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We present techniques for modifying a turbo

decoder to incorporate a hidden Markov source

model, a Markov channel model, or both. This

allows the receiver to utilize the statistical char-

acteristics of the source and/or channel dur-

ing the decoding process, and leads to signif-

icantly improved performance relative to sys-

tems in which the Markov properties are not ex-

ploited. When applied for binary-input, binary-

output Markov channels, the methods presented

here outperform techniques based on conven-

tional channel interleaving, as they can allow

decoding at rates which are above the capacity

of a memoryless channel with the same station-

ary bit error probability as the Markov channel.

I. Introduction

The potential to utilize source and channel

memory in communications has been recog-

nized by many authors. For example, Mushkin

and Bar-David in [1] derive the capacity of

Gilbert-Elliot channels and propose decision

feedback decoders to improve the decoding. As

Hagenauer has shown in [2], it is also possible to

modify the soft-output Viterbi algorithm such

that statistics of a source are used in the accu-

mulation of state metrics.

The work presented here involves binary

source and channel Markov models in combina-

tion with turbo codes, and di�ers from previous

work in several key respects. Previous studies

of binary channels with memory are based on

Viterbi decoding, and involve techniques that

are vulnerable to error propagation. By con-

trast, the techniques here use only the a pri-

ori structure of the channel and are e�ective

for poor channels. Another di�erence lies in

the role of channel interleaving. While chan-

nel interleavers are needed in traditional con-

volutional codes to handle fades, with turbo

codes one can dispense with channel interleav-

ing and work to directly exploit the structure

of the noninterleaved channel in the decoding

iterations. Similarly, the structure of a Markov

source can also be utilized in decoding.

II. Background and notation

The MAP algorithmoriginally proposed in [3]

laid the groundwork for the forward-backward

algorithm that has been used in turbo codes.

Following the original publication describing

turbo codes, many authors have extended and

re�ned techniques for iterative decoding. We

cite in particular the recent paper by Benedetto

et al. [4], which introduces notation to describe

trellis transitions that we utilize here.

We consider the case of a parallel concate-

nated coder with L constituent convolutional

encoders and L � 1 interleavers [5]. The con-

stituent decoders are enumerated by Dl, 0 �
l � L � 1, and each is associated with an en-

coder of rate 1=nl. At the receiver, we refer to

the constituent decoder operating on the obser-

vations associated with the non-interleaved in-

put sequence as the \non-interleaved decoder",

D0; this contrasts with the L � 1 \interleaved

decoders" Dl , 1 � l � L�1 that operate on the

observations corresponding to the interleaved

inputs. �l(k) describes interleaving applied to

input bit uk at the lth constituent encoder;

�0 denotes the identity operation (no interleav-

ing). Processing at the receiver is performed

in one constituent decoder at a time and uses

all available results from the other constituent

decoders. The kth input bit (before interleav-

ing) is denoted by uk, k = 1 : : :K, and can take

on values i, i = 0; 1. The observations are de-

noted by the matrix O in which Ol
k represents

the observations at the channel output associ-

ated with the lth constituent coder and input

bit u��1
l

(k) (i.e. the bit mapped to position k

by interleaver �l). Note that each Ol
k contains

nl elements and therefore may itself be a vec-

tor. Holding the subscript constant and letting

the superscript vary refers to all of the observa-

tions (in decoders D0 throughDL�1) associated

with the kth trellis transition. In discussing

the decoding iterations it will often be neces-

sary to distinguish between the observations O
p
k

associated with the decoder Dp (and input bit

u��1p (k)) in which processing is occuring and the

observations O
�fp
k = [O0

k : : :O
p�1
k O

p+1
k : : :OL�1

k ]

in the other constituent decoders. Holding the

superscript constant and letting the subscript

vary speci�es observations associated with a

single decoder and multiple input bits; for ex-

ample, the set of all observations for decoder Dl

is [Ol
1
: : :Ol

K]. �k(s) represents, for the forward
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recursion, P (O
p
1
: : :O

p
k; sk = s), the probability

of the observations in decoder Dp due to all

inputs up to time k and that the trellis is in

state s after the kth transition. �k(s) repre-

sents the probability P (O
p

k+1 : : :O
p

Kjsk = s) as

calculated using the backward recursion. As in

[4], we use e to symbolize the trellis edges, or

branches, with the starting and ending state as-

sociated with a particular edge e given by sS (e)

and sE (e) respectively. The input bit associ-

ated with a branch e is denoted by u(e).

