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Abstract

This paper presents nonlinear trellis codes that
produce codewords with a relatively low density
of ones. These trellis codes are designed specifi-
cally for the Z-Channel that arises in a multiple-
user optical channel with non-coherent combining,
when the other users are treated as noise. In con-
junction with interleaver-division multiple access,
these trellis codes provide a relatively low com-
plexity solution for uncoordinated access in the
optical multiple-user environment. Also, a union
bound technique that predicts the performance of
these codes is presented. An implementation on an
FPGA is described and results are shown.

1 Introduction

Optical channels provide data rates in the range
of tens to hundreds of gigabits per second. Wave-
length division and time division are the most com-
mon forms of multiple access for optical channels,
but they require considerable coordination. Com-
pletely uncoordinated transmission is theoretically
possible with the same efficiency as WDMA or
TDMA if joint decoding is employed. Joint de-
coding can be simplified to sequential decoding if
the ones densities of each transmitter are carefully
controlled [1], but this level of coordination is not
qualitatively different from assigning wavelengths
or time slots.

All of the schemes described above are fully effi-
cient in that one useful bit of information may be
transmitted for every time-wavelength slot avail-
able. However, neither joint decoding nor suc-
cessive decoding are computationally feasible at
optical speeds today. Completely uncoordinated
transmissions using interleaver division multiple ac-
cess (IDMA) and simple decoding that treats other
users as noise is a practical alternative. Surpris-
ingly, in the multiple-user optical channel with non-
coherent combining this relatively low-complexity
approach can theoretically achieve about 70% of
full efficiency.
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This paper presents an uncoordinated optical
multiple access system employing IDMA in which
the other users are treated as noise. To allow decod-
ing at optical speeds in the near future, this paper
investigates trellis codes which operate in a range of
30% of full efficiency. We are exploring turbo and
LDPC solutions, which will approach the 70% limit
with a complexity that will eventually be practical,
in other work.

Section 2 reviews uncoordinated multiple access
in the non-coherently combining channel. Section 3
presents the design of nonlinear trellis coded mod-
ulation (NL-TCM) for this application. Section 4
presents a transfer function bound for NL-TCMs
operating on the Z-Channel. Section 5 presents
performance results, and Section 6 concludes the
paper.

2 Uncoordinated Multiple

Access in a Non-Coherently

Combining Channel

A simple communications model that can describe
the multiple-user optical channel with non-coherent
combining is the OR channel. In this channel, if all
users transmit a zero, then the channel output is
a zero. However, if even one user transmits a one,
then the channel output is a one. The information-
theoretic capacity region of this channel is the tri-
angle of all rate pairs with a sum-rate (the sum of
all the rates of the system) less than the maximum
possible sum-rate, which is 1. As discussed above,
this capacity may be achieved with time-sharing,
wavelength-sharing, joint decoding of all the trans-
mitted sequences, or sequential decoding if trans-
mitted ones densities are carefully controlled. All
of these solutions require either coordination of all
users or a very complex decoder that is not cur-
rently feasible at optical speeds.

With joint decoding and successive decoding un-
available for complexity reasons, the other users
must be treated as noise. This transforms the OR
channel into the Z-Channel shown in Fig. 1. Be-
cause we assume that all users have the same trans-
mitted ones density, the transition probability is
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Figure 1: Z-channel resulting from the OR-MAC
channel when other users are treated as noise.
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Figure 2: Maximum theoretical sum-rates as a
function of number of users for three approaches
to the OR multiple access channel.

a function of the same transmitted ones density
employed by the desired user. The uncoordinated
multiple access model does not strictly require that
all users employ the same ones density, but we
maintain that assumption throughout this paper
for simplicity.

Fig. 2 shows the maximum theoretical sum-rate
when treating the other users as noise as a func-
tion of the number of users (assuming each user
employs the same ones density). As illustrated in
the figure, this maximum theoretical sum-rate de-
creases to ln 2 = 0.6931 as the number of users
increases. This is a relatively small loss in rate for
the substantial reduction in complexity. Fig. 2
also shows the maximum theoretical sum-rate for
joint decoding (It’s always 1.) and the maximum
theoretical sum-rate when treating the other users
as noise and maintaining the traditional ones den-
sity of p1 = 0.5 (This sum-rate quickly converges to
zero). It is not explicit in Fig. 2, but as the number
of users increases, the ones density of each individ-
ual user decreases for the two curves where it is not
fixed to be 0.5. As we can see from the poor perfor-
mance of the p1 = 0.5 curve, codes with lower ones
densities are a requirement for this application.

