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Abstract: We describe techniques for joint source-channel coding of hidden Markov
sources using a modified turbo decoding algorithm. This avoids the need to perform
any explicit source coding prior to transmission, and instead allows the decoder to
utilize the a priori structure due to the hidden Markov source. In addition, we present
methods that allow the decoder to estimate the parameters of the Markov model. In
combination, these techniques allow the decoder to identify, estimate, and exploit the
source structure. The estimation does not degrade the performance of the system, i.e.
the joint estimation/decoding allows convergence at the same noise levels as a system
in which the decoder has perfect a priori knowledge of the source parameters.

I. Introduction

We consider communications of a binary source that follows a hidden Markov
model. In a traditional communications approach in which source and channel cod-
ing are performed separately, one would apply entropy coding to the Markov source
and channel coding to the output of the source coder. However, the residual bit errors
at the output of the channel decoder could cause a catastrophic loss of synchroniza-
tion for the source decoder. By contrast, we develop a joint source-channel coding
approach that exploits the statistical characteristics of the source in the decoder so
that any bit errors arising during transmission are not propagated. Furthermore,
joint source-channel decoding allows a channel code of a single rate to be used in
combination with sources having arbitrary entropy rates, with the modifications to
maintain efficient coding involving only processing in the decoder.

The principal contributions of the work presented here are as follows: First, we
describe joint source-channel coding of hidden Markov sources. While previous au-
thors have considered Markov source structure in combination with transmission over
a noisy channel [1, 2], the previous work has emphasized (non-hidden) Markov mod-
els. By contrast, we focus on the more general case of hidden Markov models, in
which the state of the model is related to the output probabilistically as opposed
to deterministically. Second, we describe joint source-channel coding using parallel
concatenated codes, or “turbo” codes [3, 4, 5, 6]. Turbo codes are the most widely
practiced example of a new approach to channel coding in which iterative processing
in multiple “constituent” decoders is used to enable decoding of long blocks of data.
Although there has been a rapidly growing body of publications on turbo codes since
their introduction in [3], much of the research in this area has focused on transmission
of i.i.d. sources over additive white Gaussian noise (AWGN) channels. To exploit a
source with Markov structure in turbo codes requires a formulation that utilizes the
structure of the source in both the calculation of the a posteriori probabilities of the
input bits and in the passage of information between constituent decoders in iterative
decoding. This is related to techniques used in coding for intersymbol interference
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(IST) channels, though in contrast with IST channels in which the path through the
expanded trellis is a deterministic function of the input sequence, in turbo decoders
modified for hidden Markov sources the path is probabilistic. Third, we present a
method for estimating the parameters of a hidden Markov source based on obser-
vations after channel coding and corruption by noise. This parameter estimation
is refined in each turbo decoding iteration and allows successful turbo decoding of
hidden Markov sources in the absence of initial knowledge of the parameters of the
source. Hidden Markov parameter estimation is well known in speech coding in the
context of the Baum-Welch algorithm [7]. However, iterative estimation of hidden
Markov sources in a turbo decoder has not been addressed before.

I1. Background and notation

As described in the references on turbo codes cited above, a parallel concatenated
code is formed by several constituent convolutional coders, each one acting over per-
mutated (interleaved) versions of the same input sequence. Though the methods we
describe can be applied to parallel concatenated codes with any number of constituent
convolutional encoders, they are most effective for the case of a single interleaver and
two constituent convolutional encoders, so we consider this case here. At the receiver,
we refer to the portion of the decoder operating on the observations associated with
the non-interleaved input sequence as the “non-interleaved decoder”; this contrasts
with the “interleaved decoder” that operates on the observations corresponding to
the interleaved input. The kth input bit (before interleaving) is denoted by uy (with
k=1...L, where L is the interleaver length) and can take on values 7, 1 = 0,1. We
use 01 OA to represent the observation sequence, with each Oy a Vector whose
elements are the observations at the channel output associated with the kth trellis
transition. Since the convolutional coder is forced to end in state 0, K > L.

