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Abstract— Recent advances in iteratively decoded channel
codes such as low-density parity-check (LDPC) codes make
it possible to operate close to channel capacity limits. The
capacity of a coded modulation is therefore a very useful in-
dicator when analyzing the performance of a near infinite-
length code under maximum likelihood (ML) decoding. In
this work, we analyze the behavior of LDPC codes of moder-
ate lengths using belief propagation (BP) based decoding al-
gorithms. We found that in many cases analyzing the capacity
of the coded modulation is not enough to predict which con-
stellation will yield the best error rate performance in a Gaus-
sian noise channel. For the case of M-ary constellations with
M=8 and 16 we show how a lower error rate can be achieved
by making simple changes to constant envelope phase-shift
keying (PSK) constellations. Modifying these constellations
translates to an increase in the mean log-likelihood ratio of
some of the received bits, resulting in an improvement in per-
formance.
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1. INTRODUCTION

Shannon in [1] defined the channel capacity C' as the max-
imum rate at which information can be transmitted over a
noisy channel. Turbo-like codes and LDPC are known for
their near-capacity performance. Low-density parity-check
(LDPC) codes were proposed by Gallager in the early 1960s
[2,3]. The structure of Gallager’s codes (uniform column and
row weight) led them to be called regular LDPC codes. Gal-
lager provided simulation results for codes with block lengths
on the order of hundreds of bits. However, these codes were
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too short to approach Shannon capacity (which is achievable
in the limit of infinite block length). Furthermore, the com-
putational resources to support longer random codes were
decades away from being broadly accessible. In his original
work, Gallager also introduced several decoding algorithms
to decode LDPC codes, such as the sum-product or belief
propagation (BP) algorithm that has since been used in factor
graphs.

Following the ground breaking demonstration by Berrou et
al. [4] of the impressive capacity-approaching capability of
long random linear (turbo) codes, MacKay [5] re-established
interest in LDPC codes during the mid to late 1990s. Luby
et al. [6] formally showed that properly constructed irreg-
ular codes can approach capacity more closely than regular
codes. As in the case of turbo codes, LDPC codes belong to
the class of codes that can be efficiently decoded via iterative
techniques. Chung et al. show in [7] how an LDPC code of
length 107 can perform within 0.04 dB of the Shannon limit
using a maximum of 2000 iterations.

A significant research effort is underway in the area of study-
ing unequal error protection as a method of improving error
rate performance. A common approach is to design an in-
terleaver to compensate the unequal error protection of cer-
tain modulations with the irregular protection from different
node degrees in an LDPC code. In [8] the authors propose
a bit reliability (BR) mapping such that the most significant
bit (MSB) of an M-ary constellation are interleaved to the
higher order variable nodes and the least significant bit (LSB)
are mapped to low degree nodes. This approach tends to pro-
tect the most reliable bit-planes by mapping them to higher
level variable nodes that are less susceptible to transmission
errors. Maddock in [9] introduces a search algorithm to de-
termine an interleaver that will minimize the number of check
nodes with more than one unreliable bit connected to them.
At the same time their algorithm minimizes the number of
check nodes with no unreliable bits connected to them. The
method proposed in this work provides a similar effect as [8]
by rearranging the constellation points in space instead of us-
ing an interleaver that is dependent on the code structure. The
proposed constellations also outperformed M -ary phase-shift
keying (M-PSK) when regular LDPC codes were used, and
the method in [8] could not be applied.



For codes of practical lengths using two dimensional con-
stellations, we evaluated the error rate performance of iter-
atively decoded LDPC codes codes using a BP decoder using
the model shown in Figure 1. We designed an M-ary con-
stellation where half of the symbols had greater energy (and
therefore greater error protection) than the other half. Con-
stant envelope PSK constellations, with symbols uniformly
distributed along a circle of radii p = 1, were converted
to amplitude phase-shift keying (APSK) constellations with

radii p =1 £6.

