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Abstract

We consider the circumstances under which sensor networks can be scalable. The key attribute is a localization of the source-
destination distribution, achievable through localized processing. We show that very simple strategies, viz., selection of the closest
sensor or group of sensors, are sufficient to achieve scalability when distortion is permitted for point sources. When spatial
distortion is permitted, networks are also scalable when sensing distributed phenomena.

I. I NTRODUCTION

Large scale sensor networks consisting of hundreds or thousands of nodes will link the physical world to global communica-
tion networks for a broad set of applications [1], [2]. Individual nodes will have some combination of sensing, signal processing
and communications capability and may self-organize for a variety of cooperative sensing and communication tasks, subject
to resource constraints such as energy and bandwidth.

For purposes of this paper, the sensor network problem is for some end user to extract information concerning some source or
set of sources to some desired level of fidelity, subject to resource constraints. Fidelity encompasses such concepts as spatial or
temporal resolution, misidentification probability or other accuracy measures, and network quality of service related measures
such as latency from initial observation. Resource constraints can include signal processing cycles, energy consumption, and
information rate. Specific information theoretic problems for such networks include:

1) Scalability: whether decisions can be conveyed to users with the desired fidelity as the number of nodes grows without
bound. Depending on the fidelity measure, this may be structured as a network capacity, reliability or congestion control
problem.

2) Rate distortion limits: what is the best achievable tradeoff between fidelity and resource usage on both local and global
scales? This topic includes formulation of optimal data fusion rules.

In this paper, we present conditions under which scalability is possible when observing both point and distributed sources, and
discuss the implications of the solution to theq-helper problem [3] for local fusion of information from a Gaussian source.

The results in [4] suggest that static ad hoc networks are inherently non-scalable, i. e. per-node capacity tends to0 with
the increase in network size. In [5] , on the other hand, it was argued that the situation in sensor networks is not at all as
pessimistic since the problem is often that of coding a correlated source. In this paper, we first study the scalability issue and
show that the appropriate choice of source-destination pair distributions can lead to finite per node capacity in ad hoc networks.
Applications of this result include sensor networks and hierarchical communication networks.

We then consider the rate-distortion region characterization for a sensor network with finite point sources and under a fidelity
criterion . By contrast to [5], [6], in this paper, the sensor network problem consists of extracting information about sources in
some region to some desired level of fidelity, and transmitting this information to some gateway(s). We assume point sources
to be Gaussian for analytical simplicity. We show that the question of feasible rates for such a network can be made into a
relatively easy problem to deal with by allowing the network to be dense, i. e. letting the number of sensors and communication
relays be much larger than the number of sources. A sub-optimal decoupling of source and channel coding can be shown
to be sufficient for achieving scalability in this context. We also explore how the issues of scalability, source separation, and
information extraction can be dealt with by altering the relative densities of sources, communication relays and the sensors.

Finally, we consider the scalability problem in the context of distributed sources (e.g. reconstruction of a temperature profile
over some volume to a desired level of fidelity). The perspective is that there is one distributed process, modelled using
correlated point sources. As the network density increases without bound, we argue that as in the case of the point source
the number of sensors that must report measurements for a given level of fidelity eventually becomes finite while the relay
capacity of the network continues to grow, so that scalability is assured. We further consider a particular suboptimal but scalable
interpolation strategy in order to explore network density tradeoffs in the presence of measurement error.

This material is based upon work supported by the National Science Foundation (NSF) under Cooperative Agreement #CCR-0121778.
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(a) Finite Gaussian point sources and sensor nodes
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(b) Finite Gaussian point sources and sensor nodes→∞

Fig. 1. A regionS with Gaussian point sources and sensor nodes

II. N ETWORKS AND THESOURCE-DESTINATION PAIR DISTRIBUTION

The concept of source-destination pair distribution for achieving the scalability is motivated by the work in [7]. Successful
communication is still possible with almost constant node bandwidth, if the distribution of the source-destination (S-D) pairs
is such that the average hops per communication is small enough.

We consider the same 2-D framework as in [4]. We note that it is not the fact of correlated sources which is most fundamental
to the result in [5], but rather the S-D pair distribution.

Observation 2.1:For the 2-D geometric model defined in [4], the average distance between source and destination should
be O( 1√

n log n
) .

Clearly, in order for the average throughput per node to be constant, the average number of hops between source and destination
should grow asO (1). This follows immediately by observing that this criterion is necessary for transport capacity meeting the
upper bound of

√
n log n. Thezero-mean Truncated Gaussianis one of the many distributions that achieve the finite per node

capacity for the geometric model of [4]. The analytical details are skipped for the sake of brevity. This approach is based on
the results in [5], but one can find the similar results with the alternative approach in [7]. J. Li, et. al. in [7] show that the
traffic pattern determines whether an ad hoc network’s per-node capacity will scale to large networks.

