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Abstract— We describe parallel concatenated codes
for communication over binary-input, binary-output
hidden Markov channels when the parameters of the
Markov channel are unknown a priori. Specifically, we
develop a joint estimation/decoding method that al-
lows the estimation of the parameters of the model
without the need for training sequences. This method
involves little or no sacrifice in performance relative
to the case where the Markov channel parameters are
provided to the receiver as a priori information. Fur-
thermore, we show communication at rates which are
above the capacity of a memoryless channel with the
same stationary bit error probability as the Markov
channel, thereby outperforming systems based on the
traditional approach of using a channel interleaver to
create a channel which is assumed to be memoryless.

I. INTRODUCTION

Many practical communications channels can be
modeled using discrete Markov channels. Such chan-
nels are characterized by a set of states S;,0 < j <
S — 1, the matrix of transition probabilities among
states (A=(a;;), with a;; the probability of transition
from state S; to state Sj, i.e. a;; = P(5;]5:),0 <
i,j < S —1), and the list giving the bit error proba-
bility (BER) to associate with each state (B=(b;(v)),
with b;(v) the probability of getting the output v in
state S;, L.e. bj(v) = P,(v|S;),0<j<S—1 v e
{0,1}). Tt is intuitive that the presence of memory
in Markov channels leads to increased capacity rela-
tive to memoryless channels with the same stationary
BER. Markov channel capacity was treated for the
special case of Gilbert-Elliot channels by Mushkin
and Bar-David in [1] and more generally by Gold-
smith and Varaiya in [2]. Tn terms of the notation
introduced in [1], the “capacities” that can be associ-
ated with a Markov channel include the true capacity
C* and the capacity CVM (“no memory”) of a mem-
oryless channel with the same stationary BER, as the
Markov channel. Clearly, CNM < C#,

In practice, many communications systems make
use of a channel interleaver to distribute the errors
so that codes designed for a memoryless channel can
be used. While the application of interleaving does
not change the capacity of the channel, the achiev-
able performance of a decoder which assumes that
the channel is memoryless is limited by CNM | Ex-
ploiting the higher capacity of Markov channels in
practice has proven to be challenging. Both [1] and
[2] utilize decision feedback decoders which perform
recursive state estimations that are used in the de-

coding process. However, the recursions are vulner-
able to error propagation, and the decision feedback
decoder can not be reliably used when the quality
of the channel degrades. In [3] and [4] we proposed
modifications of the decoding of parallel concatenated
codes, or “turbo” codes [5], [6], [7], [8], [9] that exploit
the structure of Markov channels and allow commu-
nication at rates > CVM . No channel interleaver is
used and the decoder exploits only the a priori struc-
ture of the channel as opposed to performing recursive
state estimation. In this paper we extend that work
by considering turbo decoding when the parameters
of the Markov channel are not known a priori. A
joint estimation/decoding method that allows to es-
timate the Markov channel parameters jointly with
the turbo decoding is introduced and its performance
is compared with the case in which perfect knowledge
about the Markov channel parameters is available.

II. DECODER MODIFICATIONS FOR MARKOV
CHANNELS

We consider the case of a parallel concatenated
coder with N + 1 constituent convolutional encoders
and N interleavers [10]. The constituent decoders
are enumerated by D;, 0 <1 < N, and each is asso-
ciated with an encoder of rate 1/n;. At the receiver,
we refer to the constituent decoder operating on the
observations associated with the non-interleaved in-
put sequence as the “non-interleaved decoder”, Dg;
this contrasts with the N “interleaved decoders” Dy,
1 <1 < N, that operate on the observations corre-
sponding to the interleaved inputs. The kth input bit
(before interleaving) is denoted by wuy, k = 1...L,
and can take on values 7, ¢ = 0,1. m(k) describes
interleaving applied to input bit u; at the lth con-
stituent encoder; mwy denotes the identity operation
(no interleaving). The observations are denoted by
the matrix O in which Oﬁc represents the observa-
tions at the channel output associated with the lth
constituent coder and input bit Up=i(py (i.e. the bit

