . . . . . 74

6.4 The basicunit in the F-B trellis . . . . . . . . . . . . . . . . . . . . . 76

vii



6.5 Monte-Carlo simulation of LLRs of 5000bits with 100 neighbors on

both sidesfor source1. . . . . . . . . . . . . . . . . . . . . . . . . . . 80

6.6 Input-output characteristicsof the F-B block generatedby simulation. 81

6.7 Messagepassingwith two synchronization bits. . . . . . . . . . . . . 82

6.8 Density evolution curves for an irregular LDPC code. dv = 12, � =

0:80. The upper curve represents (6.19) and the lower curve represents

(6.20). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

6.9 Theoretical R1 � � curvesfor source1. . . . . . . . . . . . . . . . . . 86

viii



List of Tables

6.1 Statistics of the test sources.. . . . . . . . . . . . . . . . . . . . . . . 79

6.2 Rcomp simulation result for regular codesand Rcomp threshold for ir-

regular codes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

ix



Ac knowledgmen ts

I wish to expressmy appreciation to Chris Jones,for the enlightening discussion

betweenus. I would also like to thank Ksenija Lakovic and Michael Smith for their

reviewing this work. Finally, I would like to dedicatethis to my dear mom and dad.

It is their unsel�sh support through everyday of my life, that make this possible.

x



VIT A

January 20, 1976 Born, Chongqing,China

1999 B.E., Electrical Engineering
Tsinghua University
Beijing, China

2000 M.S., Electrical Engineering
University of California, Los Angeles

1999-2003 Graduate Student Researcher
Electrical EngineeringDepartment
University of California, Los Angeles

2002 Visiting Scholar
Electrical EngineeringDepartment
University of Delaware, Newark, DE

PUBLICA TIONS

� C. Jones,A. Matache, T. Tian , J. Villasenor, and R. Wesel. The Universal-

it y of LDPC Codeson WirelessChannels. Military Communications Confer-

ence,October 2003.

� T. Tian , J. Garcia-Frias, and W. Zhong. Density Evolution Analysis of Cor-

related SourcesCompressedwith LDPC Codes. International Symposium on

Information Theory, June 2003.

xi



� T. Tian , C. Jones,John Villasenor, and Rick Wesel. Construction of Irreg-

ular LDPC Codeswith Low Error Floors. IEEE International Conference on

Communications, May 2003.

� T. Tian , J. Garcia-Frias, and W. Zhong. Compressionof Correlated Sources

Using LDPC Codes. Data CompressionConference, February 2003.

� C. Jones,T. Tian , A. Matache, R. Wesel,and J. Villasenor. Robustnessof

LDPC Codeson Periodic Fading Channels. IEEE GlobeCom, November 2002.

� A. Li, J. Fahlen, T. Tian , L. Boloni, S. Kim, J. Park, and J. Villasenor.

GenericUnevenLevel Protection Algorithm for Multimedia Data Transmission

over Packet-Switched Networks. IEEE International Conference on Computer

Communications and NetworksProceedings, pp. 340-346, October 2001.

� T. Tian , A. Li, J. Wen,and J. Villasenor. Priorit y Dropping in Network Trans-

missionof ScalableVideo. IEEE International Conference on ImageProcessing

Proceedings, Volume II I, pp. 400-403,September 2000.

xii



ABSTRA CT OF THE DISSER TATION

Research on

Low-Density Parity Check Codes

by

Tao Tian

Doctor of Philosophy in Electrical Engineering
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ProfessorJohn D. Villasenor, Chair

Low-density parity-check (LDPC) codes are a family of codes proven to have

good asymptotic ensemble properties. There aremany open theoretical and practical

issuesrelated to LDPC codessuch ashow to construct �nite length LDPC codeswith

guaranteedproperties,how to realizerate compatibilit y with thesecodes,and how to

apply LDPC codesto sourcecoding. This contribution �rst explainsthe relationship

betweencycles,stopping setsand codewords from perspectivesof both linear algebra

and graph theory. A method basedon extrinsic messagedegree(EMD) is proposed
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to construct irregular LDPC codes that have good cycle properties. As a result,

thesecodesachieve near capacity capability and low error 
o ors. The performance

of di�eren t construction schemesare comparedand the rolesof cyclesand stopping

sets in a�ecting capacity and error-
o ors are analyzed. Next, a rate-compatible

scheme basedon LDPC codes is proposed. It is basedon two techniques: parity

puncturing and information nulling. Simulations show that this scheme achieves

close-to-capacity performanceover a wide range of code rates. Finally, a density

evolution analysisis developed for compressionof correlatedsourcesusing irregular

LDPC codes. The standard density evolution algorithm is modi�ed to incorporate

the Hidden Markov Model (HMM) de�ning the correlation model betweensources.

The proposedalgorithm achievesa compressionrate closeto the theoretical Slepian-

Wolf limit.
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Chapter 1

In tro duction

Low-density parity-check (LDPC) codeswereproposedby Gallagerin the early 1960's

[Gal62] [Gal63]. He de�ned an (n, dv, dc) LDPC code as a code of block length n

in which each column of the parity check matrix contains dv ones and each row

contains dc ones. Due to the regular structure (uniform column and row weight) of

Gallager's codes, they are now called regular LDPC codes. Gallager also invented

soft-decisionand hard-decisioniterativ e decoders basedon messagepassing. Using

hard-decisiondecoding, heshowedsimulation resultsfor codesof block length around

500 bits. These results indicated that LDPC codes have very good potential for

error correction. However, thesecodeswere not long enoughfor the spherepacking

bound to approach Shannoncapacity, and the computational resourcesfor longer

randomcodesweredecadesaway from beingbroadly accessible.For the ensuingthree

decades,LDPC codesreceived relatively little attention in the coding community.

Over the past two decades,a deeper understandingof the messagepassingalgo-

rithm de�ned on graphshasdeveloped. Tanner [Tan81] introducedbipartite graphs

to describe low-density codesand the sum-product algorithm basedon thesegraphs.

Wiberg et al. [Wib96] extendedTanner graphs by including state variables which
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are invisible to decoders. Pearl [Pea88] systematically described the \b elief propa-

gation" algorithm operating on Bayesiannetworks. It hasbeenrecently shown that

the forward/backward algorithm for turb o codes, the belief propagation algorithm

for LDPC codes,and many other decoding algorithms for other graph-basedcodes,

are variations of the generalizedsum-product (S-P) algorithm operating on the so-

calledfactor graphs(see[KFL01] [For01]). To avoid a confusionin notations, we will

call all variations of the generalizedS-P algorithms messagepassing.

In the mid-1990's,Berrou et al. [BGT] demonstratedthe impressive capacity-

approaching capability of turb o codes,which led to the explosionof interest in turb o

codesand other long random linear codes. Turbo codessharemany attributes with

LDPC codes, mostly in the way messagepassingis performed during the iterativ e

decoding process. Thesesimilarities stimulated a revived interest in previous work

on LDPC codes. In 1999, MacKay et al. [Mac99] showed that LDPC codes have

nearcapacity performanceand proposedseveral empirical rulesfor constructinggood

random codes. Luby et al. [LMSS01]formally showed that properly constructed ir-

regular LDPC codescan approach capacity morecloselythan regular ones.Richard-

son, Shokrollahi and Urbanke [RSU01]created a systematic method called density

evolution to analyzeand synthesize the degree distribution in asymptotically large

random bipartite graphsunder a wide rangeof channel realizations.

Recently, many interesting and equally important research topics have emerged

asidefrom the fundamental topics mentioned above. As we know, the decoding com-

plexity per bit for messagepassingdependson graph connectivity rather than block

length, which makes decoding of very long blocks possible. However, the encoding

complexity is quadratic in block length if densegeneratormatricesare used. [RU01]

proposedan almost linear time systematic encoder that converts the parity-check

matrix to \approximate" lower triangular form by permutation. The permutation
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transform doesn't a�ect code performancebecauseit conserves the sparsity of the

original parity-check matrix. However, the transformed generatormatrix has a spe-

cial shape that allows it to encode most of the non-systematicbits recursively in

linear time. Chung et al. [CRU01] proposeda Gaussianapproximation approach to

reducethe density evolution algorithm to a one-dimensionalproblem, with only a

little lossin performancecomparedto the accuratedensity evolution. [MB01] showed

that di�eren t scheduling in the messagepassingdecoder givesdi�eren t performance

in the high SNR region. [DM98] showed by their simulations that LDPC codesover

GF (q) outperform binary LDPC codes. [Fos01] designeda reliabilit y-baseddecoder

to reduce the performancegap between messagepassingdecoding and maximum

likelihood (ML) decoding. [KLF01] designedLDPC codesbasedon �nite geometries

which have quasi-cyclicstructures and very good minimum distanceproperties.

Density evolution determinesthe performancethreshold for in�nitely long codes

whoseassociated bipartite graphs are assumedto follow a tree-like structure. Us-

ing the density evolution theory, Richardson et al. designedrate one-half LDPC

codesachieving bit error rate (BER) 10� 6 within lessthan one tenth of a dB from

the capacity limit. However, the block length they used in order to achieve this

performancewas 106 bits which is too long for many applications. Bipartite graphs

representing �nite-length codeswithout singly connectednodesinevitably havemany

short cycles,which are neglectedin the density evolution theory. Cycles in bipar-

tite graphs compromisethe optimalit y of the commonly practiced messagepassing

decoding. If cyclesexist, neighbors of a node are not conditionally independent in

general,thereforegraph separationis inaccurateand so is Pearl's polytree algorithm

[Pea88] (which de�nes belief propagation as a special case).

Two �nite-length analyseshave beendeveloped for LDPC codesrecently: \stop-

ping set analysis" [DPT + 02] for the binary erasurechannel (BEC) and \pro jection

3



algebra and critical set analysis" [YSB]. The former predicts the performanceof

LDPC code ensembles with given degreedistributions while the latter predicts the

performanceof a singleLDPC code. Both analyseshave to be improvedbecausethey

havevery high computation complexity for longerblocks (e.g., several thousandbits).

Randomly realized�nite-length irregular LDPC codeswith block sizeson the or-

der of 104 [RSU01] approach their density evolution thresholdclosely(within 0.8dB

at BER � 10� 6) at rate 1=2, outperforming their regular counterparts [Mac99] by

about 0.6dB. Most publications to date on this subject of irregular codes have fo-

cusedon the performancerelative to capacity, and do not considerperformanceat

Eb=N0 levels in the error 
o or region. In this paper, we repeated the irregular code

construction method described in [RSU01]and extendedtheir simulation to a higher

SNR region. In the relatively unconditioned codes, an error 
o or was observed at

BERs of slightly below 10� 6. In contrast, regular codes and almost regular codes

([KLF01]) usually enjoy very low error 
o ors, apparently due to their more uniform

Hamming distancebetweenneighboring codewords and higher minimum distances.

MacKay et al. [MWD ] �rst reported the tradeo� between the threshold SNR

and the error 
o or BER for irregular LDPC codes versusregular LDPC codes. A

similar tradeo� has beenfound for turb o codes([BDMP98], [FW]). In the present

contribution, we introduce code construction methods that speci�cally addressthe

error 
o or issue.We present a designtechnique that requiresall small cyclesto have

a minimum degreeof connectivity with the rest of the graph. This technique lowers

the error 
o ors of irregular LDPC codes by several orders of magnitude with only

a little cost in performancerelative to capacity in the waterfall region of the BER

versusEb=N0 curve.

The error 
o or of an LDPC code under maximum likelihood (ML) decoding

dependson the dmin of the code and the multiplicit y of dmin error events. However,

4



for randomly constructed codes,no algorithm is known to check if they have large

minimum distances(This problem was proved to be NP-hard [Var97]).

As a result, the commonapproach has beento indirectly improve dmin through

code conditioning techniquessuch as the removal of short cycles(girth conditioning

[MB], [AEH]). Such conditioning is usefulalsobecausecertain short cyclescancause

poor performancein conjunction with iterativ e decoding even if they have a large

dmin and would not be problematic for ML decoding.

Cycle properties play a critical role in determining error 
o ors. We explore the

relationship betweencycles,stopping sets,and other attributes of the code and its

associated bipartite graph. One argument we will make in this contribution is that

not all cyclesare equally problematic in practice. The more connecteda cycle is

to the rest of the graph, the lessdi�cult y it posesto iterativ e decoding. A novel

conceptcalled \extrinsic messagedegree"(EMD) is introduced to help analyzethe

inner-structure of stopping sets. An e�cien t algorithm basedon an approximation

of EMD is proposedthat constructs LDPC codeswith good cycle properties and a

correspondingly lower error-
o or.

Many factors can changethe characteristics (or states) of communication chan-

nels. Thesefactors include multipath fading, temperature/moisture change,hostile

jamming, and user-speci�ed settings. A robust communication systemshould pro-

vide bandwidth closeto capacity under variouschannelconditions. For example,the

3G CDMA speci�cation IS-856supports 12 data rates ranging from 38.4 to 2,457.6

Kbps. The corresponding code rate varies between 1=5 and 1=3. Traditionally, to

achieve rate-compatibility, we have to independently build several subsystemsthat

operate at di�eren t code rates, and switch betweenthem accordingto channel state

information. However, this schemeincreasesthe design,setupand maintenancecost.

A more e�cien t and 
exible rate-compatibleschemeis desired.
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Punctured codeshavelongbeenusedto achieverate compatibilit y [Hag88] [WLS].

Comparedto the traditional rate compatiblecodesbasedon convolutional codesand

turb o codes, LDPC codes enjoy more freedom in puncturing pattern design, thus

allowing for an almost continuous spectrum of code rates and more robustnessto

catastrophic events (stopping set puncturing). A density evolution algorithm was

developed by Ha et al. [HM] to �nd asymptotically good puncturing pro�les for

LDPC codes.

We proposea rate-compatibleschemethat combinesparity puncturing and infor-

mation nulling. Simulation results show that this schemeachievesclose-to-capacity

performancewith low error 
o ors acrossa wide rangeof code rates.

The last contribution is a density evolution analysisof a compressionsystemfor

memory correlatedbinary sourcesusing irregular LDPC codesas sourcecodes.