In practice, scalability can be achieved in two basic ways:

1) Local cooperative processing to produce decisions (e. g. in sensor networks).
2) Adding communications hierarchy so that communications in each level is local (e. g. telecommunication network).

The latter of course requires additional resources, but typically also provides latency benefits.

III. C ONSEQUENCESOF DECOUPLINGSOURCE, SENSORAND RELAY DENSITIES

In sensor networks, the basic problem is to extract measurements of some physical phenomenon, to some desired level of
fidelity, subject to constraints on energy consumption and bandwidth (resources). Nodes may also have explicit limits on signal
processing and storage, which we will neglect here. By considering source, sensor and communications relay densities separately,
we show that extraction of such information can be easily achieved without the requirement of complicated joint source-channel
coding schemes, in the limit of high sensor and relay densities. Further, this formulation admits simple classification of a broad
set of network information theory problems.

A. Spatial Source Separation

Consider any two dimensional region,S, with m (m < ∞) randomly distributed Gaussian point sources. The point sources
are useful abstractions since many phenomena can be reasonably modelled as either a single point source, or constructed
via interpolation from a set of point sources. Considerp < ∞ randomly distributed sensors in the regionS to fulfill the
functions of gathering information. Also, the sensors are assumed to be independent and identically distributed (i.i.d.) in
location. Furthermore, the distribution by which the sensors are deployed is assumed to have positive density at every point
over S (Fig. 1(a)). We also assume that the signal power decays with the distance. We need to know the achievable distortion
D (R), for the above described sensor network model. The distortion measure is assumed to be squared error.

When the number of sensor nodes in the network is ofO (m), not all D are achievable regardless of the rate constraints,
since sensors may not be close enough to sources. Also, not all the rates are achievable because capacity may not be sufficient.
Here, there is an interference among information streams and in the signals received by each sensor and so a joint source-
channel coding approach would be needed to achieve a large fraction of the rate region. There is little prospect of actually
implementing such a system for largem, although clearly it is a rich regime for future research.
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TABLE I

SUMMARY OF SCALABILITY RESULTS

Question Asked Source Den-
sity

Relay
Density

Sensor Density Solution

Scalability? Same Same Same only if we make S-D pair
distribution local

Information Extraction? Fixed Same Same only if correlation
increases fast enough
[5]

Scalability and Informa-
tion Extraction?

Fixed Traffic Depen-
dent

Distortion
Dependent

Yes by Source Separation

As p →∞, we will have at least one sensor node in very close vicinity to the point source (Fig. 1(b)). In this scenario, the
rate distortion bound for the network reduces to the individual rate distortion bounds, for each point source. Hence, we have
the separation of point sources in the network. The clear distinction of our approach from [5], [6] is that we do not need every
node to gather information, only the closest. We could, for lower distortion, use partial side information [8] at the decoder
from a correlated sensor node for the rate-distortion coding locally to each point source. This is sufficient to achieve desired
distortion levelD.

Theorem 3.1 ((Source Separation)):A network with finite Gaussian point sources, saym, and number of sensor nodes,p,
going to infinity can be considered as a network withm separate coding systems with partial side information at the decoder.
We assume that power decays at least as the square of the distance.

Proof: Sincep → ∞, the frequency re-use distance goes to zero and thus there is no interference between information
pathways through the network. Hence, a simple relay is adequate for carrying the traffic even if it is not capacity achieving.
For the nodes that are in very close vicinity to the Gaussian point sources, SNR for those nodes goes to infinity. So, any value
of distortion,D, will be achievable and there is no substantial interference among sources. Hence, local processing will be
sufficient. In the scenario considered here, each Gaussian point source can be separated from the rest and source coding can
be posed as a partial side information problem. This is because Gaussian point sources are independent of each other. Since
we havem point sources in the network of Fig. 1(b), it can be seen asm separate coding system with partial side information
at the decoder for the correlated Gaussian sources. The assumption that the signal decays with distance faster than some rate
is required to avoid interference growing without bound for large fields of sources. This assumption is quite reasonable for
typical deployments of sensor networks for many physical phenomena of interest.

From Theorem 3.1 and limiting cooperation to only two nodes per source, it is evident that the data rate,RXi , i =
1, 2, , . . . , m, associated with each point source is [8]

RXi (DXi) ≥
1
2

log+

[
σ2

Xi

DXi

(
1− ρ2 + ρ22−2RYi

)]
(1)

whereXi is the main source andYi is a helper such that(i = {1, 2, . . . ,m}). The rate distortion bound for the network will
be the ensemble over the position of all the point sources. Clearly, extending to theq-helpers [3] per source(q > 1), lower
distortions would be achievable for a given density of sensors.