Some of the elements of each O are produced using the interleaved input; the
rest are produced from the non-interleaved input. To facilitate distinguishing be-
tween these two observations, we will denote by Of the subset of elements of Oy
associated with the non-interleaved decoder; O} will refer to observations used in the
interleaved decoder. During the decoding iterations, processing is performed in the
non-interleaved and interleaved decoders in alternation. Therefore, it is also helpful
to be able to refer to the observations in the decoders in a relative sense. Specifically,
we will denote by O} the subset of elements of Oy associated with the “present” de-
coder (non-interleaved or interleaved); i.e. the one in which processing is occurring,

while Og is used to denote the elements of O}, associated with the other, or “former”
decoder (interleaved or non-interleaved). As in [6], we use e to symbolize the trellis
edges, or branches, with the starting and ending state associated with a particular
edge e given by s°(e) and s¥(¢) respectively. The input bit associated with a branch
e is denoted by u(e)

The MAP algorithm originally proposed in [8] laid the groundwork for the forward-
backward algorithm that is commonly used in turbo codes. While this algorithm is
now well known, we present the recursion equations below using notation that differs
from that typically used in the turbo code literature, and which much more intuitively
admits modifications that allow consideration of Markov source structure. In the dis-
cussion that follows, ax(s) represents, for the forward recursion, P(O} ... O}, qx = s),
the probability of the observation and that the trellis state ¢ after the £th transition
is 5. [r(s) represents the probability P(O7,, ...O%|qx = s) as calculated using the
backward recursion. The key results in [8] are the recursions that express ag(s) in
terms of ag_1(s), and Fx(s) in terms of fry1(s). For parallel concatenated codes the
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forward recursion can be written in a form that utilizes a summation over all edges e
that terminate in state s; i.e. that satisfy SE(e) = st

ar(s) = 3 o [s7(e)] Pi[elOf .. 0L 5% (e)] P[Ofle]. 1<k < K. (1)

e:sB(e)=s

Since the convolutional code starts in state 0 the recursion is initialized using ag(s =
0) =1 and ag(s) = 0 for s # 0. By analogy with the case for the forward recursion,
the backward recursion used to calculate ﬂk(s) can be expressed:

Bi(s) = > Biwr [s7(e)] Prya [e|O] ... OF, 5% ()] PIOLyle], K—1>k>1,
6:55(6):5
(2)

where the summation is performed over all edges e that begin in state s. The con-
volutional code ends in state 0, giving initialization Sx(s = 0) = 1 and fk(s) =0
for s # 0. Equations (1) and (2 ) explicitly show the flow of information between the
two decoders via the center term in the summation. As will be discussed below in
connection with equations (5) and (6), this allows direct incorporation of the a priori
source probabilities.

The goal of the decoding iterations is to determine the probability that the kth
input bit u; was equal to z, =0 or 1, given the observations. In the non-interleaved
decoder, this probability can be expressed as a sum of probabilities over all edges in
section k of the trellis for which the input bit u(e) has value 7, i.e.:

me% Zak 1 [5 (e) } P [e|55 (e)} PO} e] B [SE (e)} ,
(3)

P(u, =107 ...0%) =

with 1 < k£ < L.

In the interleaved decoder, uy in equation (3) should be replaced by w..-1(;), where

7 is the interleaving function. We will also use the probability P(O} ... O% |u, = 1),
which can be related to P(uy = |0} ... O} ) through:

P(O}...OF)

———— =" P(up = 1|07 ... O% 4
P(uk — Z) ( k | 1 Ix)? ( )

where P(uy = 1) is the a priori probability of the source to generate the bit i. In terms

of the notation introduced above, decoding in turbo codes involves forming estimates

of P(ur =107...0%), and 1terat1vely passing these estimates via the interleaver to

the other Constltuent decoder, where they are further refined. After any number of

iterations, the estimates P(uk = i|0]...0%), j = 0,1 from both decoders can be
combined to obtain the hard decision over the input bit.