mapped to position k by interleaver 7). Note that
each Oﬁc contains n; elements and therefore may it-
self be a vector. In discussing the decoding iterations
1t 1s necessary to distinguish between the observa-
tions O} associated with the decoder D, (and input
bit Uﬂ_;l(k>) in which processing is occurring and the

observations Oi" =[0)...007 ot ON] in the
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other constituent decoders. ay(s) represents, for the
forward trellis recursion, P(OY...O%, s, = s), the
probability of the observations in decoder D, due to
all inputs up to time k and that the trellis is in state
s after the kth transition. Sj(s) represents the prob-
ability P(O},, ...O%|sr = s) as calculated using the
backward recursion. We use e to symbolize the trellis
edges, or branches, with the starting and ending state
associated with a particular edge e given by s°(e) and
s¥(e), respectively. The input and coded bits associ-
ated with a branch e are denoted by u(e) and O(e),
respectively.

The forward and backward recursions to use in
turbo codes are based on [11] and can be expressed

. Z ap_1 [55 (e)] X

e:sP(e)=s

ag(s) =

x Py [40{?...0;‘},55 (e)] PlO%e. (1)

Br(s) = D> Brgr [57(e)] x

e:s5(e)=s
% Piyr [e|0{P .0 sS (e)] PIOL, ). (2)

Writing the equations in this way explicitly shows
the flow of information (via the center term in the
summation) between constituent decoders.

In the non-interleaved decoder Dy the probability
that the kth input bit ug is equal to ¢, =0 or 1 can
be expressed as a sum of probabilities over all edges
in section k of the trellis for which the input bit u(e)
has value 17, 1.e.:

1

x> a1 [57 ()] Plels® ()] P[OY]e] Bi [ (e)] -

eule)=i
(3)

In decoders Di, I # 0 operating on interleaved
inputs, up in equation (3) should be replaced by
uﬂ_l—l(k).

Although the decoder modifications to incorporate
channel statistics can be applied to general finite
state Markov channels with S states, for simplicity
we consider the special case of Gilbert-Elliot channels
(S = 2). A Gilbert-Elliot channel contains a “good”
state (state Sp) in which the probability of bit error is
P,(1]Sp) = Pg and a “bad” state (state S1) with error
probability P,(1|S1) = Pp. The transition probabil-
ity of going from the good state to the bad state is
Pi(S1]50) = b and the probability of going from the
bad state to the good state is Py(Sp|S1) = ¢. The
capacity of Gilbert-Elliot channels is described in [1].
It is also helpful to introduce, as in [1], a parameter
= 1— g —0b, which can range from —1 to 1, and

Fig. 1. Joint decoder trellis describing the encoder (states s)
and the Markov channel (states m). u is the information

bit.

serves as a measure of the “strength” of the memory
of the Markov channel.

In the following discussion, we assume that each of
the constituent encoders comes from the puncturing
of a rate 1 coder; i.e. that O} is only defined for the
non-punctured trellis transitions and in this case it
consists only of 1 bit. As shown in [4], this is generally
the case for the turbo encoders that result in the best
performance for a wide range of channels and over-
all rates. If the rate of a constituent encoder is less
than 1, the equations below should be modified ac-
cordingly, since the supertrellis corresponding to that
decoder will consist of the combination of the convolu-
tional coder with several independent Markov models
(each of them representing the channel). In contrast
with the AWGN channel, in a Markov channel the or-
der of transmission of the bits becomes important. In
order to exploit the hidden Markov structure of the
errors introduced by the channel, we perform trans-
mission of bits from each constituent encoder as a
single contiguous block. In each constituent decoder,
this allows construction of a supertrellis which jointly
describes the channel and encoder, with each state in
the coder becoming a superstate containing all possi-
ble channel states combinations. As shown in Figure
1, for rate > 1 constituent encoders, the number of
states in the supertrellis is the product of the num-
ber of states in the binary Markov channel times the
number of states in the convolutional coder. A given
state s of the supertrellis 1s represented by a vector
s = (59, 5(m)) where the component s(°) indicates
the state of the convolutional code and s("™) expresses
the state of the Markov channel.