In terms of achievable distortion for a point source we have,

DXi (RXi) ≥
σ2

Xi

22RXi

[
σ2

Xi

DXi

(
1− ρ2 + ρ22−2RYi

)]
(2)

for i = {1, 2, . . . , m}.
The achievable distortion for the network will beD =

∑m
i=1 DXi . For a point source, if we fix the node density and allow

an algorithm to select a node closest to the source while making the rest of the nodes inactive, it is less likely to achieve the
desired distortion. But this approach is a practical way to deal with achieving the desired distortion, at the cost of increased
density. Note that we consider only those sensor nodes that are near to the source and it is sufficient to have only partial side
information at the decoder. Now it is also possible that for given values ofm, p andD, the capacity of the network may be
inadequate. However, by allowing the number of communication relaysn À p then the information can be extracted. Large
over-provisioning will enable decoupling of source and channel coding. The scalability results are summarized in Table I.

IV. SENSING DISTRIBUTED SOURCES

The sensed data are transmitted to the fusion center. Due to the stringent constraint on available data rate, the correlation
among sensors should be exploited to bring down the communication cost. At the fusion center, an interpolation or approxi-
mation algorithm is used to reconstruct the source. During this process, we single out three types of errors. Sensing error is
due to the ambient and circuit noise of sensor nodes, and can be reduced by increase the number of independent observations.
Quantization error is bitterly constrained by the limited data rate of the network. The interpolation error is affected by both
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Fig. 2. Comparing distortions using single and multiple observations.ai = [0.1 − 0.001(i − 1)], (i = 1, 2, . . . , Nm), σ2
X = 1, σ2

Z = 0.003162,
Dl = Dg = σ2

Z .

the spatial sampling rate (or mesh size) and the former two types of errors. A hierarchical structure can be formed to further
distribute the transmission and processing cost.

A. Sensing Point Sources

A simple sensing model for the point source is as follows:

Yi = aiX + Zi

with
X ∼ N (0, σ2

X), Zi ∼ N (0, σ2
Z), ai =

1
1 + κr2

i

.

Signal attenuation is determined by source-sensor separation. Let us suppose that the sensors are deployed in a region according
to a uniform distribution. It can be proved that if the region is a disc, the average distance between the source and the closest
sensor is proportional to1/

√
n i. e. E(Rmin) ∝ 1√

n
. Similar behavior can be expected for different geometry. Consider

the distortion measure,d(X, X̂) = 1
n

∑n
i=1(Xi − X̂i)2 and optimal coding and estimation. The estimation and error at final

reconstruction are as follows:

X̂ =
aiσ

2
XY

a2
i σ

2
X + σ2

Z + Dq
(3)

D(n) = ERmin

[
σ2

X(σ2
Z + Dq)

a2
i σ

2
X + σ2

Z + Dq

]
. (4)

If more observations are used to estimate the source, the distortion can be effectively reduced.

X̂ =
σ2

X

∑Nm

i=1 ai(Yi + Zli)

Dl + σ2
Z + σ2

X

∑Nm

i=1 a2
i

(5)

D =
(Dl + σ2

Z)σ2
X

Dl + σ2
Z + σ2

X

∑Nm

i=1 a2
i

+ Dg (6)

Fig. 2 compares the distortion using single and multiple observations. As the number of observer surpass a certain number,
the return diminishes.
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B. Sensing and Transmission of Distributed Phenomena

The observations at different sensors of distributed phenomenon can be considered as data generated from correlated point
sources. Due to increasing number of sensors and data, the data rate and energy is sorely constrained. Hence, the correlation
among sensors ought to be exploited to cut the rate needed to transmit the data samples. Although a great deal of local
interaction and fusion may be required, this is still beneficial because the cost of local transmission (whose range is bounded)
is far less expensive than global transmission (whose range is unbounded). The data rate limits on coding correlated sources
have long been studied by the image processing community.

ConsiderN point sourcesX = {Xi, i = 1, 2, . . . , N} in the space. The sensor measurementsY = {Yi : aiXi + Zi, i =
1, 2, . . . , N} are attenuated signals corrupted by noise. At discrete times, the measurementsY 1

i , Y 2
i , Y 3

i . . . at each sensor are
zero-mean i.i.d. random variables. The samplesY n

1 , Y n
2 , . . . , Y n

N measured at the same time are correlated with covariance
matrix QN, whose positive eigenvalues are given byλ1, λ2, . . . , λN . No further information about the probability distribution
of Y is assumed. Therefore, we are facing the problem of jointly coding the i.i.d. blocks ofN samples generated from a class
of random variables with the distortion requirementDq such thatE[d(Y, Ŷ)] ≤ Dq. For the distortion measure defined as
d(Y, Ŷ) = 1