It is well known that the problem of compressingcorrelatedsourcescan be con-

sideredasa problem of channelcoding with sideinformation [Wyn74], [SVZ98]. The

�rst approach to usingpractical channelcodesin this context waspresented in [PR].

More powerful turb o-like codes and iterativ e decoding schemeswere introduced in

[GF] and [GFZa]. Other work that utilizes turb o codes for sourcecoding can be

found in [BM], [AG]. Recent research [LXG02] has shown that the use of regular

LDPC codesimprovesperformanceover turb o codesfor the caseof memorylesscor-

relation. This result wasextendedin [GFZb] to the caseof correlation with memory,

wherethe memory is de�ned by HMMs.

The basic idea in [GFZb] is to incorporate the HMM in the graph that repre-

sents the code, and to apply the corresponding messagepassingalgorithm over the

whole graph. We extend this work to irregular LDPC codes. The standard density

evolution algorithm is modi�ed to incorporate the Hidden Markov Model (HMM)

de�ning the correlation model betweensources.Analysis and simulation shows that

6



the proposedirregular LDPC codesoptimized with this algorithm outperform tradi-

tionally designedregular or irregular LDPC codes. The proposedalgorithm achieves

a compressionrate closeto the theoretical Slepian-Wolf limit.

Chapter 2 exploresthe relationship betweenseveral important graph structures:

cycles,stopping sets, linearly dependent setsand edgeexpandingsets. A high-level

description of their e�ects on the messagepassingalgorithm is given. Furthermore,

the su�cien t and necessarycondition for a set of variable nodes to be cycle-freeis

introduced.

Chapter 3 focuseson the inner-structure of stopping sets, especially how these

sets are formed by clustering cycles. We will show that stopping sets have weak

extrinsic message
o w. To describe extrinsic messagestrength for stopping setsand

variable nodesetsin general,we introduceEMD and its approximation ACE. A code

construction algorithm basedon ACE is given. The e�ectiv enessand e�ciency of

this algorithm is discussed.

Chapter 4 describes the \smart" decoder and gives the simulation results for

LDPC codes generatedwith the ACE algorithm. Di�eren t parameter schemesare

compared.

Chapter 5 discussesa novel designof rate-compatibleLDPC code that performs

close to capacity over a large range of code rates. It combines three techniques:

information nulling, parity puncturing, and lower triangular submatrix construction.

Chapter 6 developsa density evolution analysisof a compressionsystemfor mem-

ory correlatedbinary sourcesusing irregular LDPC codesas sourcecodes. In order

to achieve this goal, the standard approach in density evolution is modi�ed to in-

corporate the Hidden Markov Model (HMM) de�ning the correlation model between

sources.The proposedschemeis then applied to the designof irregular LDPC codes

that optimize the systemperformance.

7



Chapter 2

Analysis of Cycle Prop erties

This chapter will �rst introduce two equivalent descriptionsof an LDPC code: the

matrix and the bipartite graph. We then explore the relationship between several

important graph structures, namely, cycles,stopping sets, codeword sets and edge

expandingsets. The e�ect of thesegraphstructureson codeperformanceat high SNR

will be discussedbrie
y . Furthermore, we will provide the su�cien t and necessary

condition for a set of variable nodesto be cycle-free.

2.1 Notation and Background Information

2.1.1 Represen tation of LDPC Codes

Wewish to designan (n; k) binary systematicLDPC codewheren is the block length

and k is the number of information bits in oneblock. The code rate is R = k=n. The

parity check matrix H is a full-rank (n � k) � n sparsematrix. The rows of H span

the null spaceof the codeword space.H can be written as

H =
�

H1 H2

�
; (2.1)

8



where H1 is an (n � k) � k matrix and H2 is an (n � k) � (n � k) matrix. H2 is

constructed to be invertible, so by row transformation through left multiplication

with H � 1
2 , we obtain a systematicparity check matrix H sys that is rangeequivalent

to H

Hsys = H � 1
2 H =

�

H � 1
2 H1 I n� k

�
: (2.2)

A systematicgeneratormatrix can be obtained from H sys

Gsys =
�

I k
�
H � 1

2 H1
� T

�
: (2.3)

The rows of Gsys span the codeword space. Obviously, GsysH T = GsysH T
sys = 0. It

shouldbe noted that although the original H matrix is sparse,neither H sys nor Gsys

is sparsein general. Gsys is usedfor encoding and the original sparseparity matrix

H is usedfor iterativ e decoding.

An LDPC code can also be described by a bipartite graph. In this graph, n

variable nodesform the left vertex set and (n � k) constraint nodesform the right

vertex set. In the caseof a systematic code, the �rst k variable nodesare message

nodesand the other (n� k) variablenodesareparity nodes. If the entire setof variable

nodesformsa valid codeword then the exclusive-orperformedby each constraint node

will be zero.

Onecolumnin the parity-check matrix correspondsto onevariable in the bipartite

graph. For convenience,we will use`column' and `variable' interchangeablyin this

paper.

The bipartite graphsand H matriceswe are interestedin have two further prop-

erties:
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(1) There is at most oneedgebetweenany pair of nodes. In other words, there are

no double-edgesor other typesof multiple-edges.

(2) There are no singly connectedvariable nodes,i.e., the degree(number of neigh-

bors) of any variable node is at least 2.

The �rst property ensuresequivalencebetweenthe matrix and graph descriptions

of the code. The secondproperty will be usedaspart of a proof which relatesgraph

structures known as stopping sets to cycles. As an example,the matrix and graph

descriptionsof a (9, 3) irregular code are shown in Fig. 2.1. Becausea vertex cannot

connectto another vertex from the sameside in a bipartite graph, the length of any

cycle in a bipartite graph is an even number. Fig. 2.1 also shows in solid lines a

length-6 cycle that involvesvariable nodesv0, v4 and v6.
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Figure 2.1: Matrix description and graph description of a (9, 3) code.

The systematicparity check matrix and the systematicgeneratormatrix of this

examplecan be derived according to Eq. 2.2 and 2.3. They are shown in Eq. 2.4
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and 2.5

Hsys =
�

H � 1
2 H1 I n� k

�
=

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

0 1 1 1 0 0 0 0 0

1 1 0 0 1 0 0 0 0

0 1 1 0 0 1 0 0 0

1 1 0 0 0 0 1 0 0

0 1 1 0 0 0 0 1 0

0 1 1 0 0 0 0 0 1

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

; (2.4)

Gsys =
�

I k
�
H � 1

2 H1
� T

�
=

2

6
6
6
6
4

1 0 0 0 1 0 1 0 0

0 1 0 1 1 1 1 1 1

0 0 1 1 0 1 0 1 1

3

7
7
7
7
5

: (2.5)

2.1.2 Message Passing Decoding

Let x be the transmitted signal corresponding to a variable bit with BPSK modu-

lation. We de�ne signal mapping in a way such that x = � 1 if its corresponding

variable bit is 1 and x = 1 if its corresponding variable bit is 0. Let y be the received

signal which is equal to the sum of x and a noise. A messagepassingdecoder tries

to solve x's basedon the knowledgeabout y's. There exist many ways to describe

the soft-decisionmessagepassingalgorithm (see[KFL01]). A very parsimoniousand

convenient onecan be described asexchanging log-likelihood ratios (LLRs) between

variable nodesand constraint nodes. De�ne u as an incident messageto a variable

node

u = ln
p(x = 1jy)

p(x = � 1jy)
; (2.6)

and v as an emanatingmessagefrom a variable node

11



v = ln
p(x0 = 1jy0)

p(x0 = � 1jy0)
; (2.7)

where x0 and y0 have the samemeaning as x and y except that they correspond

to the variable that is located at the sourceof this message. As we can see,an

important advantage of using LLRs is that probabilities such as 10� 5 and 1 � 10� 5

can be easily represented by ln 10� 5

1� 10� 5 � � 11:51 and ln 1� 10� 5

10� 5 � 11:51. Fixed-point

implementation is more accurate using LLRs than using probabilities becausethe

�nite-w ord e�ect is much reducedwith LLRs.
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u2 

v u 

v1 

v2 

v3 v4 

Step A Step B 

variable nodes variable nodes constraint nodes constraint nodes 

Figure 2.2: Illustration of one iteration in messagepassingdecoding.

One iteration in messagepassingdecoding consistsof two steps. Step A, passing

messagesfrom constraint nodes to variable nodes; step B, passingmessagesfrom

variable nodes to constraint nodes. Thesetwo stepsare illustrated in Fig. 2.2. In

step A, the half-edgesattached to the variable nodes represent the a priori LLRs
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determined by the received signal y and channel parameters. One messagefrom a

half-edgeto its corresponding variable node is labeld u0. The computation involved

in thesetwo stepscan be written as Eq. 2.8 and 2.9 respectively (see[CRU01]).

v =
dv � 1X

i =0

ui ; (2.8)

tanh
u
2

=
dc � 1Y

j =1

tanh
vj

2
; (2.9)

wheredv and dc are the degreeof the corresponding variable node or constraint node

respectively. Computation of Eq. 2.8 is simple becauseit only involvessummation.

However, Eq. 2.9 involvesmultiplication and hyperbolic tangent functions. We can

prove that by de�ning

f(x) = � ln tanh x
2 �

8
><

>:

� ln(1 � 2e� x ) = 2e� x if x >> 1

� ln x
2 if x � 0;

(2.10)

Eq. 2.9 can be re-written as

sgn(u) =
dc � 1Y

j =1

sgn(vj ); (2.11)

and

juj = f

 
dc � 1X

j =1

f(jvj j)

!

: (2.12)

wheresgn(x) is the sign function. Eq. 2.12 is computationally e�cien t becausethe

f(�) function can be implemented by a look-up table and thus only summation is

involved in calculating this equation. The curve for the f(�) function is shown in Fig.
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Figure 2.3: f(�) function usedin messagepassingalgorithm.

Dueto the di�eren t nature of the functions involvedin Eq. 2.8and2.9,u messages

and v messageshave di�eren t e�ect on the reliabilit y of corresponding nodes. For

example,in Eq. 2.8, if there are three input u messages

u1 = � 0:2; u2 = 2; u3 = � 20; (2.13)

then the output v messageis

v = � 0:2 + 2 � 20 = � 18:2; (2.14)

which hasa value closeto � 20, the most reliable input message.In Eq. 2.9, if there

are three input v messages
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v1 = � 0:2; v2 = 2; v3 = � 20; (2.15)

then the output u messageis

u = 2tanh� 1(0:0997� 0:7616� 1:0000)= 0:152; (2.16)

which is similar in magnitudeto the leasereliableinput message� 0:2. This is because

the hyperbolic tangent function saturatesat high magnitude. The reliable messages

barely a�ect the magnitude of the output u messagebecausethe hyperbolic tangent

of them is closeto either 1 or � 1. Only the unreliable messages,whosemagnitude

lies in the linear region of the hyperbolic tangent function, reducesthe reliabilit y of

the output u message.Particularly, in a BEC, an output v messagewill not be an

erasureas long as there is an input u messagethat is not an erasure;an output u

messagewill not be an erasureonly if all of its input v messagesare not erasures.

To summarizethis, we say:

The reliability of a v messageis similar to that of the most reliable input u mes-

sage;the reliability of a u messageis at most that of the least reliableinput v message.

We know that a BIAWGN channel can be quantized into a binary symmetric

channel (BSC) in which all the LLRs have largemagnitudeat medium to high SNR.

Note tanh(x=2) = sgn(x) for jxj >> 1. If we assumethat all the u's and v's take

value �1 , Eq. 2.11contains all the information about Eq. 2.9 becauseEq. 2.12 is

always satis�ed. Note Eq. 2.11 is exactly the hard-decisionparity check equation.

Therefore,Eq. 2.8 can be viewed asthe \soft" versionof the parity check operation.

It shouldbe noted that beforemessagepassing,all the unknown messagesexcept

a priori messages(denoted by u0'sTj
25.3-420(o3.79147 0 Td
(view)d
('s.ould)Tj
36.6494 0 Td
(b)Tj
6.82758 0 Td
(e)Tj
8.63848 0 Td
(noted)Tj
32.0344ew)d
('s.o67(binary)547 1.)Tj
-375.838 -2of



x̂ = sgn

 
dvX

i =0

ui

!

; (2.17)

wherex̂ is the estimate of x and sgn(�) is the sign function. The di�erence between

Eq. 2.17and 2.8 is that the sum in Eq. 2.17is taken over all the incident edgesand

half-edges,as opposedto only dv � 1 edges.

Messagepassingdecoding is optimal only for tree-like graphs. The performance

of this decoding algorithm on a general (dense) graph is not guaranteed because

of the wide existenceof cycles. In contrast, sparsebipartite graphs are suitable

for messagepassingdecoding becausethey have better cycle properties than dense

bipartite graphs. Theseproperties will be analyzedin the next section.

2.2 The Relationship Bet ween Cycles, Stopping

Sets and Linearly Dep endent Sets

Although the relationship betweengraph topology and code performancein the case

of a speci�c codeis not fully understood, work hasbeendoneto investigatethe e�ects

of graph structuressuch ascycles,stoppingsets,codeword sets,and expanders.Here

we give a speci�c analysisof how thesefour conceptsare related. This analysiscan

be combined with density evolution to generategood irregular LDPC codes.

For brevity we denote cycle sets by Cd, stopping sets by Sd, codeword sets by

Wd, and edge-expandingsetswith parameter 1=2 by Ed. Thesesets,as well as the

nature of the parameter d are described below. It is helpful to �rst illustrate the

relationship betweenthesesets(Fig. 2.4).
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{ Wd}  

 
       

{ Ed}  

Figure 2.4: Relationship betweenCd, Sd, Wd and Ed.

2.2.1 Cd Cycle Sets

De�nition 2.2.1. (Cycle ) A cycle of length 2d is a set of d variable nodesand d

constraint nodes connectedby edgessuch that a path exists that travels through

every node in the set and connectseach node to itself without traversing an edge

twice.

De�nition 2.2.2. (Cd Cycle set) A set of variable nodesin a bipartite graph is a

Cd set if (1) it has d elements, and (2) one or more cyclesare formed betweenthis

set and its neighboring constraint set. A set of d variable nodesdoesnot form a Cd

set only if no cyclesexist betweenthesevariablesand their constraint neighbors.

Note that the maximum cycle length that is possible in a Cd set is 2d. Fig.