P(OF...O%uy = 1) =

ITI. Decoder modifications to include source models

We now consider the case where the input sequence uy is provided by a binary
hidden Markov source with N states {Sp...Sy_1}. We denote the state at time k as
qr. Complete specification of a binary hidden Markov model requires specification of
three probability measures, A, B, and =, defined as:

o A=(ay;) is the state transition probability matrix, with a;; the probability of
transition from state S; to state S;, i.e. a;; = Pi(S;]5:) = P(grs1 = Sjlgr =
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o B=(b;(v)) is the observation symbol probability matrix, with b;(v) the probabil-
ity of getting the output v in state S;, i.e. b;(v) = P,(v]S;) = P(bit v at k|gx =
S)0<j<N-1,0<v<1.

e 7 = () is the initial state distribution vector, with 7; the probability for the
initial state to be S;,i.e. m; = P(go=5;),0<j < N —1.

We use A = {A, B, 7} to denote the parameters of a hidden Markov source.

In the non-interleaved decoder, the properties of the hidden Markov source can
be exploited by replacing the trellis corresponding to the non-interleaved convo-
lutional encoder with an expanded trellis (supertrellis) that jointly describes the
source and the convolutional coder [9]. As shown in Figure 1, the number of states
in the supertrellis is the product of the number of states in the hidden Markov
source times the number of states in the convolutional coder. A given state s of
the supertrellis is represented by a vector s = (s, s0™), where the component
s indicates the state of the convolutional code and s(™) expresses the state of
the hidden Markov source. Obviously, the complexity of using a joint trellis in
decoding is higher for hidden Markov sources with more states. FEach one of the
branches e in the supertrellis will have an associated a priori transition probabil-
ity, a., which depends on the parameters of the hidden Markov source according to

a. = P(e|s5(e)) = P, (u(e) |[s5(e)]) x P, ([s"(e)] |[s5(e)]™). Since the ini-
tial and final state of the hidden Markov source are not known, equations (1) and
(2) for the non-interleaver decoder are initialized using ag(s) = 1/N if s¢) = 0 and

Br(s)=1/N if s = 0. For all other states ap(s) and [k (s) are equal to 0.

In the interleaved decoder no expansion of the trellis is needed since interleaving
masks the Markov properties of the source. However, in the interleaved decoder
one can still exploit any asymmetry between the fraction of 0’s and 1’s produced by
the source. This is handled by assigning a transition probability a. to each branch,
though in contrast with the a. in the non-interleaved decoder, the a. in the interleaved
decoder depends only on the associated u(e), i.e., a. = P(ur = u(e)).

Asin the case where the input is i.i.d., decoding when the source has Markov struc-
ture can be performed by iteratively applymg equations (1,2,3) in the non-interleaved
and interleaved decoders to obtain successively more reliable estimates of P(u; =

i|OF ... 0%). The key difference is that the calculation of Pe|O] ... 0%, s5(e)] for

use in equations (1) and (2) should utilize both the information available from the

“former” decoder, P(uy = i|O ...0%) or P(O] ...Ok|ur = 1), as well as the a priori
information (a.) in each of the branches due to the structure of the source. In the
non-interleaved decoder P(uy =i|Of ...O%) is calculated and passed to the input of

the interleaved decoder (where it gets renamed P(uy = i|Of ... 0%) to identify it as
being from the former decoder). This gives

Pyle|Of ... Of, s%(e)] = G Plus-1g = u(e)|O] ... O] (5)

for use in equations (1) and (2) in the interleaved decoder, where (7 is a normalization
factor. In passing mformatlon from the interleaved decoder to the non-interleaved

decoder, we use P(Of .. O |uk = 1). To calculate the transition probability to use
in equations (1,2) in the non-interleaved decoder, we apply Pk[e|0{ e O};, s5(e)] x
PO] ... 0L|s%(e)] = Pi[O]...0%|e,s5(e)]Ple|s5(e)]. Due to the randomization
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introduced by the interleaver, given the initial state (s°(e)) and transition branch (e)
in the non-interleaved decoder, the only information that can be used to calculate

the probability of the observation sequence (O{ e O}i) received by the interleaved
decoder is the input bit u(e) associated with the branch e, which is common to
both decoders. That is, P,[O] ...Ok|e, s°(e)] = PO} ...O%|up = u(e)]. Similarly,
given the initial state (s°(e)) in the non-interleaved decoder, there is no information
available to calculate the probability of the observation sequence received by the
interleaved decoder, which implies P,[O] ... 0%|s%(e)] = P,[O] ... 0} and leads to
the equation:

Ple|O] ... 0%, s%(e)] = Hy P[O] ... 0% |uy, = u(e)]a. (6)

where Hj is a normalization factor. Equation (5) can also be derived by passing

the information in terms of P(O]...O%|u; = i) instead of Pluy = o] ...0%),
following a procedure similar to that used for expressing equation (6). By contrast,
to take full advantage of the structure of the joint (i.e. including the source and
encoder) hidden Markov model, the information in equation (6) must be passed using

P(O] ...0%|uy, = 1).

To achieve good performance it is necessary that the non-interleaved and inter-
leaved decoders perform independent estimations of P(uy = i|O7 ...O%). Therefore,

to calculate the value of Ple|s®(e)] in equation (3) we consider only its a priori value
(i.e., Ple|s®(e)] = a., with a. the transition probability of branch e) and do not

consider the value of P(u) = i|Of .O%) or P(O] ...0%|uy, = i) produced by the
former decoder. For the case of 1.i.d. sources the equatlons above are equivalent to
the usual turbo decoding method in which “extrinsic” information is passed between
the constituent decoders. As discussed in Section V, the modifications to incorporate
the source model produce a strong improvement in decoding performance relative to
the case in which source structure is not considered.

IV. Parameter estimation at the receiver

The methods above allow consideration of a hidden Markov source whose pa-
rameters are known. A more powerful approach would allow the receiver to use the
noise-corrupted observations available in the decoder to estimate the parameters char-
acterizing the hidden Markov source, and to apply these probabilities in decoding.
Parameter estimation for hidden Markov models has been described before, most
notably in conjunction with the Baum-Welch algorithm [7, 10, 11] which has been
widely used in speech processing, but also for characterizing mobile channels [12] and
in blind equalization. While the basic problem faced here and in the Baum-Welch
algorithm is the same — to estimate the parameters of a hidden Markov model — the
critical difference is that in the Baum-Welch algorithm the “observations” used in the
algorithm are provided by the output of the hidden Markov model, while in our case
the model output is subject to channel coding, corrupted by noise, and then observed.

One way to perform estimation is to make use of a standard turbo decoder and
utilize the hard decisions obtained after the first (and subsequent if desired) iteration
as the observation sequence provided to the Baum-Welch algorithm. The parameters
obtained from the Baum-Welch algorithm can then be utilized using the methods
of Section III. However, since a very large percentage of the hard decisions after
one iteration of turbo decoding are wrong, the parameter estimation based on this
observation is not very accurate, and this mismatch will limit the effectiveness of the
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joint source-channel decoding approach. Another drawback of this approach is that
it does not utilize the soft information available in the turbo decoder. In order to
have an initial estimation of the hidden Markov source parameters, we will use this
approach in the first iteration.

A much better approach for the subsequent iterations is to estimate the hidden
Markov source parameters in the supertrellis of the non-interleaved decoder that
jointly describes the Markov source and the first constituent convolutional coder.
In fact, it is possible to apply a reestimation algorithm over the supertrellis of the
non-interleaved decoder so that each iteration in turbo decoding also results in an
iteration on the parameter estimation. In this way, both the turbo decoding and the
parameter estimation make use of soft information. This allows reduced complexity
and better performance relative to an approach in which the Baum-Welch algorithm
is applied after each turbo decoding iteration.