The key results in [3] are the recursions that

express �k(s) in terms of �k�1(s), and �k(s)

in terms of �k+1(s). In terms of the notation

above, the � recursion as used in decoding of

parallel concatenated codes can be written in a

form that utilizes a summation over all edges

e that terminate in state s; i.e. that satisfy

sE (e) = s:

�k(s) =
P

e:sE(e)=s �k�1
�
sS (e)

�
�

Pk

h
ejO

�fp
1
: : :O

�fp
K ; sS (e)

i
P [O

p

kje] :
(1)

By analogy with the case for the forward recur-

sion, the backward recursion used to calculate

�k(s) can be expressed:

�k(s) =
P

e:sS(e)=s �k+1
�
sE (e)

�
�

Pk+1

h
ejO

�fp
1
: : :O

�fp
K ; sS (e)

i
P [O

p

k+1je]
(2)

where the summation is performed over all

edges e that begin in state s. Writing the equa-

tions in this way explicitly shows the 
ow of

information (via the center term in the summa-

tion) between constituent decoders. As will be

discussed below in connection with equations

(4), (5), and (6), this allows incorporation of

a priori source and channel probabilities in a

straightforward way.

In the non-interleaved decoder D0 the prob-

ability that the kth input bit uk is equal to i,

i=0 or 1 can be expressed as a sum of probabil-

ities over all edges in section k of the trellis for

which the input bit u(e) has value i, i.e.:

P (uk = ijOp
1
: : :O

p
K) =

1

P (O
p
1
: : :O

p
K)

�

X

e:u(e)=i

�k�1
�
sS (e)

�
P
�
ejsS (e)

�
P [O

p

kje]�

�k
�
sE (e)

�
: (3)

In decoders Dl, l 6= 0 operating on interleaved

inputs, uk in equation (3) should be replaced

by u��1
l

(k). In the discussion below, we will also

use the probability P (O
p
1
: : :O

p
K juk = i), which

can be related to P (uk = ijOp
1
: : :O

p

K) through

P (O
p
1
: : :O

p
K juk = i) =

P (O
p

1
:::O

p

K
)

P (uk=i)
P (uk =

ijOp
1
: : :O

p
K) where P (uk = i) is the a priori

probability of the source to generate the bit

i. The decoding iterations obtain successively

re�ned estimates of P (uk = ijOp
1
: : :O

p

K) via

equations (1,2,3).

III. Hidden Markov source models

In the non-interleaved decoder, the properties

of a hidden Markov source can be exploited, and

we replace the trellis corresponding to the non-

interleaved convolutional encoder with an ex-

panded trellis that jointly describes the source

and the convolutional coder. The number of

states in the joint trellis is the product of the

number of states in the hidden Markov source

times the number of states in the convolutional

coder. Each one of the branches e in the joint

trellis will have an associated a priori transition

probability, ae. In the interleaved decoders no

expansion of the trellis is needed since interleav-

ing masks the Markov properties of the source.

Since the Markov properties of the source can

only be fully exploited in the non-interleaved

decoder, the bene�ts of the decoder modi�ca-

tions will be greatest when the number of con-

stituent decoders is L = 2, and we consider only

this case in Section III.

The goal during decoding is to pass the infor-

mation available from one decoder to the other

decoder in such a way that this information,

jointly with the a priori information from the

source available in the new decoder, enables the

calculation of Pk[ejO
�fp
1
: : :O

�fp
K ; sS(e)] for use in

equations (1) and (2). As described in [6], this

can be obtained by using

Pk[ejO
0

1 : : :O
0

K; s
S(e)] =

GkP [u��1(k) = u(e)jO0

1
: : :O0

K] (4)

for equations (1) and (2) in the interleaved de-

coder D1, where Gk is a normalization factor.