Each one of the branches e in the supertrellis
will have an associated @ priori transition proba-
bility, a., which depends on the transition proba-
bilities of the hidden Markov channel according to
a. = Ple|sS(e)) = P, ([s5P()]™ [[55(e)](™). Equa-
tions (1,2,3) can still be applied over each one of
the supertrellises. Since the initial and final states
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Fig. 2.  Encoder structure used for rate 1/2 turbo coders.
Fo is a rate 1 encoder which produces only systematic
bits in the implementation used in this paper, but which
in the general case can output any rate 1 combination of
systematic and parity bits. Interleavers are denoted by ;.
Encoders 1, Fy .. Ey each have rate 1 before puncturing,
and rate N after puncturing using the puncturing function
given in the figure. Taken together, encoders Fy, Fs ..

Ey produce a rate 1 code. c, 7 represents the parity bit

associated with trellis transition ¢ in the code Ej;.

of the Markov model are not known, equations (1)
and (2) for all constituent decoders are initialized
using ao(s) = 1/S if 590 = 0 and fg(s) = 1/S
if s©) = 0. For all other states ao(s) and Bk (s)
are equal to 0. It is also important to note that
the value of P[Of|e] to be used in equations (1,2,3)
depends on the branch (e), received coded bit (OF)
and coded bit associated to the corresponding branch
(O(e)) through the equation P[OF|e] = P,(OF &
0(e)|[s%(e)]™), where @ is the modulo-2 opera-
tion. The value of Pk[e|0{"...0f",55(e)] for use
in equations (1) and (2) (when applied to the con-
stituent decoder D)) can be calculated from the equa-

tion Pye|Ofr...0% sS(e)| POl .. .0f)s5(e)] =
Py, [O{" . .Of(" le, s% ()] Ple|s(e)]. After some manip-
ulation, and assuming that the source sequence uy is
ii.d. with probabilities P(u; = 0) = P(uy = 1) = .5,
this gives

PulelO .00 s5(e)] =

N
= Jra. ] Plug -1y = u(e)|0...O0%],  (4)
i=0,i#p
where J;, is a normalization factor.

There are a number of important issues regarding
the optimum number of constituent coders to asso-
clate with a particular rate and channel that were
described in [4]. In this paper we will assume that this
number is chosen adequately, thereby fixing the struc-
ture of the encoder, and we focus on the description of
the method to perform joint estimation/decoding for
Markov channels with unknown parameters, compar-
ing the performance of this scheme with the method

proposed in [4] when the parameters of the Markov
channel are known a priori. The structure of the
turbo encoders used in this paper is shown in Figure

2.

ITI. JoINT CHANNEL ESTIMATION AND DECODING

Parameter estimation for hidden Markov models
has been described before, most notably in conjunc-
tion with the Baum-Welch algorithm [12] which has
been widely used in speech processing, but also for
characterizing mobile channels and in blind equaliza-
tion. While the basic problem faced here and in the
Baum-Welch algorithm is the same — to estimate the
parameters of a hidden Markov model — the critical
difference is that in the Baum-Welch algorithm the
“observations” used in the algorithm are provided by
the noise-free output of the hidden Markov model,
while in our case the output of the hidden Markov
model that we want to estimate is added to the coded
bits, which come from another independent Markov
model (convolutional encoder).

Since the hidden Markov channel model is included
in the supertrellis of each one of the constituent de-
coders, its parameters can be estimated simultane-
ously with decoding using the same underlying ideas
as in the Baum-Welch algorithm. In fact, it is possible
to apply an estimation algorithm over the supertrellis
of each one of the constituent decoders so that each
iteration in every constituent turbo decoder also re-
sults in an iteration on the parameter estimation.

In deriving the estimation algorithm we use a
channel characterized by a hidden Markov model
A = {A,B, 7'}, where A, B and 7’ are respectively
the transition matrix probability, the output matrix
probability and the initial distribution probability.
Therefore, we can calculate the value of a, for each
branch in the supertrellises as indicated in the previ-
ous section.