2.1 shows a length-6 cycle (v0 � c0 � v4 � c1 � v6 � c5 � v0) and a length-4 cycle

(v4 � c1 � v6 � c3 � v4). Variable node set f v0; v4; v6g is a C3 set. Variable node set

f v4; v5; v6g is also a C3 set although v5 is not contained in the length-4 cycle. Di et

al. de�ned a stopping set as follows, which we will show to contain cyclesshortly.

A well known result is that messagepassingis accurateonly for cycle-freegraphs.

We know that the number of edgesin a tree equalsto the number of nodesminus
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one, thus a code whosegraph is a tree hasn + (n � k) � 1 = 2n � k � 1 edges.This

number is too small for a practically useful �nite length code. Actually the result

given by density evolution says that all the variable nodes should be connectedto

at least two edges,which gives the minimal number of edges2n > 2n � k � 1.

Therefore,cyclesarealmost inevitable and they make the messagepassingalgorithm

suboptimal. Furthermore, not all cycles are equally harmful. For example, it is

well-known that short cyclesamonglow-degreevariable nodesrepresent severecode

defects.

2.2.2 Sd Stopping Sets

De�nition 2.2.3. (Sd Stopping set [DPT + 02]) A variable node set is called an

Sd set if it hasd elements and all its neighbors are connectedto it at least twice.

Variable node set f v0; v4; v6g in Fig. 2.1 is an S3 set becauseall its neighbors c0,

c1, c3 and c5 are connectedto this set at least twice.

The following lemma shows that stopping setsalways contain cycles. The e�ec-

tiv enessof messagepassingdecoding on graphs with cyclesdepends primarily on

how cyclesare clusteredto form stopping sets.

Lemma 2.2.4. In a bipartite graph without singly connected variablenodes(such as

one generated with a degree distribution given by density evolution), every stopping

set contains cycles.

Proof: A stopping set (variable nodes)and its neighbors (constraint nodes) form

a bipartite graph where one can always leave a node on a di�eren t edgethan used

to enter that node. Traversingthe resulting bipartite graph in this way inde�nitely ,

oneeventually visits a node twice, thus forming a cycle.2
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Alternative proof: As explainedbefore,if every node in an LDPC bipartite graph

is at least doubly connected,the total number of edgesis at least 2n which is larger

than 2n � k � 1, the number of edgesrequired for the graph to be a tree.2

Lemma 2.2.5. In a bipartite graphwithout singly connected variablenodes,stopping

setsin general are comprised of multiple cycles. The only stoppingsetsformed by a

singlecycle are thosethat consist of all degree-2 variable nodes.

Proof: A cycle that consistsof all degree-2variable nodes is a stopping set. To

prove the lemma, we only need to show that if a cycle contains variable nodes of

degree-3or more, any stopping sets including this cycle are comprisedof multiple

cycles. Fig. 2.5(a) shows a cycle of arbitrary length 2d (here 2d = 8 for demonstra-

tion). Assumethat onevariable node v2 in this cyclehasdegree3 or higher, v2 must

be connectedto at least oneconstraint node out of this cycle (for instancec1 in Fig.

2.5(a)). By the de�nition of a stopping set, c1 must be connectedto variable nodes

in the stopping set at least twice. Thereforeif c1 is not connectedto v1, or v3, or v4,

the stopping set must contain at least onemore variable node (for instancev5). The

`concatenation'of constraints and variableson to v5 may occur acrossmany nodes.

However, to form a stopping set, eventually a new loop must be closedthat connects

the newest constraint in the chain to a variable on the chain or in the original cycle.

Thus, the stopping set is comprisedof at least two cycles.2

According to Lemma2.2.5,the generalview of stoppingsetsand cyclesis given in

Fig. 2.5(b). Two typesof variable nodescomprisea stopping set. Variable nodesof

the �rst type(denotedby solid curves)form cycleswith other variablenodes;variable

nodesof the secondtype (denoted by dashedcurves) form binding structures that

connectdi�eren t cycles. It shouldbe noted that both binding nodesand cyclenodes

may have branchesthat lead to cyclescontaining variable nodesnot in the current
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Figure 2.5: (a) Extrinsic concatenation(b) Structure of a stopping set

stopping set. Our proposedparity matrix designalgorithm ensurethat short cycles

contain at least a given minimum number of `extrinsic paths'. This leads to an

increasein the minimum sizeof a stopping set.

Di, et al. [DPT + 02] showed that in a binary erasurechannel (BEC), the residual

erasurebits after messagepassingiterativ e decoding are exactly equal to the max-

imum stopping set which is a subsetof the originally erasedbits. Seethe example

in Fig. 2.6. Variable nodes v0, v4 and v5 are erased. Any messagepassingfrom

constraint nodes to thesevariable nodes, e.g., the one from c1 to v6, is a function

of the incident messagesto c1 from other variable nodes,which contain at least one

erasure(the checked edge). Becausean erasureis a bit that hasequalprobability to

be 0 or 1, the resulting messageremainserasedand no further iterations can recover

it. Therefore, stopping setsare the only type of \bad" cyclesin a BEC. A natural

conjectureis that stopping setsplay an important role in other channels. In particu-

lar, considerthe scenariowhereall membersof a stopping set are received with poor

reliabilit y at the output of a binary-input additive white Gaussian(BIAWGN) chan-
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Figure 2.6: Erasureof stopping setsin BEC causesdecoding failure.

nel. Thesereliabilities will be particularly slow to changein the courseof message

passingdecoding as the reliabilit y generatedby any connectedneighbor (constraint

node) must alsobe low.

2.2.3 Wd Codeword Sets

De�nition 2.2.6. (Wd Codeword set) A variable node set is called a Wd set if it

is comprisedof exactly d elements whosecolumnsform a (weight-d) codeword.

Variable nodes set f v0; v4; v6g in Fig. 2.1 is the W3 set corresponding to the

codeword 100010100.A linear code with minimum distance dmin has at least one

codeword with weight dmin and no non-zerocodewords with smaller weight. Hence,

there is at least oneWdmin set but no Wd setswhered < dmin .

Erasingall the variablesin a codeword set is the sameaserasingall the non-zero

positions of a binary codeword. Recovery from such an erasureis impossibleeven

under ML decoding. Thus all codeword setsare stopping sets. This argument can
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be formalized into the next theorem.

Theorem 2.2.7. An Wd set must also be an Sd set.

Proof: The binary sum of all columnscorresponding to the variable nodesin Wd

is the all-zero vector. Thus any neighbor (constraint node) of Wd is sharedby the

variable nodes that compriseWd an even number of times, which meansat least

twice.2

In a linear block code, the lowest codeword (Hamming) weight is called the min-

imum distance dmin . Preventing small stopping setsalso prevents small dmin . If a

code has dmin , it must have an Sdmin stopping set. Thus, avoiding all stopping sets

Sd for d � t ensuresdmin > t.

However, small stopping sets do not necessarilyrepresent low distance events.

Indeed,an ML decoder cansuccessfullydecodean erasedstoppingset if a full column-

rank sub-matrix is formedby the columnsof the parity check matrix that are indexed

by the stoppingset variables. For example,f v3; v4; v5; v6; v8g in Fig. 2.1 is a stopping

set that may be recovered by ML decoding (in the BEC case,simply solve a linear

equationset). However, an erasedstoppingsetcannever be overcomeby an iterativ e

decoder.

With additivewhite Gaussiannoise(AWGN), the magnitudeof a corrupted signal

can be so small that it can be e�ectiv ely treated as an erasure. Hence the role

of stopping sets can be translated to AWGN scenarioswhere variables with poor

observation reliabilit y are analogousto erasures. All stopping sets of small size

are problematic. Somecausesmall distance, and all causeproblems for iterativ e

decoding. An obvious direction to take in order to generatecodes well-suited to

iterativ e decoding is to increasethe size of minimum stopping set and reduce its

multiplicit y.
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2.2.4 Ed Edge Expansion Sets

Edgeexpandersare known to have good minimum distanceproperties.

De�nition 2.2.8. (( � , 
 ) edge expander [DPT + 02]) Let L be any subsetof left

nodes(variable nodes). De�ne E(L) to be the number of edgesconnectedto L and

N (L) to be the number of neighbors of L. An (� , 
 ) edgeexpanderof an (n, k) code

is a graph that hasN (L) > 
 E (L) for all subsetswith E (L) � � n.

Methods that realize regular graphs with good edgeexpanding properties were

proposedby Margulis in [Mar82]. However, a construction that can simultaneously

satisfy a given edgeexpandingproperty as well as a given irregular degreedistribu-

tion has yet to be proposed. We are interested in the special caseof (� ; 1=2) edge

expanders.

De�nition 2.2.9. (Ed Edge-expanding set with parameter 
 = 1=2) A set of d

variable nodesis called an Ed set if one-halfof the number of edgesemanatingfrom

it is lessthan the number of neighbors to which theseedgesconnect.

The relationship betweenstopping setsand (� , 1=2) edgeexpandersis given by

the following theorem.

Theorem 2.2.10. (1) f Sdg and f Edg are disjoint sets. i.e., An Sd set cannot be an

Ed set and vice versa. (2) If all size-d subsetsof variable nodesare f Edg sets then

an f Sdg set does not exist.

Proof: According to the de�nition of Ed, neighbor nodesof Ed are connectedto

Ed less than twice on average. So there must exist at least one singly connected

neighbor to Ed, this proves (1). It easily follows that if all size d subsetsform Ed

setsthen no size-d subsetmay be an Sd set (2). 2
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For a codewith minimal variablenodedegree2, if all the subsetsof an (n, k) code

with d elements are Ed sets,where d = 1; 2; :::; ceil(� n=2), then this code is an (� ,

1=2) edgeexpander. (This is a su�cien t condition but not a necessaryone,because

an Ed set can have more than 2d edgesif it contains variable nodes with degree

higher than 2.) It follows that designinga code that avoids Sd setsis similar to the

problem of generatingas many Ed setsas possible. In the code designprocessthat

follows we improve the edgeexpansionproperty of short cycles,therefore indirectly

reducing the occurrenceof small stopping sets.

Fig. 2.4outlines the relationshipsbetweenthe above-mentioned graph structures.

Someexampleshelp clarify theserelationships. Fig. 2.7(a) showsthree columnsthat

are not linearly dependent sincetheir binary sum is not all-zero, hence,f 0, 3, 5g is

not a W3 set. But becauseall neighbor nodesof f 0, 3, 5g (corresponding to the �rst

three rows) are connectedto it at least twice, it is an S3 set. Fig. 2.7 (b) shows one

length-6 cycle in set f 0, 3, 5g which makesthis a C3 set. However the last constraint

node is singly connectedto the variable node set and sothis set doesnot form an S3

set.

2.3 Cycle-free Sets

At this point, the value of removing small stopping sets is apparent. However, one

might arguethat simplegirth conditioning accomplishesthis becauseevery stopping

set contains cycles.The problem with traditional girth conditioning is that there are

so many cycles. Fig. 2.8 illustrates a cycle in the support tree of variable node v0

of Fig. 2.1. All the levelswhoseindicesare odd numbersconsistof constraint nodes

and all the levels whoseindicesare even numbers consistof variable nodes. A cycle

occurs if two positions in the support tree represent the samenode in the bipartite
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Figure 2.7: Examples(a)S3 but not W3 (b)C3 but not S3.

graph (e.g., v8 in level-3). To detect cyclesof length up to 2d in the support tree of

v0, we needto expand its support tree d levels.

The number of nodes in the support tree grows exponentially with the number

of levels expanded. To be short-cycle-free,all thesenodes have to be di�eren t, so

the longestcyclesizewe can avoid increasesonly logarithmically with block size(see

[Gal62]). Sincethe logarithm is a slowly increasingfunction, girth conditioning of a

�nite length LDPC code is severely limited by block length.

Girth conditioning is especially problematic when there are high-degreenodes,

as is commonwith degreedistributions producedby density evolution. Recent girth

conditioning techniques usually bypasshigh degreenodes. For example, in [MB],

the edge-wisehighest variable degreeis only 3; in [AEH], the fraction of the high-

est degreevariables � 8 is only 0.025. As a result, girth conditioning was easierto
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Figure 2.8: Traditional girth conditioning removestoo many cycles.

perform. However, the capacity-approaching capability was sacri�ced. High degree

nodesare indicated by density evolution and lead to largestopping sets. The follow-

ing arguments further discussthe cycle-relatedstructures for high degreenodesand

low degreenodes.

De�nition 2.3.1. (Cycle-free set) A variable node set is called a cycle-freeset if

no cycle exists amongits constituent variables.

Theorem 2.3.2. A necessaryand su�cient condition for a set of degree-2 variable

nodesto be a cycle-free set is that this set is linearly independent.

Proof: All setsthat arenot linearly independent contain codeword sets. Codeword

setsare special stopping setsand stopping setscontain cycles(Lemma 2.2.4). For

su�ciency , note that the constraint nodes taking part in a cycle among degree-2

nodesare each sharedby exactly two variable nodes. Therefore the binary sum of

columns(variables) taking placein the cycle is the all-zerovector and thesecolumns

are linearly dependent.2

Corollary 2.3.3. A maximum of n � k � 1 degree-2 columnsof lengthn � k may be

linearly independent (cycle-free).
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Proof: Considerthe (n � k) � (n � k � 1) bi-diagonal matrix,

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

1 0 � � � 0

1 1

0 1
. . .

...
. . .

1 0

1 1

0 � � � 0 1

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

n� k� 1

n� k; (2.18)

This matrix forms a rank n � k � 1 basisof degree-2columnseach with dimension

n � k. Any possibledegree-2column of dimensionn � k can be formed via a linear

combination of columnsin the above basis.2

Corollary 2.3.3may alsobeconsidereda versionof the Singletonbound wherethe

restriction to degree-2columnslowersthe best possibledmin from n � k to n � k � 1.

Theorem 2.3.4. In an (n, k) code free of degree-1 variables, a cycle-free variable

node set f v1; v2; :::; vsg must satisfy
P s

i=1 (di � 1) � n � k � 1, where di is the degree

of vi .