In the non-interleaved decoder D0,

Pk[ejO
1

1 : : :O
1

K; s
S(e)] =

Hk P [O
1

1 : : :O
1

K juk = u(e)]ae (5)

is used, where Hk is a normalization factor.

To achieve good performance it is neces-

sary that the non-interleaved and interleaved

decoders perform independent estimations of

P (uk = ijOp
1
: : :O

p
K). Therefore, to calculate

the value of P [ejsS(e)] in equation (3) we con-

sider only its a priori value (i.e., P [ejsS(e)] =
ae, with ae the transition probability of branch

e) and do not consider the value of P (uk =



PROC. OF THE INT. SYMP. ON TURBO CODES, PP. 259-262, BREST, FRANCE, SEPTEMBER 1997 261

ijO
�fp
1
: : :O

�fp
K ) or P (O

�fp
1
: : :O

�fp
K juk = i) pro-

duced by the other decoder.

To produce the input sequence uk, a hidden

Markov source with N states Sj , 0 � j � N �1

is used. The probability of producing output

bit i, i 2 f0; 1g, when the source is in state Sj
is Po(ijSj). The probability of transition from

state Sl to Sk is Pt(SkjSl). As an example,

consider the case of N = 2 states, with transi-

tion probabilities Pt(S0jS0) = :1, Pt(S1jS1) =
:15 and output probabilities Po(0jS0) = :95,

Po(1jS1) = :925 . Sequences produced by this

model satisfy P (uk = 0) = P (uk = 1) = :5,

and have an entropy rate of 0.729 bits/symbol.

This hidden Markov source was used in simu-

lation as input to a rate 1/3 encoder that in-

cluded a systematic bit and two identical recur-

sive 8-state, rate 1 convolutional encoders with

generator matrix G(D) = 1+D+D2
+D3

1+D2+D3 and an

interleaver with length 16384. Each simulation

consisted of at least 10 million bits. Using this

source, the theoretical (unconstrained) limit for

Eb=N0 using rate 1/3 codes is approximately -

2.2 dB. The modi�ed decoder performs within

about 1.2 dB of this limit, showing convergence

at Eb=N0 = �1:0 dB. A decoder without the

modi�cations described here fails to converge

even at an Eb=N0 of .1 dB.

IV. Finite state Markov channels

In many communications systems of practi-

cal interest the channel error patterns seen at

the output of the demodulator can be charac-

terized using hidden Markov models. Although

the approach we present below can be applied

to general binary-input, binary-output Markov

channels, for simplicity we consider the spe-

cial case of Gilbert-Elliot channels. A Gilbert-

Elliot channel contains a \good" state in which

the probability of bit error is PG and a \bad"

state with error probability PB . The proba-

bility of going from the good state to the bad

state is b and the probability of going from the

bad state to the good state is g [1]. In con-

trast with the AWGN channel, in a Markov

channel the order of transmission of the bits

becomes important. In order to exploit the

hidden Markov structure of the errors intro-

duced by the channel, we perform transmission

of bits from each constituent encoder as a single

contiguous block, as contrasted with the inter-

leaved transmission that is typically used. In

each constituent decoder, this allows construc-

tion of a supertrellis which jointly describes the

channel and encoder. In constituent decoder

Dl with rate 1=nl each coder \superstate" con-

tains Nnl channel states as illustrated in Fig-

ure 1. Equations (1,2,3) can still be applied,

although in contrast to case for the Markov

source in Section III, the terms P [O
p
kje] and

P
�
O
p

k+1je
�
also depend on sE(e). The value of

Pk[ejO
�fp
1
: : :O

�fp
K ; sS(e)] for use in equations (1)

and (2) (when applied to the constituent de-

coder Dp) can be calculated from the equation

Pk[ejO
�fp
1
: : :O

�fp
K ; sS(e)]Pk[O

�fp
1
: : :O

�fp
K js

S(e)] =

Pk[O
�fp
1
: : :O

�fp
K je; s

S(e)]P [ejsS(e)]. After some

manipulation, and assuming that the source se-

quence uk is i.i.d. with probabilities P (uk =

0) = P (uk = 1) = :5 we obtain

Pk[ejO
�fp
1
: : :O

�fp
K ; sS(e)] =

Jkae
QL�1

i=0;i6=p P [u��1p (k) = u(e)jOi
1
: : :Oi

K]