The capacity of a channel is the tightest upper-bound on the
amount of information that can be reliably transmitted over
that channel. In [1], Shannon showed that the channel capac-
ity of a given channel is the limiting information rate that can
be achieved with arbitrarily small error probability. For an
additive white gaussian channel (AWGN), the capacity limit
can be achieved by an input signal with a gaussian distribu-
tion (not a practical modulation). The constrained modula-
tion capacity (CMC) [10] indicates the information rate that
can be achieved with a particular modulation. Higher val-
ues of CMC indicate that more information can be transmit-
ted through a particular channel. The CMC can therefore be
used as an indicator of the relative performance between two
constellations, where modulations with larger CMC are likely
to produce lower error rates. In [11], the authors develop a
technique where capacity is used as a metric to careful place
constellation points to design efficient constellations. The au-
thors show how this method improves the bit error rate per-
formance for PAM modulations using LDPC codes. In this
work, we show that for some values of §, PSK constellations
with lower CMC had better error performance than constant
envelope modulations with larger CMC. For M -ary constel-
lations with M=8 and 16, we experienced a gain of between
0.2-0.5 dB by simply modifying the constellation points by
choosing proper values of §. Transmitting some symbols
with additional energy results in larger log-likelihood ratios
(LLRs) for the corresponding demodulated bits at the de-
coder. We make the conjecture that the overall code perfor-
mance under iterative decoding can be improved when these
larger LLRs are propagated through the graph. We will show
how the increased bit reliabilities due to the additional energy,
quickly compensates the least reliable information from bits
corresponding to lower energy symbols.
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Figure 1. Block diagram of communication system

The rest of the paper is organized as follows. Section 2 an-
alyzes the constrained capacity of different M-ary constel-
lations. Section 3 describes the technique used to find the
proposed constellations. Simulation results are presented in
Section 4. The effects of using the proposed constellations in
practical software-defined radios are considered in Section 5.
Finally, Section 6 concludes the paper.

2. CONSTRAINED CAPACITY OF
M-ARY CONSTELLATIONS

The capacity of a channel can be written as the mutual infor-
mation between the channel’s input signal X and output Y,
maximized over all possible input distributions. The channel
capacity for an AWGN channel with a one dimensional input
can be expressed as:

C = maxpy) [[(X;Y)] = %logg (1 + 2TJ'VEb> (1)
0

where Ej, is the energy per information bit, 7 is the informa-
tion rate and Ny is the noise power spectral density [12]. For
an M -ary modulation, the channel’s input distribution is con-
strained, so no maximization in (1) is required. The CMC is
simply the mutual information between the channel input and
output. The mutual information can be measured by means
of the following expectation:

Cm = 1(X;Y) = Ex n[log(M) + log(p(z|y))] [nats]
E n[Ak .
=loga(M) + ?;Té)] [bits]

2)
where Ay is the log-likelihood of symbol x; [10]. Under
ideal conditions, using a maximum likelihood (ML) decoder,
a constellation with higher capacity should outperform one of
lower capacity. Therefore, as we mentioned in Section 1, the
constrained capacity of a particular modulation is therefore a
good indicator of the relative performance between two con-
stellations [10, 12]. The expectation in (2) was computed for
different M-ary constellations through Monte Carlo simula-
tion using [13]. Figure 2 shows the capacity (in bits per sym-
bol) as a function of signal-to-noise ratio (SNR). Consider
for M =16, a classic 4-12-APSK constellation (sometimes de-
noted as 12-4-APSK), with symbols uniformly distributed in
two concentric rings with p; /p2 = 3.15. This constellation
has an outer ring of radii po with 12 symmetrically-distributed
symbols, and a smaller one with 4 symmetric symbols. We
can see in Figure 2 how this constellation has the largest ca-
pacity for all SNRs. On the other hand, the relative CMC of
16-PSK and 8-8-APSK varies as a function of SNR. For M=8
the capacity of 8-PSK is always larger than the 4-4-APSK
case.