One successful approach for uncoordinated
multiple-access is Interleaver-Division Multiple-
Access (IDMA) [2], [3]. With IDMA, every user

has the same channel code, but each user’s code
bits are permuted using a (hopefully) unique ran-
domly drawn interleaver. The receiver is assumed
to know the interleaver of the desired user. With
IDMA in the OR multiple access channel (MAC), a
receiver should see the desired signal corrupted by a
memoryless Z-channel. We performed simulations
comparing an NL-TCM code under two channels:
a 6 user OR-MAC channel using IDMA and the
equivalent Z-channel that the receiver would see if
the errors were not generated by codewords but by
random errors. The performance was the same.
Thus, in the context of IDMA, the remaining chal-
lenge is the design of a good code with the desired
ones density.

3 NL-TCM with Controlled

Ones Density

Papers appearing since the 1950’s have addressed
the problem of designing codes with p1 = 0.5 for
the Z-channel. See [4] for a unified account on such
codes and [5] for the most recent advances in this
field. Only recently there has been work on LDPC
codes with an arbitrary density of ones, see [6] and
[7]. This manuscript is the first to our knowledge to
address the design of trellis codes with an arbitrary
density of ones for the Z-Channel.

In this section, we present a design technique for
trellis codes for the Z-channel with an arbitrary
density p1 of ones. Our goal is to maximize the
minimum directional Hamming distance (a met-
ric we’ll define below) between codewords, and the
rates considered will be of the form 1/N . We use
a conventional feed-forward encoder in order to de-
termine the branches of the trellis, but instead of
using generator polynomials to compute the output
of each branch, we will directly assign the output
value.

3.1 Directional Hamming Distance

In the Z-Channel, a transmitted 1 will always in-
duce a received 1. Thus, to make a decoding error,
the decoder must see ones in all the bit positions
where the incorrect codeword has ones. Let us de-
fine the directional Hamming distance dD(c1, c2)
the number of ones that we have to add to c1 so
that all ones of codeword c2 are ones in the received
word.

In the Z-Channel with a probability of 0-to-1
transition less than 0.5, if two codewords have dif-
ferent Hamming weights, the codeword with the
smaller Hamming weight will never be incorrectly
decoded by a Maximum Likelihood (ML) decoder
when the code with the larger Hamming weight
is transmitted. Suppose a codeword c1 has a
larger Hamming weight than another codeword c2.



Whenever the received sequence of bits r contains
all the ones from both codewords, the Hamming
distance dH(r, c1) < dH(r, c2) since dD(c1, r) <
dD(c2, r). Thus c1 is more likely than c2. In this
example, we say that the operational distance from
c1 to c2 is ∞, since this error cannot happen. When
considering the pairwise behavior of these two code-
words, the only distance that matters is dD(c2, c1).
Note that in general, the directional distance that
matters in such cases is the larger of the two.

On the other hand, if both codewords have the
same Hamming weight, the directional Hamming
distances are equal and errors can be made in either
direction. In fact, whenever the received sequence
of bits r contains all the ones from both codewords
an ML decoder is faced with a tie between these two
codewords. Whether the two codewords have the
same Hamming weight or not, the relevant metric is
the maximum of the two directional Hamming dis-
tances. Thus we define our pairwise design metric
to be the maximum pairwise directional Hamming
distance:

d(ci, cj) = d(cj , ci) = max[dD(ci, cj), dD(cj , ci)]
(1)

and the overall design objective is to maximize:

min
(i,j=1...M :j 6=i)

{max[dD(ci, cj), dD(cj , ci)]} (2)

where M is the number of codewords. This metric
for the Z-Channel is well known, appearing in [4]
and [5] among other papers.

