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Abstraci— We describe parallel concatenated codes fox
communication in the presence of intersymbol interfer-
ence (ISI). Two iterative decoder structures which com-
bine channel equalization and turboe decoding are pre-
sented. The first one combines the trellis representing
each one of the constitnent encoders with the ISI trel-
lis and performs slightly better that the second structure,
which treats the ISI as another constituent decoder. We
show that for both methods it is possible to perform the
equalization blindly, since the parameters of the channel
can be estimated jointly with the combined turbo decod-
ing/equalization algorithm. These methods involve little
or no sacrifice in performance relative to the case where
the channel taps are known by the receiver.

1. INTRODUCTION

Many practical channels in communications, as well as
in magnetic recording, present intersymbol interference
(ISI). In this paper, we describe two different methods to
modify a turbo decoder [1] in order to take into account
this effect. We assume a channel modeled as a discrete
time filter with coefficients {h,}. The output sequence
{vy} can be represented as:

L
vp = Zhnzk_n+nk, (1)

n=0

where {zy} is the input sequence to the channel {which
can take values +1) corresponding to the coded bits, and
{ny} is a white gaussian noise sequence with zero mean
and variance o?. L -+ 1 is the ISI length. We assume i.i.d.
symmetric sources.

The problem of convolutional decoding for ISI chan-
nels using the “turbo principle” [2] has been considered
in several papers [2], [3]. The basic idea is to consider
two different decoding blocks: one for the equalizer and
the other for the convolutional code. Extrinsic informa-
tion is calculated in each one of the blocks and passed to
the other block in a similar way as it is done in turbo
codes. Previous approaches to the problem of combined
equalization (but without considering blind equalization)
and turbo coding can be found in [4], [5] and in [6] in the
context of magnetic recording. The decoder structure in
[4], [5] is similar to the first of our methods, although the
way in which the extrinsic information is managed is very
different in both approaches. Our second method, based
on building supertrellises combining the ISI and each of
the constituent decoders (following the idea in [7] for con-
volutional codes), was partially proposed in [6], although
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Fig. 1. Encoder structure used for the method 1 proposed in

section II. 7 represents the turbo encoder interleaver (length
M = 16384). 7 represents the channel interleaver, with length,
J, depending on M and the code rate. Both interleavers are
generated pseudorandomly.

the supertrellis was only constructed for the first (non-
interleaved) constituent encoder. As we will show in the
paper, the improvement obtained by building supertrel-
lises using all constituent encoders as opposed to only the
first constituent coder, is significant. For both methods,
we show that it is possible to perform the equalization
blindly without degrading the decoding performance.

II. METHOD 1. SEPARATE TRELLISES FOR
EQUALIZATION AND DECODING

We consider the case of a parallel concatenated coder
with a single interleaver and two constituent convolutional
encoders. At the receiver, we refer to the portion of the
decoder operating on the observations associated with the
non-interleaved input sequence as the “non-interleaved de-
coder”; this contrasts with the “interleaved decoder” that
operates on the observations corresponding to the inter-
leaved input. The kth input bit (before interleaving) is de-
noted by u (with & = 1... M, where M is the interleaver
length) and can take on values ¢, ¢ € {0,1}. After the
bits have been turbo coded, they are grouped and inter-
leaved (forming the sequence {z;}) and sent through the
equivalent channel (1), as shown in Fig. 1. As indicated
before, the received bits are denoted by {vi}. Notice that
there are two different interleavers, the one corresponding
to the turbo encoder (of length M) and the channel in-
terleaver (of length J). The relation between M and J is
fixed for a given turbo code.

We use 01 ...0k to represent the coded sequence at
the encoder (not directly observable in the receiver), with
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Fig. 2. Decoder structure for the methad 1. The figure outlines
the information flow as defined In section II. Notice that there
is no observation sequence available for the constituent turbo
decoders (D* and D?). {v;} is the received sequence as defined
by equation (1).
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each Oy a vector whose elements are the coded bits asso-
clated with the trellis transition k. Notice that since the
convolutional coder is forced to end in state 0, K > M.
Some elements of O are produced using interleaved in-
put; the rest are produced from the non-interleaved in-
put. To make this distinction clearer during the decod-
ing iterations in which one performs processing in the
non-interleaved and interleaved decoders in alternation,
we will denote by 02 = [epF...c;”"] the subset of el-
ements of Op associated with the 1/n, rate “present”
decoder {non-interleaved or interleaved), i.e. the one In