In Figure 3, different error rate performance curves are shown
for the capacity scenarios shown in Figure 2. For the case of
M=8 although the CMC of 8-PSK is higher, the bit error rate
(BER) curves of Figure 3(a) show a 0.2 dB gain at BER=10"°
when 4-4-APSK is used. Lower error rates were explored
by means of a field-programmable gate array (FPGA) LDPC
decoder using DVB-S2 codes [14]. For this case, shown in



4.5

w
«
T

w
T

Capacity [bits per symbol]

N
o
T

—%— CMC of 4-12-APSK in AWGN

—©— CMC of 16-PSK in AWGN

—+&— CMC of 8-8-APSK 6=0.65 in AWGN

—#%— CMC of 8-PSK in AWGN

—4— CMC of 4-4-APSK & =0.45 in AWGN
— - — - Unconstrained 2-D Capacity

15

0 2 4 6 8 10 12 14

Eb/No [dB]

Figure 2. Constrained Modulation capacity as a function of
Ey/No

Figure 3(b), a performance gain of 0.4 dB was achieved at
BER=10"" using 15 iterations and a length n =1600 code.
For M=16, the CMC of 16-APSK with 6 = 0.65 is higher
than that of 16-PSK at low SNRs, and for higher SNRs, the
opposite effect occurs. However, the BER plots show that
the modified constellations always outperform M -PSK for all
SNRs. In both Figures 2 and 3(a), we explicitly included
the case of a 4-12-APSK constellation whose CMC is much
larger than the other 16-ary cases. We can see that the large
gap in capacity cannot be compensated by manipulating the
constellation. For this reason, the error rate performance of
4-12-APSK outperforms the other two cases.

As we explained in Section 1, we believe that the increase
in magnitude of LLRs corresponding to symbols with higher
energy is responsible for the gain in error rate performance.
Highly reliable beliefs propagate through the graph correcting
unreliable information. In Figure 4, we show how the values
of LLRs in the graph increase for the modified constellations.
The increase in reliabilities occurs for all variable node de-
grees in the IEEE 802.11n (n,k) = (1944,972) code. Not
only are the final values of the LLRs larger for the case of
0 = 0.6, but also the convergence rate is significantly faster
for the modified constellations. This effect can be also appre-
ciated in Figure 6.

3. CONSTELLATION MODIFICATION METHOD

For the case of M-ary modulations, the different transmitted
bits (¢m—1,...,¢1,¢0), m = logs (M) have different lev-
els of error protection. For BPSK, every bit ¢j is mapped to
two possible symbols S = {—p, p} on the real axis. Since
both bits are equally protected, enhancing the energy of one
of these two symbols implies equally reducing the energy of
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Figure 3. Bit error rate performance for different constella-
tions, codes, and information rates.

the other symbol. The same analysis applies to QPSK where
the two bits that form every symbol lie on the same bit-planes.
However, for higher order constellations with m > 2, ¢;,—1
and ¢,,,—o have equal protection but the remaining bits do not.

Traditional M-PSK constellations have symbols uniformly
distributed along a circle of radii p = 1. Reducing the
energy of M /2 symbols by moving them to a ring with
p = +/1—9 and enhancing the energy of the remaining
M /2 symbols (keeping the total energy constant) by trans-
lating them to a larger ring with p = /1 4§ results in a
(M/2) — (M/2)-APSK constellation. The two concentric
rings in this new APSK constellation, unlike classic APSK
where all points are uniformly distributed in space, have sym-
bols that are not uniformly distributed within the two rings.

The rearrangement of the constellation was done with the
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Figure 4. Mean log-likelihood ratios (LLRs) for a
(1944,972) LDPC code using 16-PSK and 8-8-APSK for
E,/Ny=1.5 dB. All four variable-node degrees present in the
LDPC code are shown. In all cases the LLR values of APSK
modulated nodes increases faster and converges to a larger
value than its 16-PSK counterpart.

goal of providing extra protection to the MSB of the constel-
lation. Figure 5(a) shows that for an 8-PSK constellation with
symbols s(i) = [c2(i), c1(i),co(2)], the energy for ¢y was
augmented by increasing the power of the real component
of symbols s(0), s(2), s(4) and s(6). The same BER perfor-
mance is obtained by increasing the reliability of ¢; since, for
8-PSK, both c; and cs are equally protected. For the 16-PSK
case, a similar criterion was used. Note that in Figure 5(b) the
symbols with smallest minimum distance (d,;,, ) differ in the
LSB: Co.