The probability of going through branch e in the
trellis section k has been calculated before and is
given by:

Prp(e|O] ... 0% ) =

ap_1 [55 (e)] a.P[OYe] By [SE (e)] .
(5)

Since branch e can be determined by the ini-
tial state s°(e), final state sP(e) and its associ-
ated error pattern OF @ O(e), we can express the
probability of the branch e given the observation
as the joint probability of s°(e),OF @ O(e) and
sP(e), ie. Pp(e|OF .. 0% X)) = Pk(ss(e),OZ P
O(e),s¥(e)|O} ... 0%, X). Therefore, for the Markov
channel the joint probability of the initial state .S;, fi-
nal state .S; and error pattern v € {0, 1}, where v = 1
corresponds to a channel error, can be expressed as:

P(Si,v, 85|07 .. .0, X) =

1
)
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O%- N), (6)

1 K

k=1eceC
where 0 < 4,5 < S—1, v € {0,1} and C = {e :

01 & O(e) = v,[s° ()] = Si, [s7(e)] ™) = S}
The product of this probability times the number
of trellis transitions represents the expected number
of transitions (for the Markov channel) from state
S; to state S; generating the error pattern v. From
this joint probability it is easy to calculate the ex-
pected number of transitions from state S; to state
S; (K x P(S;,5;|07...0%, X)), the expected num-
ber of times in state S; generating error pattern v
(K x P(S;,v|0Y...0%, X)), and the expected num-
ber of times in state S; (K x P(S;|O} ...0%, \)):

P(S;, 85|00 ...0% \) =

1

= P(S,v, 810704, \), 0<ij<S—1

v=0
(7)
P(S;|OF .. .0 \) =
S—1 1
> PS80, 5|07 .05 N), 0<i<S—1
j=0v=0
(8)
S—1
P(S;, 0|0 ... 0%, X) = > P(S;,v,S;|0F .. 0%, N,
Jj=0

)
with0<i<S—1, ve{0,1}.

Therefore, the process of estimating the parame-
ters of the hidden Markov channel can be performed
as part of the decoding processing on the supertrel-
lises describing the hidden Markov channel and each
of the constituent decoders. The resulting equations
to calculate the estimated model A = {A, B, 7'},
the corresponding constituent decoder (which will be
used as initial model for the next constituent decoder)

are:

P(S;, ;0" ..
P(S;|07 .

_ Tie1 Yeee, a-i%())ac POle] i[5 (0)]
Yot Leec, ar-1[s5(€)]a. P[0} €] Bi[sF (e)]
(10)
P(S;, 0|07 .. .O%, )
P(S;|O}...0% \)

_ Yk Yeec, @15 ()]ac POfI€] Bils” (e)]
Yhet Yeec, k1[5 (€)]ac P[Oe] B [sE(e)E’ |
11
et [s5(e)]™ = S [sF(e)™ = S},
(e)](m) =5}, Cs={e: 07 $O(e) =
=5}, 0<2]<S—1andv€{0 1}.

No/ A0V

a;j = Pf(Sjlsi) = oF )\)

bi(v) = PO(Ulsl') =

with 01 = {
Cy = {e: [5°
v, [s5(e))™ =

10°

10

(f.bg,b1)=(1.5,103,.3)
(f,bo,by)=(1.5,5%10°3,.3)

10%

10% (f,boby)=(2.5,104,.4) ]
@
104
10°5F
parameters
106k known
107

5 10 15 20 25
Iteration number

Fig. 3. Convergence behavior for the rate 1/2 turbo code
and Markov channel with ¢ = .86 when the a priori infor-
mation about the parameters of the Markov channel is not
known. The convergence for the case where the parameters
are known is shown for comparison. The initial Markov
channel is defined by the transition matrix b = .0005,
g'™ = .0005 f and the probabilities of error in the good and
in the bad state (PY* = by and Pp' = by, respectively).
The interleaver length in all figures is 16384.