3.2 Greedy definition of distance

Due to its non-linearity, this definition of distance
cannot be applied branch-wise. A codeword c1 that
has more Hamming weight than a codeword c2 can
include branches with less Hamming weight than
the corresponding branches of c2, and vice versa.
Since it is impossible to tell from an individual
branch which codeword will end up having more
Hamming weight, we will use a ‘greedy’ definition
of distance for our trellis code design. In order to
maximize the minimum distance as in (2) we have
to consider both dD(c1, c2) and dD(c2, c1). Namely,
the safest branch-wise metric would be

di,j = min[dD(ci, cj), dD(cj , ci)] , (3)

which is the branch-wise metric that will be maxi-
mized in our design.

With this branch-wise metric, codewords with
equal Hamming weights produce larger values than
codewords with different Hamming weights, so we
will assign output values to the trellis branches with
as similar Hamming weight as possible, preferably
equal. Even with the standard metric of (2), bet-
ter performance results are achieved with as similar
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Figure 3: (a) Four paths that start on the same
state in two trellis sections. (b) Four paths that
arrive to the same state in two trellis sections.

Hamming weight codewords as possible. Very dif-
ferent Hamming weights seem good when looking
at the pairwise difference of a low-weight codeword
and high-weight codeword, but the worst-case per-
formance will be driven by the pairwise difference
of two low-weight codewords.

3.3 NL-TCM Code Design

As we mentioned before, the code design consists
on assigning output values to the branches of the
trellis code. Those outputs have to satisfy that
the average density of ones is the desired density
p1. Our goal is to maximize the minimum distance
dmin using the greedy pairwise metric introduced
in section (3.2).

A first idea is to apply Ungerboeck’s rules [8] in
the context of our pairwise metric. That is, to max-
imize the distance between branches splitting from
a state (splits) and branches merging to a same
state (merges). We can extend Ungerboeck’s rules
more deeply into the trellis. For instance, if we
could choose all branches to have distance of at
least 1 between them we would always increase the
distance of different paths by at least 1 in each step.
Moreover, we can try to maximize the distance not
only of the splits, but also the distance between
the four branches coming from a split in the previ-
ous step (see Fig. 3), and the eight branches that
come from a split two steps before, and so on. And
we can move backwards from a merge and try to
maximize the distance between the previous four
branches, and so on (see Fig. 3). We will explain
all this in more detail in the following sub-sections.

3.3.1 Choosing the Hamming weight of the

branches

The first step in the design is to assign Hamming
weights to each of the branches. In order to do
that, we will consider the subgraph shown in Fig.
4. That figure shows the subgraph that composes
every trellis diagram that results from a conven-
tional feed-forward encoder with one input. The
branches produced by an input bit equal to 0 for
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Figure 4: Basic sub-graph of the trellis diagram

both states go to the same state, and the same hap-
pens with an input bit of 1. Thus, we have in the
same subgraph all the splits and merges produced
by those four branches. If we have 2v states, we will
have 2v−1 subgraphs of this type. We will focus on
these subgraphs to assign the Hamming weights in
the following way. Suppose we want a density of
ones p1, and rate 1/N . Define

s = floor(p1 · N), i = round(4 · (p1 · N − s)) (4)

Then, assign a Hamming weight of WH = s + 1
to i of the 4 branches, and WH = s to 4 − i of
the branches. This way we are getting as close as
possible to the desired density p1. For example, for
N = 18 and p1 = 1/8, we will have 3 branches with
WH = 2 and 1 branch with WH = 3. For N = 17
and p1 = 1/8, all 4 branches will have WH = 2.

3.3.2 Choosing all branches to have dis-

tance of at least 1 between each other

If possible, it would be desirable to have all
branches have distance of at least 1 between each
other.

In the case that all branches have the same
weight WH = s, we can have up to

(

N
s

)

branches
with distance 1 between each other. For exam-
ple, for N = 17 and p1 = 1/8, all branches have
WH = 2. In that case we can have

(

17
2

)

= 134
different branches, so if we wanted to have all dif-
ferent branches, we could have a trellis with 64
states (represented by 6 bits) and 128 branches. In
case we wanted to use a 128-states trellis (7 bits,
256 branches), we would have to repeat output val-
ues. If there are branches with different Hamming
weights, the computation is a little more compli-
cated.