Proof: A degree-d variable node whoseconstraints are f c1; c2; :::; cdg can be con-

ceptually replacedby a cluster of d � 1 degree-2nodeswhoseconstraints are f c1; c2g,

f c2; c3g, ..., f cd� 1; cdg respectively. As an example,Fig. 2.9 shows how variable node

v1 in Fig. 2.1 may be replacedby a cluster of two degree-2nodes.

Becausethe indicesof the constraints in a cluster areordered,any cycleinvolving

the degree-d node is equivalent to a cycle involving someof the degree-2nodes in

the cluster replacing the original node. Fig. 2.10 shows an example. Replaceevery

variable in the set with its equivalent cluster. According to Corollary 2.3.3,at most
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Figure 2.9: v1 can be replacedby two degree-2nodes.
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 Figure 2.10: Replacev1 by its cluster in a cycle.

n� k � 1 of theseresulting degree-2nodescanform a cycle-freeset. Thus the theorem

is proved.2

Corollary 2.3.5. In an (n, k) code free of degree-1 variables, no set of variable

nodeswhosecardinality is larger than n � k � 1 can be cycle-free.

Proof: Equality in the inequality of Theorem 2.3.4 is achieved with n � k � 1

independent degree-2variable nodes. Fewer variable nodesare allowed if somehave

higher degree.2
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Lemma 2.2.5 and Theorem 2.3.2 show that for degree-2variable nodes, cycles,

stopping sets and codeword sets are equivalent. These structures are distinct for

higher degreenodes following the Venn diagram of Fig. 2.4. Theorem 2.3.4 shows

that higher degreenodes may b



Chapter 3

Extrinsic Message Degree and

LDPC Code Design

The goalof LDPC code designis achieving good performancecloseto capacity while

maintaining low error 
o ors. Thesetwo goalsare contradictory in general,as sug-

gestedby Urbanke in [DPT + 02]:

Steepcli�s are usually associated with high error 
o ors. A large frac-

tion of degreetwo left nodesleadsto an initial rapid declineof the error

probability. On the other hand a largedegreetwo fraction usually causes

problemstowards the end of the decoding process.

This can also be explained intuitiv ely in the following way. A low-error-
o or

code can dilute the e�ect of a few corrupted bits to a large number of bits at high

SNR while a near-capacity code tends to localizeerrors at low SNR to prevent error

propagation. Degree-two nodes widely exist in irregular LDPC codes with degree

distribution generatedby density evolution (see[RSU01]) whereasthey do not exist

in regular codesinvolving variable node of degree3 or higher.
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In this chapter, we will seethat degree-two nodesallow very little extrinsic mes-

sage
o w, which is the major reasonwhy randomly generatedirregular codeshave

small stopping sets,and hencehigh error 
o ors. Our goal in LDPC code designis to

reduceerror 
o or level, and maintain the capacity performanceof irregular LDPC

codesas well as possible.

For QPSK and BPSK modulation, Euclidean distance and Hamming distance

are linearly related. Thus, it is reasonableto designcodesfor such modulations to

focus on the Hamming distance spectrum. Minimum Hamming distance (dmin ) is

well-known to be related to the number of errors (t) that can be correctedreliably,

dmin = 2t + 1. Minimum Hamming distance is also known to be linearly related to

the number of erasures(u) that can be corrected,dmin = u + 1. We already know

that the minimum stopping set sizeis equal to the smallestnumber of erasuresthat

cannot be correctedby iterativ e decoding. Thus it is closelyrelated to the Hamming

distance(and henceEuclidean distance for QPSK and BPSK). Becausethe weight

distribution of stopping setsis socloselyrelated to the Euclideandistancespectrum,

it is clear that LDPC designsfocusingon the weight distribution of stopping setsis

appropriate for AWGN channelsas well as the binary erasurechannel (BEC).

This goal can be achieved by ensuring that all stopping setshave at least some

minimum number of variable nodes. However, no polynomial-time algorithm is

known that removessmall stopping setsexplicitly, and our attempts to directly con-

trol stopping set sizeswere too complexeven to prevent very small stopping setsin

a reasonableamount of time.

Lemma2.2.5shows that stopping setsarecomprisedof linked cycles.An e�cien t

way to suppresssmall stopping sets is to improve the edgeexpanding properties

of cyclesin an irregular LDPC code. From the discussionof Ed sets,we know that

constraint nodessingly connectedto a variable nodesetprovide good edgeexpansion
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becausetheseconstraint nodesensureuseful message
o ws. Our algorithm achieves

this by focusingon a parameterof variablenodesetsthat wecall the extrinsic message

degree(EMD).

3.1 Extrinsic Message Degree

The essenceof the messagepassingdecoding algorithm is to �nd the probability

of every variable bit basedon the observation of all the other variable bits. From

Chapter 2 we know that there are two types of messagespassedin the bipartite

graph: messagesfrom constraint nodesto variable nodes(u messages)and messages

from variable nodesto constraint nodes(v messages).Thesetwo typesof messages

have di�eren t reliabilit y evolution rules. As shown in Eq. 2.8, the reliabilit y of the

output v messageis similar to the reliabilit y of the most reliable input ui message;

in Eq. 2.12, the reliabilit y of the output u messageis similar to the reliabilit y of the

least reliable input vj message.

Considerthe `voting' examplein Fig. 3.1. If the incident u messageis positive, it

\v otes" variable node v2 as +1, otherwise,it \v otes" v2 as � 1. The magnitude of a

messageindicatesits reliabilit y. The output v messageis generatedasthe sum of all

incident u messages,which shows a compromisebetween\v oters". If the magnitude

of u is much larger than the magnitude of the messagesfrom c0 and c4 to v2, u will

almost dominate the \v ote" result at v2. In contrast, the reliabilit y generatedby

constraint node c1 is not guaranteedsolelyby onev message.No matter how reliable

this v messageis, the reliabilit y of c1 alsodependson other incident messages(from

variable nodes v1, v4, v5 and v6). Flipping of any two incident v messagesin Eq.

2.11 shows no detectablee�ects. In the caseof a BEC wherea stopping set (v0, v4

and v6) is erased,at least two of the incident v messagesto constraint node c1 are
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lost and any output u messagec1 generateswill be erasedno matter what incident

messagesit receivesfrom variable nodesoutside of this stopping set.

Thusweconclude:a non-erasureu messageis usefulin increasingthe reliabilit y of

the corresponding variable node; a non-erasurev messageis only useful in increasing

the reliabilit y generatedby the corresponding constraint node if this constraint node

is not a neighbor of an erasedstopping set.

The di�erence betweenthe e�ectiv enessof u messagesand v messagesexplains

why the variable nodesof a good LDPC code can have very di�eren t degreewhereas

the constraint nodes typically have uniform degree. If someconstraint nodes have

very high degrees,theseconstraint nodeswill becomethe \w eak links" in the graph

becausethe probability that two incident messagesare corrupted for a high-degree

constraint node is much higher than that for its low-degreecounterpart. The degree

di�erence of variable nodes does not have such an e�ect thus we can choosesome

variable nodesto have higher degreeand make the decoding processconvergefaster.
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Figure 3.1: MessageE�ectiv eness
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Usingthe languageof \extrinsic messages",the unreliabilit y of an erasedstopping

set canbe explainedin the following way. A stopping set hasno extrinsic u messages

but only extrinsic v messages,which arenot very e�ectiv e in increasingthe reliabilit y

of variable nodesin this set. Sinceall the neighbor nodesareconnectedto a stopping

set twiceor more, if all the variable nodesin the stoppingsetareerased,there will be

no extrinsic messagesthat canrecover them e�ectiv ely. The next de�nition describes

the e�ectiv enessof the extrinsic message
o w of a variable node set in general.

De�nition 3.1.1. (Extrinsic message degree) An extrinsic constraint node of

a variable node set is a constraint node that is singly connectedto this set. The

extrinsic messagedegree(EMD) of a variable node set is the number of extrinsic

constraint nodesof this variable node set.

Obviously, the EMD is a metric representing the number of useful u messages

incident to a variable node set. The EMD of a stopping set is zero. The only

stopping set that contains a singlecycle is a stopping set that consistsof all degree-2

nodes. If this stopping set is erased,all of its u messagesare erasuresand all of the

v messagesare not useful in increasingthe reliabilit y generatedby the neighbors of

this stopping set.

Now we calculate the EMD of a cycle. If there are no variable nodes in a cycle

that sharecommonconstraint nodes,the EMD of this cycle is equal to
P

i (di � 2),

wheredi is the degreeof the i th variable in this set. Otherwise, there are constraint

nodes connectedto at least two variable nodes in a cycle, and the EMD of this

cycle should be lower. In Fig. 3.2, variable nodesv1 and v3 are both connectedto

constraint node c0. Thus the two edgesthat connectv1, v3 and c0 are not extrinsic

edgesand the EMD of the large cycle is reducedby two. c0 also breaks the large

cycle into two smaller onesand generally speaking, constraint node sharing causes
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short cycles.
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c0 

Figure 3.2: Sharing constraint nodesreducesthe EMD of a cycle.

As waspreviouslydescribed, the high-SNRperformanceof an iterativ ely decoded

LDPC code is limited by the sizeof the smallest stopping set (and its multiplicit y,

to be exact) in the code. The EMD of a stopping set is zero. A set of variable nodes

with largeEMD will require additional concatenationof nodesto becomea stopping

set. We will proposea conditioning algorithm that ensuresall cycles less than a

given length have an EMD greater than a given value. This technique statistically

increasesthe smalleststopping set size. It also increasesdmin becausecodeword sets

are special casesof stopping sets.
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3.2 Construction of LDPC Codes

with Large Stopping Sets

3.2.1 Appro ximate EMD

First we consider the EMD of a genericcycle. If there are no variable nodes in a

cyclethat sharecommonconstraint nodesoutsideof the cycle, then the EMD of this

cycleis
P

i (di � 2), wheredi is the degreeof the i th variable in this cycle. Otherwise,

the EMD is reducedthrough constraint node sharing. To provide a calculableEMD

metric, we neglectconstraint node sharing and de�ne an approximate cycle EMD.

De�nition 3.2.1. (Appro ximate cycle EMD (A CE) ) The ACE of a length 2d

cycle is
P

i (di � 2), wheredi is the degreeof the i th variable in this cycle. We also

say that the ACE of a degree-d variable node is d� 2 and the ACE of any constraint

node is 0.

ACE is an upper boundon EMD. The codeconditioning algorithm to beproposed

next is basedon ACE instead of EMD. This approximation is reasonablesince in

this algorithm, all cyclesshorter than a given length (including thoseformedthrough

constraint node sharing) will be required to meet the ACE criteria. An LDPC code

hasproperty (dAC E , � AC E ), if all the cycleswhoselength is 2dAC E or lesshave ACE

valuesof at least � AC E .

3.2.2 A CE Algorithm Outline

The weight distribution of H is given by the density evolution algorithm [RSU01].

A typical distribution generatedby this algorithm has one single concentration for

constraint nodes(row weight) but hastwo separateconcentrations aroundthe highest
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degreeand the lowest degreefor variable nodes (column weight). It is well known

that variable nodeswith more neighbors (constraints) experiencelower decoder bit

error rates. We assignhigher degreesto the information bits to provide them with

better protection. There is another advantage to this arrangement: cyclesamong

degree-2nodesare very harmful to code performancebecausetheir EMD is always

zeroand thus are always stopping sets. We note that if a code hasn � k � j degree-2

nodes(j > 0), it is possibleto form a submatrix of degree-2columnsthat has rank

n � k � j (seeCorollary 2.3.3). Our codes are constructed such that the degree-2

variable nodes(columns) have this property when the density evolution distribution

allows it.

In our codes, information bits comebeforeparity bits (seeFig. 2.1). We assign

column nodes such that degreedecreasesmonotonically (i.e., di � dj if i < j ).

Becausehigh degreenodesconvergefaster, this arrangement providesmoreprotection

to information bits than to parity bits. The algorithm is as follows:
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for (i = n � 1; i � 0; i � � )

begin

redo:

Randomly generatevi accordingto deg. distr.;

if i � k (i.e., vi is a parity bit)

begin

GaussianElimination (GE) on H2;

if vi 2 SPAN (v0
i+1 ; v0

i+2 ; :::; v0
n� 1)

goto redo;

else

v0
i  the residueof vi after GE;

end

ACE detection for vi ;

if ACE < � AC E for a cycle of length 2dAC E or less

goto redo;

end

The Gaussianelimination processultimately guarantees that the H matrix has

full rank by ensuring that the n � k columns of H2 be linearly independent. For

degree-2variable nodes,independenceentails freedomfrom cyclessothat all degree-

2 parity check nodeswill be cycle-free. A caveat is that if Gaussianelimination is

usedin conjunction with a degreedistribution that yieldsmorethan n� k� 1 degree-2

nodes,then at least oneof the n � k parity check variablesshould have odd number

degree(this can be achieved by column swapping). This follows immediately from

Corollary 2.3.3.
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Figure 3.3: Illustration of an ACE search tree associated with v0 in the examplecode
of Fig.2.1. � AC E = 0. Bold lines represent survivor paths. ACE valuesare indicated
on the interior of circles (variables) or squares(constraints), except on the lowest
level wherethey are instead described with a table.

3.2.3 A CE Detection in Tree Depiction

The ACE detection method can be equivalently depictedin two ways. The �rst one,

basedon support trees, is directly related to the graph structure. The secondone,

basedon trellises, is oriented for algorithm implementation.

The tree depiction of ACE detection (� AC E = 0) is given in Fig. 3.3. Here,

variable and constraint node labelsrefer literally to thoseof the examplecode in Fig.

2.1 and the support tree that extends four levels below root node v0 is portrayed.