In practice, instead of calculating the values of
@;; and b;(v) using the right hand side of equations
(10,11), it is faster to calculate the joint probability
defined in (6) and then use equations (7,8,9) directly
to obtain the estimated values. It is important to re-
mark that the previous equations are valid for rate
greater than or equal to 1 constituent encoders. For
constituent encoders with rate greater than 1, all the
sums in the index k should be carried out only for the
trellis transitions which are associated with a coded
bit OF (i.e. the "holes” due to the puncturing should
not be considered for the estimation process).

As it will be shown in next section, the conver-
gence of this algorithm will depend on the Markov
model used for its initialization. The initial Markov
channel is defined by the transition matrix given by
Pin(S1|S0) = b, Pi"(So|S1) = ¢'™ (where in de-
notes initial) and the probabilities of error in the
good and in the bad state (Pi"(1|Sp) = P& and
Pin(1]S1) = P, respectively).

IV. SIMULATION RESULTS

In order to asses the performance of the joint esti-
mation/decoding method, we consider two Markov
channels. The first has parameters Pz = .0128,
Pp=.5¢9g=.1092,and b = .0308 and p = 1—g—b =
.86. The stationary bit error rate of this channel is

= .12. Note that this is higher than the bit er-
ror rate of p = .11 at which CM¥ = 1/2 (i.e.,
1 — H(.11) = 1/2 where H() is the binary entropy
function). The parameters of the second Markov
channel are Pz = .01925 and Pg = .5, with b and ¢
chosen so that the ratio b/g is the same as in the chan-
nel above but with y = 1—g—5b = .98. The stationary
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10°

107

5 10 15 20 25 30
Iteration number

Fig. 4. Convergence behavior for the rate 1/2 turbo code
and Markov channel with 4 = .86 when the a prior: in-
formation about the parameters of the Markov channel is
not known. The initial error probabilities are the same
for all curves and correspond to the worst case in Figure
3 (Pé" = 10—2 and P}B'" = .3). The factor f is changed
as indicated in the graph. The figure shows the similar
performance obtained for a wide range of values of f (and
consequently for a large range of the initial stationary error
probability).

bit error rate is p = .125. This channel has stronger
dependencies and therefore longer burst lengths than
the previous one. As shown in [4], when the param-
eters of the hidden Markov model are known a pri-
ori, 1t is possible for both channels to build turbo
encoders of rate 1/2 capable of performing decoding
with a residual error probability less than the reso-
lution of the simulation, which consisted of 107 bits.
These encoders are of the type shown in Figure 2 (the
total number of constituent coders is 4 for the p1 = .86
channel and 5 for the g = .98 channel). In all cases
considered here, the interleaver length is 16384 and
the generator polynomial of the all the constituent
convolutional encoders is G(D) = %.

In our simulations the transition matrix of
the initial Markov channel is always selected as
Ptm(SllSo) = bm = 00057 Ptm(SolSl) = gi" =
.0005 x f. The reason for choosing these small values
is that we have observed that in the joint estima-
tion decoding method it is better (in order to achieve
convergence) to initialize with transition probabili-
ties smaller than the real ones. Therefore, the se-
lected values guarantee the ability to deal with very
bursty channels. As a rule of thumb, parameters
(f, P&, PI*) must be chosen such that the station-
ary probability of error of the initial Markov channel
is close to or higher than the one corresponding to
CNM  Figure 3 illustrates the performance of the
proposed algorithm for different values of the param-
eters (f, P&, Pir) for the channel with u = .86. We
note [4] that increasing the value of Pg (and there-
fore p) for this channel causes the non-convergence
of turbo decoding (even when the parameters of the
Markov channel are known). Therefore, for this par-