which processing is occurring,. Ok = [cjlE e o Jis used
to denote the elements of O associated with the other,
r “former” decoder (interleaved or non-interleaved) of
rate 1/ny. For example, if the present constituent en-
coder has rate 1/2, and the other encoder has rate 1,
0% = [ch?, cBP) and Of = [c/]. Obviously, there is a one
to one relation (given by the channel interleaver) between
{c,lc’p,ci’;’,ci’f}, kEell,K]and {zx}, k € [1,J]. Asin [8],
we use e to symbolize the trellis edges, or branches, with
the starting and ending state associated with a particular
edge e given by s5(e) and s%(e) respectively. The input
bit corresponding to branch e will be denoted by u(e) and
the output (coded) bits by c(e) = [e(e)! ... c(e)"#P].
The basic idea of this method is to treat the trellis
describing the ISI in the channel (which has 2% states,
where L + 1 is the length of the ISI channel) as an-
other constituent decoder. Then, the decoding equa-
tions of the decoder in which processing is occurring are
modified in such a way that the factor P(efs%(e)) (from
the forward/backward equations [9]) is substituted by
Pi(e, D? |5 (), D¥»), where D7 denotes all the other con-
stituent decoders (including the equalizer block) and D?
represents the present decoder. In other words, we ob-
tain an estimation of the transition probability of going
through branch e by using the information available from
the other constituent decoders. However, this substitution
has to be done in such a way that positive feedback to the
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other decoders is avoided (i.e., passing only the so called
extrinsic information). In order to make this clearer, we
give the equations separately for the block corresponding
to the equalizer (denoted by E) and for the two constituent
convolutional decoders {denoted by D! and D?). We also
use the notation D? and D/ to denote the present and
the former constituent decoder, respectively. The decoder
structure is shown in Fig. 2.

A. Egqualizer block

The term g(s) represents, for the forward recursion,
P(uvy...vg, 8¢ = s), the probability of the received ob-
servation and that the equalizer trellis is in state s af-
ter the kth transition. Bg(s) represents the probability
P(vg41...v5lsx = 8) as calculated using the backward
recursion. The output and input bits associated with a
branch e are denoted by w(e) and z(e) respectively. The
resulting equations are:

ar(s)= Y. ap-1[s°(e)] Pi[e, BID', D%, 5% (e)]
eunE(e)=s
« Plogle], 1<k<J+1L 2
Brls) = S(E) B [s% ()] Pt [e, E|DY, D, 6%(e)]
x Plopgile], J+L—-1>2k>1 (3)
Plow = ilE) = p(vl ) % -t [ @) Plevld
x i [s5(e)], 1<k <, (4)

where Py [e, E|D', D?,5%(e)] is calculated as indicated in
section I1.C and Plvle] = Temp ﬂ_“gE)L)

B. Constituent decoder blocks

In order o derive the equations in this case, it is impor-
tant to note that the observation sequences corresponding
to these constituent decoder blocks are not available. In
other words, the observation sequence in this case would
be the encoded bits plus the noise, but the only sequence
available al the receiver is {v; }, which has been processed
by the ISI channel. However, we do have the estimations
of the coded bits {zz} given by equation (4}. These esti-
mations can be used in the formulas below via the terms
Py [e, DP|E, s%(e)] and Pf [e, DP|E, s°(¢)]. The resulting
equations are:

Z FE—1 [SS (e)] Py [e,DplE,ss(e)]

e:sE(e)=s

ai(s) =

x Py [e, DP|D7,s5(e)], 1<k<K (5)



Bus)= > Brtr 5% (¢)] Pryile, D?|E,5°(¢)]

esf(e)=s

XPk+1[8,Dp|Df,SS(6)], I{_lzkzl (6)

Plug = leP) = Z Cp_q [Ss (6)] B [e, DP|E, SS(E)]

e:u(e)=i
X [F(e)], 1<k<M (7)
PET=iD) = ¥ ora[°(0)]
excP(e)=t

x P [e,DplE,sS(e)] Py [e,Dpin,ss(e)] B 157 (e)] é

with 1 < k# < K and » € [1,n,), where 1/n, is the rate
of the present constituent encoder. Py [e, DPIE, s%(e)],
Pl le,DP|E,s5(e)] and Py [e, DP|D7, s5(e)] are caleu-
lated as indicated in section II.C. In the interleaved de-
coder, u; in equation (7) should be replaced by uz-1(z),
where 7 is the turbo code interleaving function.

C. Caleulation of the estimated transition probabilities
(extrinsic information)

As indicated before, the estimation of the transition
probabilities in a given constituent decoder has to be done
in such a way that all possible information coming from
the other decoders, including the equalizer block, should
be used, but at the same time positive feedback between
decoders should be eliminated. This is the reason for
calculating and passing extrinsic informaticn in standard
turbo decoding. In the approach presented here, there
are four different classes of extrinsic information that are
passed between the decoders.