To derive the estimation algorithm we will assume that the source is characterized
by a hidden Markov model A = {A, B,#x} and therefore that we can calculate the
value of a. for each branch in the supertrellis. The probability of going through
branch e in the trellis section £ is given by:

1 E
Py(e|Of .. m:Wmﬂ[ ()] acP[OFle] B [s7 (e)] . (7)

Since branch e is determined by the initial state s°(e), final state s¥(¢) and its as-
sociated input bit u(e), we can express the probability of the branch e given the

observation as the joint probability of s%(e),u(e) and s¥(e), i.e. Pp(e|OF .. B,/\) =
Pr(s%(e),ule), sE(e)|OF ... O}, \). Therefore, the probability P(S;,v, S; |Op fes )

can be expressed as:

P(S;, v, 8|07 ... 0%, )\ [,ZZPk elO ... 0% \), 0<4,7<N-1, 0<0v<,

where C' = {e : u(e) = v, [s%(e)]™ = 5;, [s7(e)]™) = S,}.

The product of this probability times the number of trellis transitions represents
the expected number of transitions from state 5; to state S; generating the input bit
v. From this joint probability it is easy to calculate the expected number of transitions
from state S; to state S; (K x P(S;,5;|07.. B,/\)), the expected number of times
symbol v is generated in state S; (K x P(SZ, v|0p %> A)), and the expected number
of times in state S; (K x P(S;|O07... 0%, A)):

1

P(S;, S;|07 ... 0%, X)) =Y P(S;,v, 507 ... Ok, ), 0<i,j<N—-1 (9)

v=0
N-1
P(S;,v|0}...0%, ):ZP 50, 5500 L O N, 0<i<N—-1,0<0v<1
7=0
(10)
N-1 1
P(S;|07 ... 0%, \) = > > P(Si,v,5|07...0%, ), 0<i<N-—1 (11)
7=0 v=0
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The resulting equations to calculate the reestimated model X = {A, B, 7}, which
will be used for the non-interleaver decoder in the next turbo decoding iteration are:

— Loy - PSSO Ok, N) _ it Seec, aumi[s%(€)]ac P[Ofle] Bl s" (e)]
5 = Pi(5;]9:) = P(S:|07 . IU/\) ?:1 e, ax_1]55(e)]a P[O%]e ]ﬂk[sige))]

€

P(S:, 0|07 ... Ok, A)  Tiy oy ok [s¥(e)]ac PIOfe] Bils”(e)]

(13)
with C; = {e : [s5(€)]®) = S, [s7(e)]®) = S;}, Ca = {e : [s%(e)]®) = S;}, C5 = {e:
u(e) = v, [Ss(e)](s) =5}0<ij<N—-—Tland0<wv<I.

N x (e)
W)= B = 10T 0R ) SIS, v 55 ac PIOYIe] Bels7(c)]
{

Although it is also possible to reestimate the initial state, we have skipped this step
in the previous equations. The reason is that since the block length is large enough
the degradation resulting from this omission is practically negligible. In practice,

instead of calculating the values of @;; and b;(v) using the right hand side of equations
(12)(13), it is faster to calculate the joint probability defined in (8) and then use
equations (9)(10)(11) directly to obtain the reestimated values.

V. Simulation results

In order to study the behavior of the proposed method, two hidden Markov sources
with entropy rates H on the order of .7 and .9 bits/symbol are considered. Both
sources consist of N = 2 states. In order to study only the improvement due to the
use of the hidden Markov structure, the sequences produced by these sources satisfy
P(ur, =0) = P(ur, = 1) = .5. These sequences were input to a rate 1/3 encoder that

included a systematic bit and two identical recursive 8-state convolutional encoders

with generator matrix G(D) = % and an interleaver with length 16384.

Each simulation consisted of at least 10 million bits. For the implementation of
the algorithm a logarithmic version of the equations was used to avoid numerical
overflows.