We de�ne p(� t ) to be the ACE of a path between root node v0 and an arbitrary

node � t (it can be either a variable node or a constraint node). Recall also that

ACE(� t ) = degree(� t ) � 2 if � t is a variable, and ACE(� t ) = 0 if � t is a constraint.
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A CE Detection of v0

p(� t )  1 for all variablesand constraints;

p(v0)  ACE(v0); Activate v0 for level-0;

for (l = 1; l � dAC E ; l + +)

begin

for any active node ws in level-(l � 1)

begin

Find its children set Ch(ws);

for every child � t 2 Ch(ws)

begin

ptemp  p(ws) + ACE(� t );

if (ptemp + p(� t ) � ACE(v0) � ACE(� t )) < � AC E
1

exit with failure;

elseif ptemp � p(� t )

Deactivate � t in level-l with respect to current parent ws;

else

p(� t )  ptemp ;

end

end

end

exit with success;

To explain the above algorithm, we needto recognizethat a node should propa-

gatedescendants (be active) only if the path leadingto this nodehasthe lowestACE

value that any path to this node has had thus far. Thereforelinear cost is achieved

1Note that this is the ACE of a cycle involving � t if (ptemp + p(� t ) � AC E(v0) � AC E(� t )) < 1 .
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instead of an exponential cost. Initially all the path ACEs can be set to 1 (which

means̀ unvisited'). Note that cyclesoccur whena node is revisited, is simultaneously

visited, or both. A cycleACE equalsthe sumof the previously lowest path ACE to a

nodeand the current path ACE to the nodeminus the doubly counted root and child

ACE. When a cycleis formedby connectingtwo distinct paths from v0 to � t we have

cycle ACE = ptemp + p(� t ) � ACE(v0) � ACE(� t ), where ptemp and p(� t ) are the

ACEs of the two paths from v0 to � t . Handling multiple simultaneousarrivals to the

samenode is a trivial extensionwhereACE minimization is performedsequentially

acrossall arrivals.

In the exampleshown in Fig. 3.3, bold lines at each level describe the current

set of active paths. In this example `ties' are assignedthe path whoseparent has

the lowest index. For instancethe path (v0-c5-v1-c1) with ACE = 1 surviveswhile,

(v0-c5-v6-c1), (v0-c0-v2-c1), (v0-c0-v4-c1) each also having ACE = 1, perish. For an

exampleof pruning occurring due to cycle detection on di�ering levels of the tree,

observe that the path (v0-c0-v8-c5) with ACE = 1 does not survive since c5 was

visited at Level-1 and was accordinglyassignedACE = 0.

3.2.4 A CE Detection in Trellis Depiction

Fig. 3.4 providesa trellis depiction of the previousdiscussion(with two more stages

added). A trellis insteadof a full support tree is adequatefor ACE detectionbecause

the ACE minimization is performedsequentially and only the minimum ACE needs

to bestored. Again, a path ACE is storedfor every variablenodeandevery constraint

node. An active path is a path that connectsthe root variable node and any other

node with the lowest ACE value up to the current step. Activ e paths are marked by

solid lines in Fig. 3.4. An active node is a node that connectsto an active path at
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the current step.
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Figure 3.4: The Viterbi-lik e ACE algorithm. � AC E = 0

Viterbi tree pruning yields a complexity at each root that is upper boundedby

dAC E � n � (d � 1) whered is the highest degreeof any node in the graph, because

the support tree is expandeddAC E levels, for each level we have to considerat most

n nodes,and every node hasat most d � 1 children. As shown in Fig. 3.4, relatively

few nodesat a level are active, thus the actual computational burden is reasonable,

even for block size on the order of 105 bits. The storage spaceneededis on the

order of n + (n � k) becauseonly the current trellis level hasto be saved. To further

improve run-time, any active node with path ACE p(� t ) � � AC E can be deactivated

becauseall the paths stemming from this node have an ACE value of at least � AC E .

As a special application of this argument, the user may generatecolumns for all

variable nodeswith degree� AC E + 2 or higher without checking the ACE (sinceall

descendants will have a path ACE of at least � AC E ).

Note that cycle detection can be implicitly performed in the above algorithm.
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other and the number of e�ectiv e exits of thesetwo cyclesis only two.

A common attribute of these local solutions is that they create cyclesshorter

than the original ones.Theseshort cyclesare marked by dashedlines with arrows in

Fig. 3.5. Sincethe length of theseshort cyclesis usually much lower than 2dAC E =

2 � 10 = 20, and theseshort cycleswill all be conditioned by the ACE algorithm.

Fig. 3.5 (e) shows a good solution of cycle exits when appropriate valuesof (dAC E ,

� AC E ) are chosen.After joining two cycles,only oneexit of each cycle is solved and

four others are left for further clustering. Thus many more new variable nodeshave

to be introducedin order to form a stopping set. The clustering process�nally ends

in Fig. 3.5 (f ), with four cycles in this stopping set, which obviously has a much

larger sizethan the onein Fig. 3.5 (b). Sofar we have explainedwhy this algorithm

can avoid small stopping sets.

The complexity of checking if a newly generatedvariable node satis�es design

rules is boundedby 2n � k becauseeach node in a graph is stored oncein the EMD

table, which keepsthe lowest EMD value of any paths betweenevery node and the

root variable node. Thus although the number of nodes in a support tree grows

exponentially with the number of levels it is expanded,many nodesare redundant

and the sizeof the EMD table is at most the number of nodesin the graphn+ (n� k) =

2n � k.

Another question is whether \fak e cycles" causeproblemsin this algorithm. As

mentioned before, a \fak e cycle" is a cycle in the support tree of a variable node

whosetwo constituent paths mergebefore they are connectedto the root variable

node. In Fig. 3.6, v1 and v2 are found to be the samenode, thus a cycle occurs.

Becausethe two paths P1 and P2 mergeat c1 insteadof v0, this cycleis a \fak e cycle"

for v0. The real cycle is C1 (not including v0). SinceC1 only contains old variable

nodes(except v0), it must satisfy designrules and thus its EMD value is at least � .
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Figure 3.5: Cycle clustering.

Obviously the EMD value of the \fak e cycle" is larger than or equal to that of C1

becauseit contains more nodes. Thus a \fak e cycle" automatically satis�es design

rules if all the existing cyclesobey the designingrules. Therefore,\fak e cycles" will

not be problematic.

The EMD algorithm can also be viewed as a \
o oding" process,like thoseused

to solve \routing" problems in the networking area. There are two types of nodes

in this network: variable nodes and constraint nodes. The former introduceslink

\delay" which is equal to its EMD value; the latter introducesno link \delay". As

we proceed,we keepthe path from the root variable node to any node that can be

reached in d1 stepsthat has minimal cumulative \delay". When a cycle is formed,

the cycle\delay" will bechecked. This processgoeson until all the nodesarechecked
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Figure 3.6: Fake cyclesin the EMD algorithm.

and no violation of designrules are detected.

3.3 Summary

This chapter described the inner-structure of stopping setsand explainedhow they

are formed by clustering cycles. An LDPC code design algorithm based on the

approximate extrinsic messagedegree(ACE) was proposed. The simulation results

will be shown in the next chapter.
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Chapter 4

Simulation Results and

Data Analysis

We present results for LDPC codeswith three di�eren t block lengths.

4.1 Blo ck-length 10,000 LDPC codes

We usedthe ACE algorithm to construct (10000,5000)codesthat have the irregular

degreedistribution given in [RSU01]with maximum variable node degreedv = 20

� (x) = 0:21991x + 0:23328x2 + 0:02058x3 + 0:08543x5 + 0:06540x6 + 0:04767x7

+0:01912x8 + 0:08064x18 + 0:22798x19;
(4.1)

� (x) = 0:64854x7 + 0:34747x8 + 0:00399x9: (4.2)

Any edgein a bipartite graph is connectedto a left node (variable node) and a

right node (constraint node). We refer to a left edgewhen we considerthe degree
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distribution related to variable nodes. Similarly we refer to a right edgewhen we

considerthe degreedistribution of constraint nodes. � (x) describes the degreedis-

tribution of left edges.The coe�cien t of x i � 1 in Eq. 4.1 represents the fraction of

left edgesthat are connectedto degree-i variable nodes. For example,the last term

in Eq. 4.1 is 0:22798x19 which means22:798%of edgesare connectedto degree-20

left nodes. The meaningof � (x) is similar to � (x) except that it is de�ned for right

edgesand right nodes. The two edgedegreedistributions are shown in Fig. 4.1 and

4.2. The right edgedegreedistribution is very peaked whereasthe left edgedegree

distribution has at least two separateconcentrations. The low-degreeconcentration

near degree2 and the high-degreeconcentration near degreedv are most prominent.

For low rate codesand high dv, lessprominent concentrations may appear between

the two major ones. � (x) and � (x) are also subject to other constraints in order

for the total number of left edgesand that of right edgesto be equal. (They are

actually the sameedges.\Left" and \righ t" are just namesthat indicatesfrom what

perspective we look at them.)

0

0.05

0.1

0.15

0.2

0.25

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

left edge degree

 
Figure 4.1: Left edgedegreedistribution.

When we designa real LDPC code basedon the density evolution result, node-
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Figure 4.2: Right edgedegreedistribution.

wise degreedistributions are more convenient than edge-wisedegreedistributions.

They can be calculatedas

~� i =
� i / i

P dv
j =2 � j / j

; (4.3)

and

~� i =
� i / i

P dc
j =2 � j / j

: (4.4)

The node-wisedegreedistributions can alsobe easily translated to the edge-wise

degreedistributions.

� i =
i ~� i

P dv
j =2 j ~� j

; (4.5)

� i =
i ~� i

P dc
j =2 j ~� j

: (4.6)

The encoded bits were sent through an BIAWGN channel. For each corrupted

codeword, a maximum of 200iterations wereperformed. Each simulation wasstopped

when80block errorsweredetected. The BER resultsand in onecasethe word (block)

error rate (WER) results are plotted in Fig. 4.3.

A (dAC E , � AC E ) code in Fig. 4.3 meansthat in this code, all cyclesof length up
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Figure 4.3: Results for (10000,5000)codes.
The BPSK capacity bound at R = 0:5 is 0.188dB.
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to 2dAC E have ACE of at least � AC E . Higher � AC E valuesensurebetter properties

for the conditionedcyclesand higher dAC E valuesensurethat conditioning occursfor

longercycles.There is a tradeo� betweendAC E and � AC E : increasingoneparameter

inevitably makes the other parameter more di�cult to implement. For dAC E =

13; 10; 9; 7; and 6, the highest � AC E valuesthat we could achieve were 2; 3; 4; 5, and

7 respectively. If all degree-2variablesare parity bits (which is possibleif there are

fewer than n � k of them), then the full-ranknessof the parity matrix guarantees

that no cycleswill exist betweendegree-2variables(seeTheorem2.3.2). In this case

we can construct (1 , 1) codessinceall cyclesof any length must include nodesof

at least degree-3(and hencehave ACE of at least 1). Such codes have the lowest

level of conditioning that we considerand we usecodesconstructed in this manner

to contrast the performanceof stronger (dAC E , � AC E ) conditioning levels.

As a benchmark, Richardson and Urbanke's 104-bit code [RSU01] (referred to

hereas the RU code) is included in Fig. 4.3(a). This RU code wasconstructedwith

the constraint that \all the degree-two nodeswere made loop-free". Unfortunately,

simulation resultsbelow BER 10� 6 areunavailable for the RU code. The (1 , 1) code

shown in our paper has a similar level of conditioning as the RU code and exhibit

comparableperformance.The (1 , 1) codeensureslinear independenceamongparity

bits which include all degree-two nodesand somedegree-threenodes. The error-
o or

BER of the (1 , 1) codeis around10� 6. Pure length-4cycleremoval improvesBER by

half an order in magnitudeover the (1 , 1) codeat highestSNR,and adverselya�ects

convergence. However, proper selectionof dAC E and � AC E suppresseserror 
o ors

signi�cantly more. For example, the pure ACE conditioning code (9, 4) achieves

approximately BER = 10� 9, three ordersof magnitude below the (1 , 1) code.

Fig. 4.3(b) comparesseveral ACE parametersetswith or without explicit length-

4 cycle removal. Note that the lowest error 
o or was achieved at dAC E = 9 and
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� AC E = 4 with no explicit removal of short cycles. As explainedbefore, traditional

girth conditioning treats all short cyclesequally, thus making the removal of longer

but still harmful cyclesmoredi�cult. On the contrary, the ACE algorithm e�ectiv ely

removeslow-ACE cycles,while leaving shorter cyclesintact, if they havea high ACE.

By doing this, participation of high degreevariablesin cyclesis encouraged.In fact,

removing all length-4 cycleshinders the performanceof the ACE algorithm.

We observe that there is a small penalty in the capacity-approaching capabil-

it y of our low-error-
o or codes. With more conditioning at this block size, the

low-SNR performanceof the code is slightly degraded,possibly due to a decrease

in the randomnessof the code structure. This tradeo� between error 
o or and

low-SNR performance is a well-known characteristic of iterativ ely decoded codes

([MWD ][BDMP98][FW]). Scheme(9, 4) is approximately 0.07dBaway from the RU

code at low SNR. However, even with this mild penalty thesecodesremain superior

to regular codes in terms of their capacity-approaching performance. For example,

we tested MacKay's (9972,3, 6) regular LDPC code described in [MWD ]. Although

no error 
o ors weredetectedfor this code, it achievesBER � 10� 5 at SN R � 1:7dB,

more than 0.6dB worsethan our (9, 4) code. Thus the combination of density evolu-

tion optimized degreedistributions and ACE constructionachievesgood performance

over a wide SNR operating range.

To show the performanceof our irregular codes comparedto the RU code and

MacKay's code, we plotted them in Fig. 4.4.

4.2 Shorter blo ck lengths

To comparewith other techniquesat block lengths around 1000,we chooseMao's

(1268, 456) code described in [MB] as a benchmark. Fig. 4.5 comparesthe perfor-
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 Figure 4.4: Comparisonof code performance.

manceof the ACE-conditioned(1264,456) code with that of Mao's (1268,456) code

(results drawn from [MB]).

It shouldbenoted that degreedistributions play an important role in conditioning

schemes.With the low maximum variable degree(dv = 3) distribution proposedin

[MB], both the girth conditioning and the ACE conditioning are easy to perform.

However, the ACE-conditioned code (1 , 3) is 0.2 dB better in BER at the high

SNR region. If the density-evolution optimized distribution with dv = 14 is imposed,

the girth conditioning technique becomesmore di�cult due to the higher fraction

of high degreenodes. However, the ACE algorithm still works well, outperforming

Mao's code by 0.3dB, with no detectableerror 
o ors above BER = 10� 9.