The extrinsic information passed from both constituent
convolutional encoders to the equalizer block is dencted
by Py [e, E|D', D?, s5(e)] and its value can be calculated
as:

Py [e, E\DY, D?,s%(e)] = P(cfi = 2(e)| D), (9)

where P(cl7 = =z(e)|D') is the probability, as obtained
from the constituent convolutional decoders by equation
(8), that the input bit z; corresponding to trellis tran-
sition k in the equalizer is equal to the input bit x(e)
assoclated with the branch e in the equalizer trellis. Due
to the channel interleaver and grouping process, bit axj
will correspond to one of the coded bits {for example the
one in position j) associated with trellis transition k' of
one of the constituent decoders (for example, decoder i)
and therefore it will be denoted by ¢

There are two different classes of extrinsic information
that are passed from the equalizer block to the constituent
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Fig. 3. Encoder structure used for the method 2 proposed in
section III, 7 represents the turbo encoder interleaver (length
M = 16384). In order to construct the supertrellises no channel
interleaver is used and the coded bits are transmitted in blocks,
i.e., first all the bits {ci‘l} followed by {ci’l} and {ci’z}.

decoders. Py [e, DP|E,s%(e)], to be used in equations
(5,6,7) and P} [e, DP|E, s5(e)|, to be used in equation (8).
Both are calculated in the same way, but in order to avoid
positive feedback, only the coded bits different from ¢
are used to obtain the value of P/ [e, DP|E,s%(e)]. The
resulting equations are given by:

Py [e, DP|E, 5% (e)] = ]j: Plzyi = c(e)P|E)  (10)

i=1

p
Pile,D?|E,s5(e)] = [ Plarw = c(e)?|E), (11)
J=1lj#r

where P(zy;) = e(e)i?|E) is the probability, as given
by equation {4), that the output bit ¢} corresponding
to trellis transition k in the present decoder (which due
to the channel interleaver will be in position £ in the
trellis corresponding to the equalizer and will be denoted
by (i) is equal to the output bit, c{e)??, associated with
the branch e in the present decoder. 1/m, is the rate of
the present encoder,

Finally, the extrinsic information passed between con-
stituent decoders is calculated as in commonly used im-
plementations of turbo codes and given by:

Py [e, D | DY, 5% ()] = Pupr = ule)| D7), (12)
where P(up = i|, D)) is calculated from equation (7),
with k” accounting for the turbo coder interleaver.

III. METHOD 2: COMBINED TRELLISES FOR
EQUALIZATION AND DECODING

In this method, the Markov model representing the
ISI in the channel is combined with each one of the
constituent convolutional encoders to form a supertrellis.
Therefore, in order to build the supertrellis, a channel in-
terleaver is not used. As in section II, the received bits are
denoted by {v:}, but, in contrast with the first method,



the coded bits are sent through the channel grouped in
blocks corresponding to the same class of coded bits. This
is shown in Fig. 3, where transmission of the bits {c’ 7}
is performed as a single block for each j. If the rate
of a constituent encoder is less than 1, the supertrellis
corresponding to that decoder will consist of the combi-
nation of the convolutional coder with several indepen-
dent Markov models (each of them representing the ISI
channel). In this section we slightly change the notation
used before. We maintain the notation D? to refer to the
“present” and D7 to denote the “former” decoder (in-
terleaved or non-interleaved), but we also use these su-
perscripts to denote the received bits corresponding to
the different packets sent through the channel. For ex-
ample, if the present constituent encoder has rate 1/2
a,nd the other encoder has rate 1, v = [rp?,v2%} and
v‘, = [vk Jt] When the present constituent coder has rate
1/ny, each branch in the supertrellis will have associated
n, output bits {after the ISI channel processing) denoted
by v(e)? = [v(e)*? ... v(e)*»*], n, coded bits denoted by
O(e)? = [e{e)*? .. .c(e}*»P] and one input bit denoted by
u(e). The decoding structure is shown in Fig. 4 and the
corresponding equations are given by:

ap(s) = Z ap—1 [8% (e)] Py [e, DP|D7, 57 (e)]
e:sB(e)=s
x Plohle], 1<k<K+L (13)
Br(s) = D Brwr [¥ ()] Prya[e, D7D 5% (o))
e:sS{e)=s
x Plop se], K+L-~12k>1 (14)
Plup = i|DP) = P('v 7 Z ap—1 [s (e)
eu(e)=;
x Pvhle] B [s5(e)], 1< k<M, (15)
where Plfle] = [I;Z, Wlﬁexp( (v} _"(8)1 ID)2) with

1/n, the rate of the present decoder. In the mterleaved de-
coder, u; in equation (15) should be replaced by uz-1(x),
where 7 is the turbo code interleaving function.

The extrinsic information Py, [e, D?| DY, 5% (¢)] is calcu-
lated as:

Py [e, DP\DY, 8% (e)] = P(upr = ule)| DY), (16)
where P{ug = u(e)|Df) is calculated from equation (15)
and k' accounts for the effect of the turbo coder inter-
leaver.
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Fig. 4. Decoder structure for the method 2. Constituent decoders
D' and D? make use of the supertrellises defined by the trel-
lises of the constituent encoders and the ISI. In this case both
decoders make use of the corresponding received sequence.