N

∑N
i=1(Yi − Ŷi)2, it can be shown that the superior of the minimum rate of this class of random variables is

attained whenY is Gaussian [9], [10]. Thus, to be able to code this whole class of random variables and satisfy the given
constraint, the minimum rate required is [9], [11]

Rg =
N∑

i=1

1
2

log
(

λi

min[λi, D∗]

)
(7)

and,

Dq =
1
N

N∑

i=k

min(λi, D
∗) (8)

C. Source Reconstruction

At the final reconstruction, two types of errors are to be distinguished. One is the interpolation error due to the discretizing
process, and error propagated from the sensing and quantization process. The former is determined by the sampling mesh
sizes. We shall consider the latter type of error.

Many of the interpolation algorithms such as cubic Hermite, cubic Bessel, cubic B-splines, etc. are local. Due to the nature
of these local method, the error does not propagate to distant nodes. Therefore, it is expected that the error will be bounded.
For example, consider the uniform cubic B-spline approximation. The approximate curve is constructed from bases by a set
of control verticesVi.

Q(ū) =
∑

i

ViBi(ū) =
∑

i

(xiBi(ū), yiBi(ū))

The resulting curve is inC2 and satisfies the convex hull property (Q =
∑

i wiVi wherewi ≥ 0 and
∑

i wi = 1). In other
words, theith segment of a uniform cubic B-spline curve lies within the convex hull of the verticesVi−3, Vi−2, Vi−1, and
Vi. The error due to noisy measurement is to be characterized since the reconstruction is done by linear combining of the
proximate vertices (using basis functions as the weights). For simplicity consider only thex- axis.

|∆Qx| =
∣∣∣∣
∂Qx(ū)

∂xi
∆xi

∣∣∣∣ = |Bi∆xi| ≤ |∆xi|

Notice thatBi ≤ 1 due to the normalization assumption.
Finally, consider a global algorithm: the cubic spline. Given the locations of(N +1) points and a set of associated ordinates:

∆ : a = x0 < x1 < · · · < xN = b.

Y : y0, y1, · · · , yN .

the spline function on[xj−1, xj ], (j = 1, 2, . . . , N) is defined as follows

S∆ = Mj−1
(xj − x)3

6hj
+ Mj

(x− xj)3

6hj
+

(
yj−1 −

Mj−1h
2
j

6

)
xj − x

hj
+

(
yj −

Mjh
2
j

6

)
x− xj−1

hj

in which hj = xj−xj−1. In general, the interpolation error uniformly converges with respect tox in [a, b] as follows (Theorem
2.3.1, 2, 3 and 4 [12]):

e1 = |f(x)− S∆(x)| ≤ K1 ‖ ∆k ‖n+α, for some constantK1
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However, the spline reconstructed at the fusion center is notS∆(x) but a shifted splineSe
∆(x) due to the sensing and quantization

error at measured points. It is given that the noise at prescribed points is bounded by:E|δyi| ≤ esq and E(δyi)2 ≤ Dsq.
Firstly, consider the absolute error.

e = E|f(x)− Se
∆(x)| ≤ |f(x)− S∆(x)|+ E|S∆(x)− Se

∆(x)|
= e1 + e2

Note that since bothf(x) andS∆(x) are considered deterministic, the mean operation disappears fore1. As for e2, we have
the following:

e2 = E

∣∣∣∣∣
N∑

i=0

∂S∆

∂yi
δyi

∣∣∣∣∣ ≤ esq

N∑

i=0

∣∣∣∣
∂S∆

∂yi

∣∣∣∣ (9)

It can be shown that the following holds.

β =
N∑

i=0

∣∣∣∣
∂S∆

∂yi

∣∣∣∣ ≤ K2, for some finite numberK2

Hence the total absolute error is bounded by
e ≤ e1 + βesq (10)

The result can be easily extended to two-dimensional cubic splines. Thus, in either case with finite spatial sampling the dis-
tributed source can be reconstructed with bounded error, even with relatively simple techniques. If the density of communication
relays increases, sufficient capacity will be available for extracting the desired information. Thus, with the addition of spatial
fidelity constraints, sensing of distributed phenomena is also scalable.

V. CONCLUSION

The scalability results presented here reflect local processing to change the source-destination distribution, namely, to suppress
message-generation activity in most of the nodes so that they serve only as communication relays. Once sufficient sensing
density is achieved to meet the distortion requirements, adding more nodes only increases the communication resources. Clearly
however more sophisticated strategies can lead to meeting the information extraction requirements with lower densities. These
are interesting objects of research.
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