(6)

where Jk is a normalization factor and ae =

P [ejsS(e)] is the a priori transition probability

of branch e in the joint trellis. In contrast with

the case of a source Markov model, the value of

ae depends only on the transition probabilities

of the hidden Markov model representing the

channel.

To demonstrate the performance of the modi-

�ed decoder, consider the rate 1/3 encoder with

i.i.d. input shown in Figure 2. Each constituent

coder produces parity bits using a rate 1 re-

cursive 8-state convolutional encoder with the

same generator matrix as used for the simula-

tion described in Section III. In contrast with

customary turbo codes in which the parity and

systematic bits are transmitted for the �rst con-

situent coder (E0), the coder E0 in Figure 2 is

rate 1, obtained using a mix of systematic and

parity bits (one systematic bit is sent after every

19 parity bits). In the simulations, the inter-

leavers were of size 16384. The Gilbert-Elliot

model parameters were PG = :01, PB = :5,

g = :0914, and b = :0486. As described in [1],

the \capacities" that can be associated with a

Markov channel include the true capacity C�;

and CNM , (\no memory"), the capacity of a

memoryless channel with the same stationary

BER as the Markov channel. Clearly, C� �
CNM . For the Gilbert-Elliot channel described

above, the stationary bit error probability is .18.

Note that this is higher than the bit error rate

of � = :174 which corresponds to CNM for a

rate 1/3 code (i.e., 1 � H(:174) = 1=3 where

H() is the binary entropy function). Thus, re-

liable communication over this channel using a

rate 1/3 code is not possible in a traditional sys-

tem that uses channel interleaving and does not

exploit channel memory. However, as Figure 3

shows, when simulations are performed using

approximately 20 million input bits, the rate
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1/3 turbo code with the modi�ed decoder trel-

lises attains a residual BER of about 2 � 10�6

after 14 iterations. The decoder converges fully

(though this may not be statistically signi�-

cant) after 15 iterations. Also shown on Fig-

ure 3 are curves corresponding to the rate 1/3

encoder (with i.i.d. input) from Section III in

which the decoder trellis is not modi�ed to in-

corporate the channel model. As expected, con-

vergence fails to occur regardless of whether a

channel interleaver is used. In general we have

found that as the number of constituent coders

is increased, succesful decoding is possible for

stationary BERs farther above CNM and closer

to C�. Though in the example above encoder

E0 was rate 1 and produced predominantly par-

ity bits, for some channels and code rates it is

best to use a rate 1/2 encoder (producing one

systematic bit and one parity bit for each input

bit) for E0. If the systematic and then parity

bits are transmitted as contiguous blocks, the

decoder trellis must be modi�ed to consider the

combined channel state associated with both

transmitted bits.

V. Conclusions

We have introduced a decoding method

for parallel concatenated codes that considers

source and channel memory. These methods

provide a means to directly exploit the higher

capacity of Markov channels relative to binary

symmetric channels with the same stationary

bit error probability. For Markov sources, these

techniques allow convergence at higher noise

levels than is possible when source statistics are

not utilized.
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Fig. 1. Joint decoder trellis describing the encoder
(states s) and the Markov channel (states m). u
is the information bit.

Fig. 2. Encoder structure used for the rate 1/3 example
described in Section IV. All constituent encoders are
rate 1. For E0, one systematic bit is sent after each
set of 19 parity bits.

Fig. 3. Convergence behavior for the rate 1/3 code
described in Section IV. The channel is a Gilbert-
Elliot channel with stationaryBER .18 (a BSC with
this BER has capacity < 1/3). The performance
of the rate 1/3 encoder from Section III, without
modi�ed decoder, is shown for comparison. The
input is i.i.d.