ticular channel the lack of information of the Markov
channel does not degrade the decoding performance
(except in the number of iterations needed to conver-
gence). Figure 4 shows the performance of the pro-
posed algorithm for the worst case in Figure 3 when
the factor f is changed (and correspondingly the value
of pi™) but P and P are maintained (Pg' = 1073,
P = 3). We can see that the range of f in which
convergence is achieved is very large, corresponding
to initial stationary error probabilities in the range
p'" € [.044, .19] (at least). This implies that for this
channel the initialization of the Markov channel used
in the estimation procedure is not critical at all and
we do not need to chose the initial parameters very
carefully. However, as we can see in Figures 5, 6 and
7, this initialization is quite more important for the
channel with g = .98. As Figure 5 shows, in order to
achieve convergence in the joint estimation/decoding
method for a value of p = .125 (which as shown in [4]
i1s the maximum value of p for which turbo decoding
with known parameters can be achieved with resid-
ual probability of error less than 107%) it is necessary
for the initial value P to be quite close to the real
one. Although this seems to be a very stringent re-
quirement, 1t can however be a reasonable assumption
depending on the channel under consideration (for ex-
ample if we know that errors in the channel are the
result of packet losses, the initialization of PJ* = .5
seems to be a good assumption). As shown in Fig-
ure 6, the range of parameters at which convergence
can be achieved improves if Pg decreases producing
an stationary error probability of p = .12. Figure
7 illustrates the performance of the proposed algo-
rithm for the worst case in Figure 6 when the factor
f is changed, but not P or P (P = 2.5 x 1073,
P = 3). We can see that in this case the range
of f over which convergence is achieved is narrower
than for the previous channel (initial stationary er-
ror probabilities in the range p” € [.153,.175]) and
that for values of p'” inside this range the resulting
performance is very similar. The worse performance
for the channel with g = .98 seems to be due to the
higher variance in the bit error probability for differ-
ent realizations of the channel. Also, we should note
that the block length needed to have good parameter
estimates decreases with the value of p.

In all our simulations, we have assumed that the
lack of information holds for all the blocks. In other
words, we allow the channel to be different for dif-
ferent input blocks, which implies that for each in-
put block the estimation of the channel has to be
performed again with no a priori information avail-
able. In practice, if the channel is changing slowly
enough the Markov parameters are likely to be cor-
related across adjacent blocks, and this information
could be used to supply the initial estimate for all
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Fig. 5. Convergence behavior for the rate 1/2 turbo code
and Markov channel with ¢ = .98 and p = .125 when the
a priori information about the parameters of the Markov
channel is not known. The initial Markov channel is de-
fined by the transition matrix 4" = .0005, g'” = .0005f
and the probabilities of error in the good and in the bad
state (PZ* = by and Pp* = b1, respectively). This is rep-
resented in the figure by the 3-tuple (f,bo,b1).

10°

10 ]

Parameters known
(2.0,103,.4)

108} 3
(1.0,5x10°°,.3)

BER

-4
107 (.85,2.5x103,.3) 1

1051

10°]

107 . . . . .

Iteration number

Fig. 6. Convergence behavior for the rate 1/2 turbo code and
Markov channel with ¢ = .98 and p = .12 when the a prior:
information about the parameters of the Markov channel
is not known. As in the previous figures, the initial Markov
channel is represented by the 3-tuple ( f,bg,b1). The range
of initial parameters which achieve convergence is much
wider than in Figure 5.

blocks except the first, leading to much faster conver-
gence.

V. CONCLUSIONS

We have introduced a joint estimation/decoding
method for parallel concatenated codes over binary
Markov channels without the need of transmission of
training sequences. This method allows reliable com-
munication at rates above the capacity CV™ of the
corresponding interleaved and assumed memoryless
channel and near C'*, the true capacity of the chan-
nel, even when the parameters of the Markov channel
are not known a priori. The performance degradation
in comparison with the case in which the statistics of
the Markov channel are known a prioriis always very
small; though it increases with the value of u. Also,

BER

5 10 15 20 25 30 35 40 45
Iteration number

Fig. 7. Convergence behavior for the rate 1/2 turbo code
and Markov channel with 4 = .98 and p = .12 when the
a priori information about the parameters of the Markov
channel is not known. The initial error probabilities are
the same for all curves and correspond to the worst case in
Figure 6 (Pé" =2.5x10"2% and P}B'" = .3). The parameter
f is changed as indicated in the figure. Notice the similar
convergence behavior for different values of f. However,
the range for f in which convergence is achieved is much
smaller than for the previous channel with y = .86.

the selection of the initial Markov model parameters
becomes more critical as the value of p increases.
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