Rearranging an M-PSK constellation by moving some sym-
bols together while spreading the rest apart will decrease
the d,,;n of the constellation. For the M=8 constellations
in Figure 5(b), d;,;»,=0.7653 for 8-PSK and d,,;,=0.5676
for 4-4-APSK with 6=0.45. For M=16, d;,;»=0.39018 for
16-PSK and d,,,;,,=0.23083 for 8-8-APSK with §=0.65. The
reduction d,,;, causes a significant error rate degradation
when these APSK constellations are used in uncoded scenar-
ios. For uncoded scenarios Foschini ef al. [15] develops a
numerical method to design unequally spaced constellations.
However when an iterative error-correcting code is used, the
decrease in minimum distance is compensated by the BP de-
coder which propagates messages with stronger LLRs (cor-
responding to the symbols with increased power). These
reliable LLRs, quickly propagate throughout the graph and
correct weaker beliefs from symbols whose energy was re-
duced by the constellation modification. The overall effect is
a larger reliability of the received bits, as shown in Figure 4.
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Figure 5. Proposed APSK constellations compared with tra-
ditional M-PSK .

The M-ary constellations that we use in this work are by
no means the best possible option among all possible two-
dimensional constellations (from a BER sense). For large
values of M the complexity of analyzing all possible com-
binations of M points in space becomes intractable. Our goal
is to show how some simple modifications to a given con-
stellation can produce an error rate improvement at no extra
cost.

The value of ¢ that offers the best error rate performance for
constellations created with our proposed method was found
by a search algorithm. The value of § depends on the con-
stellation size M and on the rate of the code (r = k/n). In
general, we found that for a given modulation and informa-
tion rate, the same value of works well under all SNRs. Some
experimental values of § are shown in Table 1 for the con-
stellations in Figure 5 and different information rates. The
constellation with M=8 used a similar value of § for all code
rates whereas for the larger constellation, & was reduced as
the code rate increased approaching an uncoded scenario.



Figure 6 shows the frame error rate (FER) behavior of a
length n=1944, irregular LDPC code from [16], as a function
of § for two different code rates: R = 1/2 and R = 3/4. As
0 increases (6 = 0 corresponds to classic 16-PSK and 6 # 0
corresponds to 8-8-APSK) , the d,,,;,, of the constellation de-
creases. The FER initially decreases with larger §’s up to a
point where the d,,;, of the constellation is so small that the
error events corresponding to symbols at d,,;;,, dominate the
overall performance. Note how in Figure 6(a) for 6 > 0.7 the
FER rapidly increases. Similarly for the rate 3/4 code in Fig-
ure 6(b), & > 0.5 has negative effects on FER. The results in
Figure 6 were obtained using the length n=1944 codes from
the IEEE 802.11n standard [16]. We also tested these constel-
lations for the different code lengths in the standard observing
similar results. The performance of length n=16200 DBV-S2
codes [14] was evaluated using an FPGA LDPC decoder. For
this case, a gain of 0.4 dB was observed for 8-ary constella-
tions at a BER=10"" using 15 iterations.

§ [M={2,4} [ M=8 | M=16
k/n=5/6 0 045 | 030
K/n=3/4 0 045 | 045
k=172 0 045 | 0.60

Table 1. Experimental values of § for different information
rates and constellation size.

4. SIMULATION RESULTS

A block diagram of the system that was simulated appears in
Figure 1. An M-ary modulator takes m = logz(M) code
bits and maps them to a complex symbol using a given la-
beling scheme. Gray-labeled systems have been shown to
perform better than natural labeled systems and are therefore
used throughout this work [8, 17]. Following the notation
from [8], we use a consecutive-bit (CB) bit mapping strategy.
In CB mapping, m consecutive bits from a binary codeword
are mapped (without interleaving) to a constellation symbol.
The BR technique proposed in [8] and introduced in Section
1, was also tested in conjunction with our technique, but of-
fered no performance improvement for the scenarios shown
in Figure 3. For our system model, AWGN noise with zero
mean and variance 02 = Ny /2 per dimension was assumed.
A maximum a — posteriori (MAP) demodulator generates
bit metrics based on the received channel symbols. These
metrics are finally passed on to an iterative decoder.