It is clear that by doing this, in a trellis that
has 2v states, dmin will be at least v + 1, since the
minimum number of branches that two paths can
differ is v + 1 and each step adds at least 1 in the
distance.

In case we need to repeat output values, the
branches to be chosen to have equal output values
are the following. If we look again to the subgraph
in Fig. 4, there are two subgroups of 2 branches
that neither merge nor split with each other. Those
can be allowed to have equal output value and they
will not affect dmin. The reason for that is that

paths that split and merge at some point and tra-
verse different branches of one of these subgroups
at some point of the path, will have a least 2v + 1
branches from the split to the merge, and at least
2v of those will be different.

3.3.3 Ungerboeck’s rule

Once we chose the weights of the branches, and the
possible output values that will make all branches
(or almost all, allowing some to be equal as ex-
plained in the previous section), we have to assign
output values to branches. Up to this point, we
have a dmin of at least v + 1, but we can further
increase it by applying Ungerboeck’s idea of maxi-
mizing the distance between splits and merges. Re-
member that the Hamming weights of the branches
are all s, or both s and s + 1. We can always guar-
antee that all splits have a distance of at least s
between each other, and also all merges. Thus,
dmin ≥ 2s + v − 1.

3.3.4 Extending Ungerboeck’s rule into the

trellis

We can extend Ungerboeck’s rule more deeply into
the trellis, and maximize not only the distance be-
tween splits, and the distance between merges, but
the distance between the 4 branches coming from
a split a trellis section before in the trellis, or the 8
branches coming from a split 2 sections before, and
so on. We can do the same with the merges moving
backwards in the trellis. Notice that by maximizing
the distance between the 8 branches coming from
a split two sections before, we are also maximizing
the distance between all 4 branches coming from
a split a trellis section before, and all splits. The
same idea applies to the merges. If we move h sec-
tions from a split, and g sections from a merge (the
split and the merge are each counted as a trellis
section), our new bound for the minimum distance
is dmin ≥ s · (h + g) + v − (h + g).

The number of trellis sections we can move from
a split and backwards from a merge is given by
the maximum number of output values that can
have maximum distance between each other. Let
us explain this in more detail.

First, let us compute the number of branches
that need to have maximum distance between each
other if we try to move h sections from a split
and g sections backwards from a merge. From the
splitting point of view, we will have groups of 2h

branches that need to have maximum distance be-
tween each other. From the merging point of view,
we will have groups of 2g. Each branch belongs to
one group of 2h and one group of 2g, so each branch
has to have maximum distance with 2h+2g−2 other
branches.



Second, we can compute how many branches
of maximum distance between each other we can
have. Using the example where N = 17 and all the
branches have Hamming weight s = 2, we can have
floor(N

s
) = 8 branches with maximum distance be-

tween each other. Let us denote this number as
T .

The constraints we have then are (1) 2h ≤ T , (2)
2g ≤ T and (3) each branch has to belong to one
group of 2h and one group of 2g. If we choose h
and g such that 2h + 2g − 2 ≤ T , all 3 constraints
can be satisfied.

3.3.5 Designing for very low target density

of ones

Actually, for a low enough target density of ones (a
large enough number of users in the MAC case), all
the bracnhes can be chosen to have maximum dis-
tance between each other (we can choose them so
that for any particular position of the output, there
is at most 1 branch that has a 1 in that position),
independently of the rate we want to achieve. Sup-
pose we would like to design a NL-TCM code with
S states and a target density of ones p1. Then, we
have 2S different branches. Denote M the sum of
all the ones from the outputs of all the 2S branches,
for the desired p1. Then, supposing we can exactly
achieve the desired p1:

M = 2S · p1 · N

But if p1 ≤ 1
2S

, then M ≤ N , so it is possible to
choose all 2S branches so that for any particular
position of the output, there is at most 1 branch
that has a 1 in that position. For such low dentisi-
ties of ones, the desgin becomes straightforward.
Compute the Hamming weight of each branch as
explained in section 3.3.1, and for each branch, add
ones in positions that hadn’t been used in previous
branches.