We have alsodesignedtwo ACE-conditioned(4000,2000)codesto comparewith

Arnold's (4000,2000)(dv = 8) code described in [AEH] (results drawn from [AEH],

seeFig. 4.6). The degreedistributions of the proposedcode are Arnold's dv = 8 de-

greedistribution and the dv = 15 degreedistribution producedby density evolution.
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Figure 4.5: Results for (1264,456) codes.
The BPSK capacity bound at R = 0:36 is -0.394dB.

As we can seefrom Fig. 4.6, by choosingArnold's degreedistribution, the ACE-

conditionedcode(1 , 6)1 achievesconvergence0.4dBworsethan Arnold's code. This

may result from the fact that the ACE algorithm is basedon random generationand

Arnold's progressiveedge-growth techniquesuccessfullyputs morestructure in codes.

We did not �nd error 
o ors for the (1 , 6) code above BER = 10� 8. By choosingthe

density-evolution optimized distribution with dv = 15, the ACE-conditionedcode (9,

4) achievesa threshold SNR 0.1dB better than that of Arnold's code.

In summary, Arnold's code is better than the ACE-conditionedcode for Arnold's

dv = 8 degreedistribution, but that degreedistribution is suboptimal. ACE condi-

tioning of the density evolution degreedistribution producesthe best performance.

Fig. 4.7 shows the performanceof somegood turb o codesand our LDPC codes

at block error rate 10� 4. Also shown is the Shannonsphere-packing bound [Sha59]

[DDP98] for several code rates. This bound givesthe best performancethat a �nite

1dAC E = 1 is achieved by extending the trellis until all the notes in the rightmost level are
inactive
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Figure 4.6: Results for (4000,2000)codes.
The BPSK capacity bound at R = 0:5 is 0.188dB.

length code can possiblyachieve. As we can see,both turb o codesand LDPC codes

operate very closeto the sphere-packing bound.

4.3 A Smart Decoder

We know in the BEC case,oncea bit is recoveredfrom erasure,it will not be erased

again, so the number of bit errors is non-increasingwith respect to the number of

iterations. However, in the caseof BIAWGN channels,wehaveobserveda 
uctuation

of the number of bit errors in the medium SNR region (the transition betweenthe

error 
o or region and the waterfall region). A typical set of 
uctuation curves at

SN R � 1dB are shown in Fig. 4.8.

The number of information bit errors is denoted by the thin solid curve. The

meaningof the other two curveswill be explainedshortly. Thesecurvesapparently

show a periodic characteristic. The mechanism that governs the 
uctuation is not

informationHow



Figure 4.7: Spherepacking bound and someknown good codes.
� : somegood rate 1/2 turb o codes(data from JPL); 4 : rate 1/2 LDPC codes

severe BER 
uctuation will occur. The amplitude of the oscillation decays slowly

with time. In somecases,the errorsare completelyeliminated after a long time such

as1000iterations. Thereforeby allowing the decoder to run more iterations, we can

improve code performanceslightly but this will causea long delay in the decoding

process.However, simply by choosinga good decisionpoint, we can severely reduce

the number of iterations neededand achieve lower BER in the medium SNR region

at the sametime.

To choosea good decisionpoint, we have to use an indicator. One candidate

is the number of hard-decisionconstraints violated, which can be computed as the

(Hamming) weight of the syndromevector after each iteration
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Figure 4.8: Fluctuation in number of bit errors in a BIAWGN channel.

s = rH T = (c + e) H T = eHT ; (4.7)

wherec is a codeword, e is the binary error pattern and r is the corrupted codeword.

From Eq. 4.7, we can seethat the syndromes is the binary sum of columnsof

H whoseindicescorrespond to the positions of onesin the error pattern e. Because

H is sparseand e has low weight at medium to high SNR, the positions of onesin

thesecolumnstend to be unique, thus the weight of s is approximately the weight of

e times the averagecolumn weight of H . By selectingthe point wherethe syndrome

has minimal weight for our decision,we approximately minimize the weight of the

error pattern as well. However, sincethis is a hard-decisionindicator, it usually has


at valleys (seeFig. 4.8) which makesfurther choiceof decisionpoints within these


at regionsdi�cult.
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This problem can be solved by using the soft-decision\syndrome". We only have

to make a slight changeto Eq. 2.9 to obtain this soft-decisionindicator.

tanh
ssof t

2
=

dcY

j =1

tanh
vj

2
: (4.8)

Note that the product is taken over all the dc incident edgesof a constraint nodes

in Eq. 4.8. For a satis�ed constraint node, the value of ssof t is a large positive

number which forcesthe correspondent parity check to zero. Otherwise,for a violated

constraint node, the value of ssof t is negative. Thus we can �nd the number of

unreliable constraints by counting the number of negative soft syndromesamongall

the constraint nodes. This indicator is denotedin Fig. 4.8 by the thick solid curve.

As we can see, it is a better indicator than its hard-decisioncounterpart since it

has a sharper minimum region. In our simulations, soft decisioniterativ e decoding

is applied and a decisionis made during the �rst 200 iterations when the smallest

number of constraints are violated.

To make a fair comparisonbetweenour codes and other researchers' codes, we

did not usethe smart decisionpoint algorithm in Fig. 4.3, 4.5, and 4.6. It shouldbe

noted that the smart algorithm can further reducethe error 
o or in those casesby

half an order in magnitude.

4.4 Summary

This chapter showed simulation results for our LDPC code construction algorithm.

We also introduced a \smart decisionpoint algorithm" that choosesgood decision

points for BIAWGN channels. The next chapter will discussfuture work on LDPC

codes.
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Chapter 5

Rate-Compatible LDPC Codes

Many factors can changethe characteristics (or states) of communication channels.

Thesefactors include multipath fading, temperature/moisture change,hostile jam-

ming, and user-speci�ed settings. A robust communication system should provide

bandwidth closeto capacity under various channel conditions. For example,the 3G

CDMA speci�cation IS-856supports 12data ratesrangingfrom 38.4to 2,457.6Kbps.

The corresponding code rate variesbetween1=5 and 1=3.

Rate-compatiblecoding is appropriate for communication systemsthat may ex-

periencea range of operating SNRs but that seekto adhereto a single underlying

codec structure. Traditionally, to achieve rate-compatibility, we have to indepen-

dently build several subsystemsthat operate at di�eren t code rates, and switch be-

tweenthem accordingto channel state information. However, this schemeincreases

the design,setupand maintenancecost. A moree�cien t and 
exible rate-compatible

schemeis desired.

Punctured codes have long been used to achieve rate-compatibility. Mandel-

baum [Man74] �rst proposedpunctured Reed-Solomoncodes with incremental re-

dundancy. Cain et al. [CCG79] introducedpunctured convolutional codeswith code
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rates (n � 1)=n. This methodology was extendedby Hagenauer[Hag88] to Rate-

Compatible Punctured Convolutional (RCPC) codes,which allowed many continu-

ouserror protection level within a data frame. Soon after the invention of turb o codes

[BGT] in the early 1990s,Barbulescuet al. [Bar95] developed the Rate-Compatible

Punctured Turbo (RCPT) codes. Wesel[WLS] introduced punctured trellis codes,

with emphasison avoiding catastrophicevents by proper selectionof puncturing pat-

terns. The puncturing pattern designwasalsodiscussedin [KS]. Ha et al. [HM] ap-

plied rate-compatiblepuncturing to the newly rediscoveredlow-density parity-check

(LDPC) codes.

Comparedto the family of convolutional codesand turb o codes (which include

convolutional codes as constituent codes), LDPC codes can provide more 
exible

rate-compatible communications. For convolutional codes, punctured bits have to

be distributed periodically with short period. In addition, to avoid catastrophic

events, puncturing patterns have to be carefully chosen, which further limits the

rate-variabilit y. LDPC codes,on the other hand, arebasedon largerandombipartite

graphs,or equivalent matrices. Many well-establishedmethodsareavailable in graph

theory and linear algebra to operate on LDPC codes,allowing for almost arbitrary

code rates. Catastrophic events are alleviated by the intrinsic randomnessof LDPC

codes,and further by the technique to be proposedin this contribution.

5.1 Overview of the Prop osed Rate-Compatible

LDPC Codes

Fig. 5.1 shows an exampleof how the proposedmethod achieves low rate 0.2 and

high rate 0.8 from a length-104 mother code that hasrate R0 = 0:5. Information bits
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(b) Parit y puncturing to achieve R = 0:8.

Figure 5.1: Proposedrate-compatibleschemefor center rate R0 = 0:5.
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are on the left side (white area) and parity bits on the right side (shadedarea).

To achieve R = 0:2 from the rate 0.5 mother code, zerosare used instead of

payload data for the leftmost 3750information bits in the encoding/decoding process.

To achieve R = 0:8 from the rate 0.5 mother code, the rightmost 3750parity bits

are punctured. The number of information bits nulled and the number of parity bits

punctured can be varied to achieve a wide range of code rates. For reasonsto be

described, rates above R0 are achieved exclusively through parity puncturing and

rates below R0 exclusively through information nulling. We will proposea column

degreeassigningalgorithm that endeavors to �t the degreesequenceassociated with

a given code rate to the sequencethat is asymptotically optimal for that rate.

5.2 Weight-Assigning Algorithm

We use density evolution ([RSU01][HM]) to �nd the node-wisedegreedistribution

~� (R)
i , 0 � R � 1. To reducedesigncomplexity, variable degreeis only allowed to be

2, 3, 4, or 10. ~� (R)
i is further normalizedto

~L (R)
i =

8
>><

>>:

1� R0
1� R

~� (R)
i ; if 0 � R � R0,

~� (R0 )
i

�
1 � � (R)

i

�
; if R0 < R � 1,

(5.1)

where ~L i represents the fraction of degree-i variables of the rate-R scheme with

respect to the mother code and � (R)
i (see[HM]) represents the fraction of punctured

degree-i variables. ~L i is plotted in Fig. 5.2.

The curves in Fig. 5.2 must be extrapolated to code rate 0 and 1 for a full
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Figure 5.2: Normalizednode-wisedegreedistribution ~L i .

description of the mother code. The extrapolation must satis�ed

~L (0)
i + ~L (1)

i = ~L (R0 )
i ; (5.2)

because~L (0)
i describes the normalized distribution of the parity portion of H , ~L (1)

i

describesthe normalizeddistribution of the information portion of H , and their sum
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Column Degree Allo cation

ni = 0, i = 2; 3; :::; dv � 1;

for (column � = 1; � � n; � ++)

x = �
n ;

if (x < R0)

pi = n �
n

~L (R0 )
i � ~L (R0 � x)

i

o
� ni , i = 2; 3; :::; dv � 1;

else

pi = n � ~L (1� x+ R0 )
i � ni , i = 2; 3; :::; dv � 1;

endif

j = argmax
i

f pi g;

Assign the degreeof column � to j ;

nj ++;

end

5.3 Adv antage of the Prop osed Scheme

We proposethe lower triangular structure in Fig. 5.1 for two reasons.

5.3.1 E�cien t Enco ding

First, the parit y matrix satis�es the structure proposedby [RU01] and hencehasan almost

linear time encoder.

A traditional LDPC encoder involves multiplying the messagevector and the dense

generatormatrix. The computation complexity of this algorithm is O(n2). Richardsonand

Urbanke [RU01] proposedan encoder with a lower triangular structure similar to Fig. 5.1.

Their approach can be described as:

65



1. Construct a random parit y matrix

H =

0

B
@

A B T

C D E

1

C
A ; (5.3)

where T is a lower-triangular matrix. A and C correspond to information bits and

all other submatrix form a squarematrix corresponding to parit y bits. A codeword

is also divided into three parts: c = (m p1 p2), where m represents the message

(information bits), p1 and p2 represent the parit y bits.

2. Obtain an alternativ e parit y matrix by row-transform

H =

0

B
@

A B T

� ET � 1A + C � ET � 1B + D 0

1

C
A : (5.4)

3. De�ne � = � ET � 1B + D. If � is non-singular,wecancalculatepT
1 = � � � 1(� ET � 1A+

C)mT in almost linear time, and calculate pT
2 = � T � 1(AsT + B pT

1 ) in linear time

with back-substitution.

The proposedalgorithm performs puncturing on p2. Our approach is di�eren t from the

onedescribed in [RU01] in two ways. First, we construct the matrix in a column-by-column

fashion instead of by column and row permutation. The sizeof the upper triangular matrix

is adjustable as long as it covers all the punctured bits in the highest rate scheme. Second,

in our algorithm, � is guaranteed to be non-singular by the full-rankness of H .

5.3.2 Error Flo or Suppression

Second,the proposedstructure can suppresserror 
o ors. Recall that to form a stopping

set, each constraint neighbor of a variable set must connect to this variable set at least

twice. Any column (variable) subset of portion (2) in Fig. 5.1(b) is not a stopping set,
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becausethe leftmost column of this subsethas at least a neighbor (the upmost \1" of this

column) that is singly connectedto this set.

5.3.3 Wh y Nulling and Puncturing?

Alternativ ely, information nulling or parit y puncturing can be conducted separately to

achieve rate compatibilit y. However, neither technique works aswell asthe proposedhybrid

technique when used over a wide range of rates. If only information nulling is employed,

the high rate codes will contain a relatively large number of columns, leading to a large

number of cyclesand stopping sets. Thesecodestructures negatively a�ect the performance

of messagepassingdecoders (see[RSU01]). If we useparit y puncturing alone to get a rate

0.8 code from a rate 0.2 code, we will have to puncture 75% of the bits (i.e., 93.75%

parit y bits). Such heavy puncturing signi�cantly increasesthe error 
o or becausea large

punctured set increasesthe chance of punctured stopping sets, and punctured stopping

setscannot be corrected ([DPT + 02] [TJVW a]). In addition, heavy puncturing reducesthe

e�ectiv e block length of high rate codes. Short block length harms code performance. In

the above example, the rate 0.8 code only transmits 25% of the bits that are transmitted

for rate 0.2. In contrast, for the proposedscheme,the rate 0.8 code transmits 62.5%of the

total bits.

5.4 Simulation Results

Simulation results for Additiv e White Gaussian Noise (AWGN) channels are shown in

Fig. 5.3. The degreedistribution pro�le of the mother code is described by Fig. 5.2.