Figure 2 shows the decoded bit error rate as a function of iteration number for
several different values of F,/Ngy (where the noise is Gaussian and white) for a de-
coder incorporating the changes described in the paper when a source with transition
probabilities P;(S0[50) = .1, P:(51]S1) = .15 and output probabilities P,(0|Sy) = .95,
P,(1]S1) = .925 is used. Both the performance of the decoding method when the
parameters of the source and the noise in the channel are perfectly known as well
as the results when this information is not available at the beginning of the iterative
decoding (the value of F,/Ny is estimated after each turbo decoding iteration) are
shown. For this source (H=.73 bits/symbol), the theoretical unconstrained limit for
Ey/Ng using rate 1/3 codes is approximately -2.2 dB. The modified decoder performs
within about 1.2 dB of this limit, showing convergence at F,/Ny = —1.0 dB. A de-
coder without the modifications described here fails to converge even at an [ /Ny
of .1 dB. The lack of initial knowledge about the source parameters and the noise
in the channel does not seem to increase the I,/Ny required for convergence. The
only negative effect is that more iterations are necessary to achieve convergence. It
is important to remark that when the hidden Markov model is not available to the
decoder, we assume in our simulations that this lack of information holds for all
the blocks. In other words, we allow the source to be different for different input
blocks, which implies that for each input block the estimation of the source has to
be performed again with no information available. This is an extremely conservative
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method of doing the decoding. In practice, if the source is changing slowly enough
the Markov parameters are likely to be correlated across adjacent blocks, and this
information could be used to supply the initial estimate for all blocks except the first.

Similar results can be seen in Figure 3, which corresponds to a hidden Markov
source with entropy rate H=.9 bits/symbol, transition probabilities P;(.So|So) = .99,
P,(51]51) = .989 and output probabilities P,(0]S¢) = .71, P,(1|S1) = .73. In contrast
with the previous source which was characterized by fast changes between states,
this model stays in each state for longer periods. For this source, the theoretical
(unconstrained) limit for Fj/Ny using rate 1/3 codes is approx1mately -1.1 dB. The
modified decoder performs within about 1 dB of this limit, showing convergence at

Ey/No = —.1 dB.

Although we have only presented plots for two sources here, we have performed
simulations for many other sources and have found in all cases that there is no penalty
in £, /Ny incurred by the need to perform source estimation. We have also observed
that the gap between the theoretical limit on /Ny and the lowest Fj/Ng at which
convergence is achieved is dependent on the entropy of the input sequence generated
by the hidden Markov source, and it increases as the entropy decreases. This behav-
ior is expected, since we are exploiting the Markov structure in the noninterleaved
decoder but not in the interleaved decoder. Therefore, when the entropy is small
and F, /NO is decreased, the performance of the second decoder tends to degrade,
worsening the convergence of the whole system.

VI. Conclusions

We have introduced a generalization of decoding of parallel concatenated codes
that allows joint source-channel coding of hidden Markov sources. We have also
provided a method for estimating the parameters of the hidden Markov model during
the decoding. This enables the joint source-channel coding methods to be applied
with no apparent loss of performance even when the source parameters are initially
unknown. As expected, simulation shows a strong improvement with respect to £ /Ny
over the case in which source information is not considered. Provided that at least
one constituent decoder operates on the non-interleaved input, the techniques we
presented here can be applied to parallel concatenated codes with any number of
constituent coders, although the performance will be better when the number of
constituent coders is lower. Though we have focused here on combining source Markov
structure with turbo coding, it is possible to use a similar approach to design coders

for hidden Markov channels [13].
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Figure 1: Supertrellis describing the non-interleaved encoder (states s) and the hidden
Markov source (states m). u is the information bit.
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Figure 2: BER as a function of the decoding iteration number for the hidden Markov
source with entropy rate H = .73 and channel decoder described in Section V. The
solid lines represent the performance when perfect knowledge of the parameters of the
source is available at the decoder. The dotted lines illustrate the performance when
no knowledge of the parameters of the source is initially available to the decoder. The
convergence is slower when the source parameters need to be estimated, but the final
BER that is obtained is the same.
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Figure 3: BER as a function of the decoding iteration number for the hidden Markov

source with entropy rate H = .9 and channel decoder described in Section V. The

solid lines represent the performance when perfect knowledge of the parameters of the

source is available in the decoder. The dotted lines illustrate the performance when

no knowledge of the parameters of the source is initially available to the decoder.
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