4 Transfer Function Bound

for NL-TCM Codes

Ellingsen [9] provided a combinatorial expression
for an upper bound on the BER of linear block
codes over the Z-channel under ML decoding.
For convolutional codes assuming binary PAM or
QPSK, Viterbi [10] introduced the analytical tech-
nique using generating functions (also called trans-
fer functions or enumerating functions) to pro-
vide a union bound on the BER. The technique
is based on a 2νx-state diagram for the convolu-
tional encoder. In the case of general trellis codes
where high level constellation introduce nonlinear-
ity, Biglieri [11][12] generalized Viterbi’s algorithm

by using the product state diagram with 22νx-
states. Biglieri’s algorithm can be applied to non-
linear trellis codes over the Z-channel with modifi-
cations on the pairwise error probability measure.

Note that because of the asymmetric nature of
the Z-channel, if we consider the whole binary se-
quence transmitted, Xn, received sequence, Y n,
and any other valid codeword, X̂n. The error prob-
ability of decoding Xn into X̂n under ML decoding
is

Pe(X
n → X̂n) =











1
2 · αdD(Xn,X̂n) , WH (Xn) = WH (X̂n)

αdD(Xn,X̂n) , WH (Xn) < WH (X̂n)

0 , WH (Xn) > WH (X̂n)

where dD(·, ·) denotes the directional distance. If
we consider the sequence pair (Xn, X̂n), the error
probability of transmitting one sequence and de-
coding into the other is

Pe(X
n → X̂n) + Pe(X̂

n → Xn)

= αmax(dD(Xn,X̂n),dD(X̂n,Xn))

≤ 1
2 [αdD(Xn,X̂n) + αdD(X̂n,Xn)]

(5)

Therefore, if Pe(X
n → X̂n) is replaced (not al-

ways upper-bounded) by 1
2αd

D(Xn, X̂n) for all the

codewords Xn and X̂n, the transfer function bound
technique can be readily applied to the NL-TCM to
yield a valid upper bound because of the additive
property of the directional distance.

As in [11], the product state diagram consists of
state pairs, (se, sr), where se is the encoder state
and sr the receiver state. Following Biglieri’s no-
tation, the product states can be divided into two
sets, the good states denoted by SG and the bad
states denoted by SB defined as

SG = {(se, sr) | se = sr}, SB = {(se, sr) | se 6= sr}
(6)

By suitably renumbering the product states, we
get the transition matrix

S(W, I) =

[

SGG(W, I) SGB(W, I)
SBG(W, I) SBB(W, I)

]

(7)

Where the N×N matrix SGG(W, I) accounts for
the transitions between good product states, the
N × (N2 − N) matrix SGB(W, I) accounts for the
transition from good product states to bad product
states, and so forth. N is the number of encoder
states 2νx . For each transition in the product state
diagram, S1 → S2, the branch is labelled by

p(S1 → S2)W
dD(xe,xr)IdH(ue,ur) (8)
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Figure 5: BER of NL-TCM codes for different val-
ues of crossover probabilities (α)

where ue and xe denote the input and output word
for the encoder states respectively. Similar for the
received states. dH(·, ·) denotes the Hamming dis-
tance. Then the transfer function T (W, I) becomes

T (W, I) = ps{SGG + SGB(I − SBB)−1SBG}1 (9)

where ps = [ 1
N

1
N
· · · 1

N
] is the probability distribu-

tion of the encoder states and 1 = [11 · · ·1]T . The
BER bound is computed as

BER ≤
1

2
·
1

k
·
∂T (W, I)

∂I
|W=α,I=1 (10)

5 Performance Results

We have tested the NL-TCM performance in an
uncoordinated OR multiple access channel, where
every user treats the othres as noise, and all users
transmit with the same density of ones p1, as ex-
plained in section 2.

5.1 NL-TCM for 6-user OR-MAC

Fig. 5 shows the BER of various 64-state NL-TCM
codes designed to work in a 6 user OR-MAC chan-
nel, along with their theoretical transfer function
bounds. The densities of ones are close to 0.108,
the density needed to achieve capacity for a 6-users
OR-MAC when treating other users as noise. Sim-
ulations have been programmed in C for rate-1/17
NL-TCM code with p1 = 2/17, rate-1/18 NL-TCM
code with p1 = 1/8 and rate-1/20 NL-TCM code
with p1 = 1/8.