Using the proposed constellation design method, Figure 6
shows the FER as a function of decoder iterations using an
LDPC code. We can see that for a target FER, the best choice
of § uses a much smaller number of iterations. For a receiver
operating at a £, /Ny of 5.00 dB, the FER rate decreases by
more than an order of magnitude when the best possible §
is chosen. When BER is plotted as a function of E}/Ny in
Figure 3, the SNR improvement is ~ 0.5 dB for the rate
1/2 code and 0.3 dB for the rate 3/4 code using M=16, for
a length n=1944 code. For M=8 a gain of 0.2 dB was ob-
served at BER=10"° for a length n=1944 code and 0.4 dB
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Figure 6. Frame error rate (FER) vs. Iterations for different
code rates and M = 16.

for the DVB-S2 codes of length 16200.

5. HARDWARE IMPLEMENTATION

Belief propagation based iterative decoders operate by se-
quentially interchanging LLRs of message reliabilities. These
LLRs are computed based on the energy of received symbols.
An LLR indicates both the value of a bit (i.e., ‘0’ or ‘1’) and
the confidence in that metric. The closer the received symbol
is to one of the constellation points, the higher the confidence.
An LLR can be defined as,

M . 9
>, exp(=xp |Ci—7[7)

i=0,ir=1

M @)
> exp(—gt [Ci— )

i=0,i,=0

LLRi(r)=1n




where iy, is the k*" bit of symbol C;. The ratio in (3) repre-
sents the probability that the k*" bit of the received symbol r
is a ‘1’ to the probability itis a ‘0’.

Almost all systems in use today use some sort of approxi-
mation to compute LLRs in real time. The regular and sym-
metric structure of most standard constellations makes this
computation straightforward. The computation becomes less
trivial if the constellation is not known or may change dur-
ing the system operation. For the case of software defined
ratios (SDRs), the communication system must be able to op-
erate across large frequency spectrums, different modulations
and codes rates. This is done by means of software-controlled
programmable hardware. As we show in Figure 7, computing
LLRs for these different scenarios requires the use of lookup
tables. Using the proposed constellations with SDRs requires
no additional complexity at the receiver.

An additional advantage of the proposed APSK constella-
tions appears when carrier tracking is considered. Let 1)
be the rotational invariance angle of the constellation. For
M-PSK constellations we have that )5, psx = 27/M. Let
~. be the maximum carrier-phase offset that the system can
handle without severely degrading its BER performance. A
carrier recovery loop can usually track angles v, < % with-
out the use of outside information to correct phase ambiguity
issues. The proposed modification to traditional M -PSK con-
stellations cause v to increase from Yspsx = =/4 and
Viepsk = /8 to Yapskx = m which is simpler to track
[18].

Pulse Iterative
AD Shaping — LLR Decoder bits
Timing
E>—> b | Lookup
track
? ? table
DDS _|
AGC
LLR Ny Slicer
Computation

Figure 7. Schematic diagram of hardware implementation

6. CONCLUSION

A study of the performance of LDPC and turbo-coded modu-
lation systems with A/ -PSK and APSK modulations was per-
formed. The proposed constellations not only enhance the er-
ror rate performance under ideal AWGN scenarios where no
carrier tracking is required, but also could provide enhanced
carrier tracking by increasing the rotational invariance of the
constellation. The proposed constellations were designed us-
ing the conjecture that the performance of iterative decoders
can be enhanced by increasing (to some extent) the energy of
some symbols, even if this implies a reduction in the mini-
mum distance of the constellation. For low code-rates, large
values of ¢ offer the best error rate performance. As the code
rates increases and the effect of the error correcting code de-
creases, the values of  must be reduced. The results shown
in this work imply that when iterative decoding is used with
M -ary constellations, scenarios of smaller CMC can some-

times outperform those with larger CMC. The results shown
in this work are based on the modification of the radii of con-
stant envelope constellations. Future work involves the study
of this effect for non-constant envelope constellations such as
QAM, which has not been thoroughly investigated yet.
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