The mother code is generated by the ACE algorithm with the further constraint that

columns be allocated per the degreeallocation technique of the previous section. The

parit y matrix is also constructed to have a semi-lower triangular form as this prevents

stopping set activation due to parit y puncturing.
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Figure 5.3: Es=N0 simulation results. AWGN channel.

It should be noted that when we applied the ACE algorithm to the multi-rate scheme,

we enforced lower rate codes to have higher ACE parameters. We enforcedAC E = 9 and

set � AC E to be 6, 5, 4 and 3 for R = 0:1, 0.2, 0.3 and 0.4 respectively. This step is crucial

to further suppressthe error 
o or of low rate code schemes.

The error 
o ors of R = 0:6 and 0.7 are too low to be detected. Highest rates R = 0:8

and 0.9 do not show a distinct error 
o or. Instead, their curves transit gradually from a

steepwaterfall region to the error 
o or region. The mother code R = 0:5 hasan error 
o or

just above 10� 8. With the decreaseof code rate, higher error 
o ors are observed.

Fig. 5.4 plots Shannoncapacity and the Eb=N0 neededfor the simulation code to reach

BER = 10� 6. It shows an asymmetric degradation around R0 = 0:5.

On the high rate side, R = 0:6 has a larger gap to capacity than other codes. This

is becausethe R = 0:6 parit y matrix has a larger portion of active triangular columns,

which reducesthe randomnessof the code. In contrast, the highest rate code R = 0:9,

has no active triangular columns. In addition, high rate codes enjoy smaller performance
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Figure 5.4: Gap to BPSK capacity bound.

gap becausecoded systematic bitstreams asymptotically approach the uncoded bitstream

at R ! 1.

On the low rate side, the gap to capacity increasesmore rapidly as the code rate

decreases.The reasonis two-fold. First, low rate codesare shorter, e.g., code R = 0:1 has

only 5556bits instead of 10000bits. Second,when the normalized degreedistribution (Fig.

5.2) wasconstructed, the distribution around R = 0:1 waschangedslightly to satisfy (5.2).

Therefore, the deviation of low rate distributions from the density evolution distribution is

larger.

5.5 Summary

We combined information nulling and parit y puncturing techniques for LDPC codes. The

proposedschemeachievesclose-to-capacity performanceacrossa wide range of code rates.
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Chapter 6

Compression of Correlated Sources

Using LDPC Codes

In previous chapters, we have discussedLDPC codes used in channel coding scenarios.

In this chapter, we will further apply LDPC codes to compressingmemory correlated

binary sources,wherethe correlation betweensourcesis de�ned by a Hidden Markov Model

(HMM). In order to achievethis goal, the standard approach in density evolution is modi�ed

to incorporate the HMM. The proposedscheme is then applied to the design of irregular

LDPC codesthat optimize the system performance.

6.1 Finite-State Mark ov Channels and

Gilb ert-Elliott Channels

A Finite-state Markov Channel (FSMC) can be modelled asa markov chain Sn which takes

values in a �nite spaceC of memorylesschannelswith �nite input and output alphabets.

The conditional input/output probabilit y is p(yn jxn ; Sn ), wherexn and yn denotethe chan-

nel input and output respectively. The channel transition probabilities are independent of

the input. If the transmitter and receiver have perfect channel state information (CSI),
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then the capacity of the FSMC is just the statistic average over all states of the corre-

sponding channel capacity [MBD89]. On the other hand, with no CSI or the transition

structure, capacity is reduced to that of the Arbitrarily Varying Channel [CK81]. An in-

termediate casewas consideredin [GV96], where the channel transition structure of the

FSMC is known.

A correlated sourcepair can be de�ned on a binary FSMC as follows. The correlation

betweenthe sourcesis generatedin the following way:

� Generatea symmetric i.i.d. sequenceU 1 (P(u1
k = 0) = P(u1

k = 1) = 1=2).

� De�ne the sequenceU 2 as u2
k = u1

k � ek , where � indicates modulus 2 addition and

ek is a binary random variable generatedby an HMM � = f A; B ; � g. Let the set of

states in this model be Sj ; 0 � j � S � 1. De�ned on these states, there are three

parameters in this model: A = (aij ) is the matrix of transition probabilities among

states (where aij = Pt (Sj jSi ); 0 � i; j � S � 1 is the transition probabilit y from state

Si to state Sj ), B = (bj v) is the list that gives the bit probabilit y to associate with

each state (where bj v = Po(vjSj ); 0 � j � S � 1; v 2 f 0; 1g is the probabilit y of

getting output v in state Sj ), � is the initial distribution of each state.

As a special caseof the FSMCs, a Gilb ert-Elliott (G-E) channel has only two states: a

`good' state (S0) and a `bad' state (S1). The input and output alphabets are binary and

the channel at any speci�c state is a BSC. The BER at the `good' state is lower than the

BER at the `bad' state.

For simplicit y, we considercorrelated sourcesde�ned on a G-E channel. There are four

parameters in this model: b is the transition probabilit y from S0 to S1, g is the transition

probabilit y from S1 to S0, pG and pB are the probabilities to generatea one in the `good'

and the `bad' state respectively. This model is shown in Fig. 6.1 with parameters.

[MBD89] elaborated the relationship betweenchannel capacitiesde�ned in three di�er-

ent ways. The capacity of the interleaved channel, under the assumption of no memory, is

denoted by CN M . This capacity is lower than C � , the capacity of the E-B channel, where
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Figure 6.1: The E-B channel model.

� = 1 � b � g is called the memory measure. C � in turn is lower than CSI , which is the

capacity assumingthat the CSI is perfectly available to the transmitter and the receiver.

For highly persistent channels (� ! 1) and highly oscillatory channels (� ! � 1), C � is

very closeto CSI .

6.2 Enco ding and Non-Zero Syndrome Decoding

The well-known Slepian-Wolf result [SW73] states that when sourceencoding is performed

separately for each sourceand the correlation between the sourcesis also assumedto be

unknown at the encoder, the achievable compressionregion is given by R1 � H (U 1jU 2),

R2 � H (U 2jU 1), R = R1 + R2 � H (U 1; U 2), where H (U i jU j ) is the conditional entropy,

H (U 1; U 2) is the joint entropy, and Ri is the compressionrate for sourcesi .

In this work we develop a density evolution analysisof the systemproposedin [GFZb].

We consider (as in [LXG02]) the caseof asymmetric compression, in which one of the

sourcesis perfectly available to the decoder and the other source is compressedas much
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as possible. Without loss of generality, we will assumethat R2 = 1 and source 1 is to

be compressedto a rate R1 as close to H (U 1jU 2) as possible. Since from an analytical

perspective the compressionof U 1 is equivalent to the compressionof U 1 � U 2 when U 2

is known, we will focus on the decoding of the correlation pattern U 1 � U 2. The encoding

diagram is described in Fig. 6.2.
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Figure 6.2: Encoding processof correlatedsources.

The Slepian-Wolf limit states that `neither encoder knows the other sequencebeing en-

coded'. This requirement canbeachievedby the encoding and non-zerosyndromedecoding

technique described below:
Enco ding and Non-Zero Syndrome Deco ding

1. Encoder 2 compressessequenceU 2 into bitstream c2 .

2. Encoder 1 calculates the syndrome of sequenceU 1 as s1 = U 1H T , where H is

the LDPC parit y matrix.

3. Decoder decompressesbitstream c2 into sequenceU 2 .

4. Decoder calculatesthe syndrome of sequenceU 2 as s2 = U 2H T .

5. Decoder decodessyndrome� s = s1 � s2 by �nding a sequence� U that satis�es

� s = � UH T .

6. Decoder �nds U 1 = U 2 + � U .

It should be noted that step 5 is not error-free. By optimizing the parit y matrix of the

LDPC code, we can approach the Slepian-Wolf limit at very low error rate.
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Fig. 6.3 shows the block diagram of the correlated sourcedecoder.
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Figure 6.3: Messagepassingin the correlatedsourcedecoder.

In addition to n variable nodesand n� k constraint nodes,the decoder hasn correlation

pattern nodes. Thesenodescomprisea block wherethe forward-backward (F-B) algorithm

is usedbasedon the transition trellis. Not including the F-B block, there are �v e typesof

messagespassingin this decoding structure:

1. u messages(from constraint nodesto variable nodes)

2. v messages(from variable nodesto constraint nodes)

3. u0 messages(a priori messagesbasedon observation of channel corrupted signals)

4. g messages(from variable nodesto correlation pattern nodes)

5. t messages(from correlation pattern nodesto variable nodes)
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The �rst three types of messagesexist in the classic LDPC decoder. The other two

typesof messages(g and t) are related to the correlation of the sourcemodel. According

to the principle of messagepassing,for an `equality' function node, the output LLR should

be the sum of all the input LLRs (see[For01]). A variable node is by nature an `equality'

function node, therefore,

g =
X dv

j =0
uj : (6.1)

The F-B block processesthe input g messagesbasedon the correlation model (b, g, pG,

pB ). The output t messagesof the F-B block will be further combined with u0 and u to

generatethe outgoing v messagesof variable nodes:

v = t +
X dv � 1

j =0
uj : (6.2)

The remaining problem is to model the relationship between the input and output of the

F-B block, i.e., to �nd the function f that de�nes t = f (g). The next section will solve

this problem.

6.3 LLR Evolution in the

Forw ard-Bac kw ard Algorithm

In order to designa density evolution schemefor correlated sourcesin which the correlation

is de�ned by HMMs [BCJR74], we needto understand how LLRs evolve in the F-B block.

Given that the kth correlation pattern bit e(k) is one with extrinsic probabilit y p(k) , we

needto update this probabilit y for the next iteration (denoted as p0(k) ). The basic unit in

the F-B trellis is shown in Fig. 6.4,

De�ne the forward state probabilit y to be a row vector � (k) = [� (k)
0 � (k)

1 ], where � (k)
i

is the probabilit y that the k th correlation pattern bit is in state Si . Similarly we de�ne

the backward state probabilit y to be a column vector � (k) = [� (k)
0 � (k)

1 ]T . The boundary
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e(k) = 1 pG(1-b)p(k) 

e(k) = 0 (1-pB)(1-g)(1-p(k)) 

e(k) = 1 pB(1-g)p(k) 

e(k) = 0 (1-pB)g(1-p(k)) 

e(k) = 1 pBgp(k) 

e(k) = 0 (1-pG)b(1-p(k)) 

e(k) = 1 pGbp(k) 

Figure 6.4: The basicunit in the F-B trellis

conditions can be set to be the stationary distribution: � (0) = � (n)T =
�

g
g+ b

b
g+ b

�
. One

step in the F-B algorithm can be described as

� (k+1 ) = � (k)Q(k) ; (6.3)

and

� (k+1 ) = Q(k) � (k) ; (6.4)

where

Q(k) =

2

6
4

Q(k)
00 Q(k)

01

Q(k)
10 Q(k)

11

3

7
5 ; (6.5)

Q(k)
00 = (1 � pG) (1 � b)

�
1 � p(k)

�
+ pG (1 � b) p(k) ,

Q(k)
01 = (1 � pG) b

�
1 � p(k)

�
+ pGbp(k) ,

Q(k)
10 = (1 � pB ) g

�
1 � p(k)

�
+ pB gp(k) ,

Q(k)
11 = (1 � pB ) (1 � g)

�
1 � p(k)

�
+ pB (1 � g) p(k) .
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The F-B updating rule is given by

p0(k)
0 = � (k)

2

6
4

(1 � pG) (1 � b) (1 � pG) b

(1 � pB ) g (1 � pB ) (1 � g)

3

7
5 � (k) ; (6.6)

p0(k)
1 = � (k)

2

6
4

pG (1 � b) pGb

pB g pB (1 � g)

3

7
5 � (k) ; (6.7)

p0(k) =
p0(k)

0

p0(k)
0 + p0(k)

1

: (6.8)

By using likelihood ratios instead of probabilities, a simpler representation of the F-B

algorithm is obtained as follows

� 0 =

2

6
4

(1 � pG) (1 � b) (1 � pG) b

(1 � pB ) g (1 � pB ) (1 � g)

3

7
5 ; (6.9)

� 1 =

2

6
4

pG (1 � b) pGb

pB g pB (1 � g)

3

7
5 ; (6.10)

l (k) =
1 � p(k)

p(k)
; (6.11)

Q(k) = � 0l (k) + � 1; (6.12)

l0(k) =
p0(k)

0

p0(k)
1

=
� (k) � 0� (k)

� (k) � 1� (k)
=

�

g b

�
k� 1Q

i =0
Q(i ) � 0

nQ

j = k+1
Q(j )

2

6
4

g

b

3

7
5

�

g b

�
k� 1Q

i =0
Q(i ) � 1

nQ

j = k+1
Q(j )

2

6
4

g

b

3

7
5

(6.13)
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� lim
k!1

�

g b

�
k� 1Q

i =0
Q(i ) � 0

2kQ

j = k+1
Q(j )

2

6
4

g

b

3

7
5

�

g b

�
k� 1Q

i =0
Q(i ) � 1

2kQ

j = k+1
Q(j )

2

6
4

g

b

3

7
5

; (6.14)

where (6.14) is obtained by neglecting the \edge e�ect" at the beginning and the end of a

code (note that an LDPC code usually contains more than 103 bits).

For generic symmetric channels (see [RSU01]), the distribution of a variable output

LLR messageis well approximated by a Gaussiandistribution whosemean(m) and variance

(var ) arerelated asvar = 2m. If the channel is memoryless,wecanusean all-zerocodeword

to test the performanceof all possiblecodewords. Thus the Gaussiandistribution in the

test condition always has a positive mean with BPSK mapping: 0 ! +1=1 ! � 1.

Our HMM model is characterized by bit-
ipping. It follows that the initial LLR dis-

tribution is impulsive (see[RSU01]). However, after a few iterations, the LLR distribution

tends to be likea Gaussian. A caveat is that the traditional Gaussianapproximation cannot

be directly applied when we usethe non-zero-syndromedecoding for the HMM model: we

have to considerthe sign of a correlation pattern bit. If the bit is 0, its F-B input Gaussian

has a positive mean m; if the bit is 1, its F-B input Gaussianhas a negative mean � m.

The variance and m still satisfy var = 2m. To provide a normalized LLR, we change the

sign of the output LLR if its associated correlation pattern bit is 1. The resulting metric

represents the log-likelihood reliabilit y of the output of the F-B algorithm.