It can be observed that that the transfer function
bounds are tight for the proposed rate-1/17 NL-
TCM code with p1 = 2/17 and rate-1/18 NL-TCM
code with p1 = 1/8. Although the transfer function
bound is an upper bound based on the expectation,
it is fine for the simulation to be slightly above the
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Figure 6: BER of NL-TCM codes vs. number of
users

bound if the margin is within the usual variation of
a simulation about the mean.

Also, in order to prove that NL-TCM codes are
feasible today for optical speeds, a hardware sim-
ulation engine was built on the Xilinx Virtex2-Pro
2V20 FPGA. The simulator implemented on this
device had equivalent gate count of 360K gates and
is able to simulate the rate 1/20 code at 70Mbps.

Simulation results for rate-1/20 NL-TCM code
obtained in the FPGA testbed, are also shown
in Fig.5. Due to design constraints, the hard-
ware Viterbi decoder has implementation differ-
ences comparing to the software simulation. The
two main differences are the traceback depth and
the maximum path metric. Both of these values
are set to infinity for software simulation. The
hardware implemention has a traceback depth of
35 and a path distance metric of 20. These dif-
ferences cause the deviation from the theoretical
bound at low bit error rates. Future versions of the
simulator will address these issues to provide more
accurate results.

Finally, Fig. 6 shows the BER of these codes
in terms of the number of users present in an OR-
MAC.

5.2 NL-TCM for 100-user OR-MAC

As explained in section 3.3.5, the design of
NL-TCM codes becomes straight-forward for low
enough density of ones. As an example, we have
designed NL-TCM codes for the 100-user OR-MAC
case. In that case, the optimal p1 ' 0.00691. We
designed codes for rates 1/400 and 1/360. Results
are shown in Table 5.2.

5.3 Concatenation of NL-TCM code

with a Block Code

Optical systems typically deliver a very low BER.
In order to maintain this BER the rate of the NL-



Table 1: BER of NL-TCM for 100-user OR-MAC

Rate Sum-rate p1 α BER
1/360 0.2778 0.006944 0.49837 4.54e−6

1/400 0.25 0.006875 0.49489 9.45e−7

Table 2: BER of RS+NL-TCM for 6-user OR-MAC
Rate Sum-rate p1 α BER

0.0484 0.29 0.125 0.4652 2.48e−10

TCM channel code would have to be very low. A
better solution is found taking into account the dis-
tribution of the erred bits in a transmitted stream
after the NL-TCM decoding. It is well known that
when the Viterbi decoding fails only a few number
of bits are in error. Thus, a high rate block code
that can correct few errors can be attached as an
outer code, dramatically lowering the BER. In this
work, a Reed-Solomon (RS) code has been chosen
to be implemented, because we found it to be the
most suitable in our FPGA implementation. An-
other good reason for using an RS code, is the fact
that it corrects bursts of up to 8 bits, and errors
produced by the NL-TCM are bursty, due to path
errors.

A concatenation of the rate-1/20 NL-TCM code
with a (255 bytes,247 bytes) Reed-Solomon code
has been tested for the 6-user OR-MAC scenario.
The rate of this code is (247/255) ·(1/20) ' 0.0484.
Results are shown in Table 5.3. In this example,
we are achieving almost 30% of full capacity, with
a suitable BER for optical systems (in the order of
10−10), and a feasible complexity for today’s tech-
nology at the required optical speeds.

Simulations have been ran in software, a hard-
ware implementation of this concatenation is being
finalized at this moment, and its results will also
be presented in the camera-ready version.

6 Conclusions

This paper addressed the problem of designing
codes for the optical-MAC channel. These codes
are required to have an arbitrary density of ones.
We also required them to have low enough com-
plexity to be computationally feasible at optical
speeds today. NL-TCM codes satisfy both require-
ments. A design criteria for NL-TCM codes was
introduced, and bounds on their performance were
computed. Furthermore, by concatenating these
codes with high-rate block codes we can achieve a
good part of the capacity of the channel with a very
low BER and a very fast decoder. Also an IDMA
solution that allows uncoordinated multiple access

was presented and tested.
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