Tab. 6.1 lists the parameters of three test sources. Source 1 is highly oscillatory,

while source 2 and 3 are highly persistent. The memory measure� and the theoretical

compressionrate R�
1 weredescribed in [MBD89]. As mentioned before,we assumeR2 = 1.

It should be noted that all these sourceshave 50% ones on average, therefore they are

incompressiblewith memorylessencoders. In this case,all the u0 messagesin Fig. 6.3 are

zero.
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source b g pG pB � R�
1 � est � simu

1 0.99 0.935 0.05 0.925 -0.925 0.515 1.82 2.05
2 0.03 0.033 0.07 0.973 0.937 0.448 2.22 2.42
3 0.01 0.011 0.055 0.9895 0.979 0.279 3.05 3.28

Table 6.1: Statistics of the test sources.

The LLR simulation results using 5000 bits for source1 are shown in Fig. 6.5. Ob-

viously, the output LLR distribution looks like two impulses with tails on their left sides.

The meanof this distribution is positive, which represents an improvement in the reliabilit y

of correlation pattern nodes after an iteration. In contrast, without the F-B block, the a

priori LLRs ( �u0) of source 1 is zero. We also seethat for higher input LLR levels, the

output LLR distribution has smaller tails and tends to have �ner granularit y.

The F-B input-output characteristics of all the test sourcesare shown in Fig. 6.6(a).

The output corresponding to zero input is �u0 = 0. As the input level increases,the output

LLR saturates to a value that we call �. In Tab. 6.1, � simu represents the value of

� obtained from simulation and � est represents the estimate obtained with the method

described in the Appendix.

As will be discussedin the next section, for sourceswith low a priori messagessuch

as the test sources(where �u0 = 0), the decoding processcan hardly converge. In order

to solve this problem, [GFZb] intro duced periodic synchronization bits. Synchronization

bits are directly transmitted to the decoder with complete reliabilit y. For thesebits (6.12)

should be changedto

Q(k) =

8
>><

>>:

� 0; if this bit is 0;

� 1; if this bit is 1:

(6.15)

The decoder structure with synchronization bits can be illustrated in Fig. 6.7. The g

messagespassedfrom synchronization bits areeither + 1 or �1 , becausewehavecomplete

con�dence in their values. E�ectiv ely, the wholeF-B block is broken into smallerF-B blocks
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Figure 6.6: Input-output characteristicsof the F-B block generatedby simulation.

marked by the synchronization bits. Each smaller F-B block has deterministic staring bit

and ending bit.

Fig. 6.6(b) shows the Monte-Carlo simulation result for source 1 with di�eren t rate

of synchronization bits. Note that the initial LLR output increaseswith the intro duction

of synchronization bits. Becausesynchronization bits intro duce a transmission overhead,

there is an optimal percentage of synchronization bits for given sourceparameters. This
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Figure 6.7: Messagepassingwith two synchronization bits.

issuewill be addressedshortly.

6.4 Densit y Evolution Optimization of

Irregular LDPC Codes for Correlated Sources

Chung et al. [CRU01] designeda density evolution optimization algorithm basedon linear

programming and a Gaussianapproximation. Divsalar et al. [DDP01] illustrated density

evolution for various turb o-like codesby examining the iterativ e decoding tunnel between

two SNR characteristic curves. The shape of this tunnel directly a�ects the convergenceof

an iterativ e decoder. With similar methodology, we proposean iterativ e decoding tunnel
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for LDPC codes. This method is applicable to binary erasure channels (BECs) as well

as binary-input additiv e white Gaussian noise channels (BI-A WGNCs). For simplicit y,

we only intro duce the BI-AWGNC analysis here. First we reformulate Chung's density

evolution equation [CRU01] as

�ul =
X

j

� j � � 1

8
<

:

"
X

i

� i � ( �u0 + (i � 1)�ul � 1)

#j � 1
9
=

;
; (6.16)

�u1 = 0; (initial condition) ; (6.17)

where �u0 = 2
� 2 is the mean of the a priori log-likelihood ratios (LLRs) and �ul is the mean

of the LLRs generatedby constraint nodesafter the l th iteration. The � function is de�ned

to be

� (x) =

8
>><

>>:

1p
4� x

R
R tanh

� u
2

�
exp

�
� (u� x)2

4x

�
du; if x > 0,

0 if x = 0.

(6.18)

To examine the LLR evolution in an LDPC code system, we separate(6.16) into two

equations.

�ul =
P

j
� j � � 1

�
�T j � 1
l � 1

�
, (6.19)

�Tl =
P

i
� i � ( �u0 + (i � 1)�ul ) , (6.20)

where �Tl = E
�
tanh vl

2

�
, �vl is the mean of the LLRs generatedby variable nodesafter the

l th iteration. Equations (6.19) and (6.20) for an irregular rate 1/2 code (see[RSU01]) are

plotted as the upper curve and the lower curve in Fig. 6.8.

An iterativ e decoding processbeginsat the origin and get through the tunnel bounded

by the two curves in a manner similar to climbing a staircase. If the tunnel is open, the

decoding processsucceedswith in�nite LLR achieved. If there are bottlenecks inside the

tunnel, the LLR will block at the �rst (lowest) bottleneck.

The upper curve is �xed for given degreedistributions and it always passesthe origin.
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Figure 6.8: Density evolution curvesfor an irregular LDPC code. dv = 12, � = 0:80.
The upper curve represents (6.19) and the lower curve represents (6.20).

The position of the lower curve dependson both degreedistributions and channel param-

eters. This curve passespoint ( �T = �( �u0), �u = 0). As the noise power (� 2) increases,

�u0 decreasesand the two curves becomecloser to form a narrower tunnel. The threshold

noisepower of a code is evaluated when the two curvestouch. By imposing the constraint

that the iterativ e decoding tunnel is open, we can designthe following linear programming

algorithm that optimizes the degreepro�le of irregular LDPC codes.

Traditional Optimization Algorithm:

For �xed � , maximize 1
1� R =

R
�R
� such that

dvP

j =2
� j = 1, � j � 0,

P

i
� i � ( �u0 + (i � 1)�u) > �T for many

� �T ; �u
�

pairs that satisfy

8
><

>:

�u =
P

j
� j � � 1

� �T j � 1
�

� ( �u0) < �T < 1

,

� 2 < 1
� 0(1) exp( �u 0

4 )
.

The last inequality represents the stabilit y constraint that enforcesgood code perfor-

mance at high LLR (see [RSU01]). The above algorithm is similar to Chung's [CRU01]

original optimization technique while providing a more intuitiv e depiction of the iterativ e
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decoding tunnel.

In the standard density evolution process,variable nodes are connectedto half edges

representing a priori messages( �u0 in (6.20)). The density evolution algorithm extendsnat-

urally to correlated sources.We only have to substitute �u0 with the F-B output generated

by the F-B input of the current iteration. For a degree-i variable this input is the sum of

�u0 and i �ul , where �ul is the averageLLR generatedby constraint nodesin the l th iteration.

Thus the density evolution processfor correlated sourcescan be described as

�ul =
P

j
� j � � 1

�
�T j � 1
l � 1

�
, (6.21)

�Tl =
P

i
� i � (f ( �u0 + i �ul ) + u0 + (i � 1)�ul ) , (6.22)

where f (�) represents the input-output characteristics of the F-B block. The new density

evolution algorithm that considersthe F-B characterization is given by

Prop osed Optimization Algorithm:

For �xed � , maximize 1
1� R =

R
�R
�

s.t.
dvP

j =2
� j = 1,

� j � 0,
P

i
� i � (f ( �u0 + i �ul ) + u0 + (i � 1)�u) > �T for many

� �T; �u
�

pairs that satisfy
8
><

>:

�u =
P

j
� j � � 1

� �T j � 1
�

� ( �u0) < �T < 1

,

� 2 < 1
� 0(1) exp( �u 0

4 )
.

Recall that for sourceswith small a priori messagesweusesynchronization bits, because

the lower curve in Fig. 6.8 starts from a point at or very closeto the origin in this case. It

should also be noted that the f (�) function in the proposedalgorithm represents the F-B

characteristics with corresponding percentage of synchronization bits.
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6.5 Analytical and Simulation Results

For given source parameters, we can �nd the code that optimizes compressionrate R1.

Let the fraction of synchronization bits be � , then the source-coding (compression) rate

is R1 = (1 � R + � )=(1 + � ). Fig. 6.9 shows the R1 � � curves for source1 (both the

proposedand the traditional algorithm). Obviously, the proposedmethod achievesa better

compressionrate with lesssynchronization bits.
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Figure 6.9: Theoretical R1 � � curvesfor source1.

Tab. 6.2 shows the optimum R1 and � data for the test sources. For regular codes,

we listed simulation results from [GFZb]. For irregular codes, we listed both theoretical

thresholds and simulation results for the proposedtechnique. All the simulations are per-

formed on codes with 16,400bits. In general, the proposedalgorithm generatesirregular

codesthat outperform regular codes. However, for source(3), the irregular code performs

worse than the best regular codes. The reason is that the Gaussianapproximation used

in the proposedalgorithm is inaccurate for the �rst several iterations, which compromises

the optimalit y of the proposedalgorithm. Solution to this issue lies in an exact density

evolution analysis without the Gaussianapproximation.

We alsonoticed that the degreepro�le generatedwith the proposedalgorithm is signif-
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source (R1; � )r eg
SI M U (R1; � ) ir r eg

T H E O (R1; � ) ir r eg
SI M U

1 (0.666,0.20) (0.599,0.05) (0.634,0.15)
2 (0.582,0.20) (0.544,0.05) (0.577,0.13)
3 (0.423,0.08) (0.413,0.02) (0.434,0.06)

Table6.2: Rcomp simulation result for regular codesand Rcomp threshold for irregular
codes.

icantly di�eren t from the one generatedwith the traditional algorithm. For source1, the

traditional algorithm yields

� (x) = 0:21704x + 0:18592x2 + 0:02477x5 + 0:23672x6 + 0:3355422, (6.23)

while the proposedalgorithm yields

� (x) = 0:19785x + 0:61618x2 + 0:11814x10 + 0:0678230. (6.24)

Obviously the codesoptimized for correlated sourceshave higher concentration on degree-3

variables in stead of degree-2variables.

6.6 App endix: Estimation of F-B Characteristics

If we consideronly the two immediate neighbors of an correlation pattern bit, then (6.13)

becomes

l0(k) �

�

g b

�
Q(k� 1) � 0Q(k+1)

2

6
4

g

b

3

7
5

�

g b

�
Q(k� 1) � 1Q(k+1)

2

6
4

g

b

3

7
5

: (6.25)
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Source1 is highly oscillatory (� = 1 � b� g = 1 � 0:99 � 0:935= � 0:925). The crossover

probabilit y of the `good' state is low (pG = 0:05) and that of the `bad' state is very high

(pB = 0:925). Therefore, the two immediate neighofan correlation pattern bit tend

to64734l7.6a
19.1989 th0 or 1 (this

is also true for p4734l7.6a
19.1989ersistensources).The locations of the

two LLR are

a0 �

g

�
� 1� 0� 1

2

6
4

g

64734/R650 10.9091 Tf
10.116 38.169 Td
(3)Tj
19.197 TL
(7)'
6.98402 TL
(5)'
ET Q
1 i
2272 4695 917.625 3.6748 re
f
q 8.33333 0 0 8.33333 0 0 cm BT
/R650 10.9091 Tf
1 0 0 1 272.691 551.886 Tm
(�)Tj
/R641 10.9091 Tf
10.737 -17.136 Td
(g)Tj
15.55171

�
� 1� 1� 1

2

6
4

g

64734/R650 10.9091 Tf
10.116 38.169 Td
(3)Tj
19.197 TL
(7)'
6.98402 TL
(5)'
/R647 10.9091 Tf
11.502 25.416 j
/R�2:70; (6.26)

and

a1 �

g

�
� 0� 1� 0

2

6
4

g

64734/R650 10.9091 Tf
10.116 38.169 Td
(3)Tj
19.206 TL
(7)'
6.975 TL
(5)'
ET Q
2272 3675 917.625 3.6748 re
f
q 8.33333 0 0 8.33333 0 0 cm BT
/R650 10.9091 Tf
1 0 0 1 272.691 429.486 Tm
(�)Tj
/R641 10.9091 Tf
10.737 -17.136 Td
(g)Tj
15.55171

�
� 0� 0� 0

2

6
4

g

64734/R650 10.9091 Tf
10.116 38.169 Td
(3)Tj
19.197 TL
(7)'
6.98402 TL
(5)'
/R647 10.9091 Tf
11.502 25.425 Td
(�)Tj
/R644 10.9091 Tf
11.5003 0 Td
(2)Tj
/R641 10.9091 Tf
5.44362 0 Td
(:)Tj
/R644 10.9091 Tf
3.0327 0 Td
(42)Tj
/R641 10.9091 Tf
10.8872 0 Td
(:)Tj
/R644 10.9091 Tf
97.0197 0 Td
((6.27))Tj
-383.682 -66.168 Td
(The)Tj
23.0566 0 Td
(relativ)Tj
30.3049 0 Td
(e)Tj
9.12762 0 Td
(heigh)Tj
1 -22.41of the two impulses canestimated g

g+ b � 0:486 and b
g+ b �

0:514 respectively. Thus for source1, mean of output LLRs is appro ximately 0:486�

2:70+ 0:514� 2:42 =:56, as comparedsim ulation result 2:05.

A more accurateestimate (� est in T4734l7956431l71) canobtained 647345.7485
19.1989ytaking a weighted sumof all the p4734l7.6a
19.1989ossiblevaluesof (6.25).every bit haswo states (`good' or `bad')twoerror states(`correct' or `error'), the computation complexity is 43 = More neighorbits

give 64734l7.6a
19.1989etter

estimateswithexp onentially increasingcomplexity Monte-Carlo sim ulationis faster when neighbits in our sim ulations)involved.88



6.7 Summary

In this chapter, we developed a density evolution analysis for compressionof correlated

sourcesusing irregular LDPC codes. This analysis involves a depiction of the iterativ e

decoding tunnel and a linear programming optimization method. Simulation results cor-

roborate the good prediction capabilities of the proposedanalysis.
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