IV. BLIND EQUALIZATION

In the previous sections both methods assumed that
the filter taps {hy} of the equivalent discrete ISI channel
(1) were known. However, in most cases this informa-
tion is not available. Since in order to apply the previous
equations the parameters of the channel are needed, the
simplest approach is to first estimate them and then apply
the equations corresponding to either method 1 (described
in section IT) or method 2 (described in section III). One
method for doing this estimation, proposed in [10] for the
case where only equalization is performed, is to consider
the trellis for the TSI channel and apply the Baum-Welch
algorithm [11], which iteratively estimates the parameters
of the model that are needed for decoding. Note that this
ISI trellis is already used in the first method, however we
have to build it for the second method. The equations
resulting from the Baum-Welch algorithm can be found
in [10]. Assuming that the values v(e)=" and o(;_y) are
available from iteration i — 1, the transition probability of
each branch in the trellis is calculated as:

Pile=¢€'|E) = -1 [SS (e'))]

!
P(’U]_...’U})

(], (17)
""—;’@(——l— The new

S S
a _])\/?r p( (i— 1)

parameters v(e)® and o(;), resulting from iteration i, are
then calculated as:

Plule’] B [s”

X

with P [uile] =

Zk 1 Pe(elE)vi

v(e)®) 18

S S XA Y] ()

0’(3) = MZZP;, |E (’U(&)(z) - 1)};)2 (19)
k=1 e

Another possibility is to estimate the parameters of the
channel direcily during the equalization/turbo decoding
process. For the first method proposed in section II, the



trellis representing the ISI is already a part of the de-
coder, so instead of initially iterating over this block until
convergence to the channel parameters is reached, it is
also possible to proceed with the decoding as indicated
in section II and refine the estimation of the channel pa-
rameters after each one of the iterations over this block.
For the second method proposed in section II, the trellis
corresponding to the ISI channel is included in each one
of the supertrellises representing the constituent decoders
and the IS, so it is also possible to obtain a new estima-
tion of the channel parameters after decoding in each one
of the supertrellises. We are not giving the final equations
in this case, but a similar development can be found in
[12] for the case of Markov channels.

The advantage of incorporating the estimation in the
decoding loop as opposed to estimating the parameters
first and then proceeding with the decoding is a reduction
in complexity. This oceurs because most of the parame-
ters needed for the channel estimation are already calcu-
lated in the decoding equations and we eliminate the need
of a first step of iterations of the Baum-Welch algorithm.
Another advantage is that the estimates of the parameters
are refined after each turbo decoding iteration. However,
considering only the trellis for the ISI and iterating over
this trellis is faster than iterating over the whole decoding
block. Therefore, there is a trade-off involved in minimiz-
ing the complexity of the decoding process.

V. SIMULATION RESULTS

In order to assess the performance of the proposed
method, we consider an ISI channel with taps kg = .5 and
hi = —.5. We use a turbo code that includes a systematic
bit and two identical recursive 8-state convolutional en-
coders (properly punctured depending on the turbo code
rate) with generator matrix G{D) = %‘ﬁ and an
interleaver with length M = 16384, Each simulation con-
sisted of at least 20 million bits. For the implementation
of the algorithm a logarithmic version of the equations
was used to avoid numerical overfiows.

Fig. 5 shows the decoded bit error rate as a function of
the iteration number for several different values of E;/No
using the previously defined 1/3 turbo code. The values
of the filter taps are not known e prieri and their initial
values are initialized to hi 1, h‘i"‘ = —.3. The ini-
tial value of E; /N is 0 dB. Notice that the performance
of method 2 is slightly better than method 1 (about .1
dB) and it is about .75 dB from the theoretical limit for
Ey/Ng (2.95 dB) using this code rate and channel. Fig.
6 shows the decoding performance for a 1/2 turbo code
obtained by puncturing the coded bits of the constituent
encoders. As before, the values of the filter taps are not
known a priori and their initial values are initialized to
hir 1, k" —.3. 'The initial value of Ey/Njy is 0
dB. Again the performance of method 2 is .1 dB better
than method 1 and it is about .8 dB from the theoreti-
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Fig. 5. Residual BER as afunction of the decodingiteration number
for the rate 1/3 turbo code and 1S1 channel defined in the paper.
The dotted lines illustrate the performance for the method 1
proposed in section I, The solid lines represent the performance
for the method 2 proposed in section III. The theoretical limit
for this channe) and rate is E /N; = 2.85 dB.

cal limit for Ey/Ny (3.7 dB) using this rate and channel.
The results in both figures have been obtained by first
using the Baum-Welch algorithm and then refining the
estimation in each decoding iteration. It is imporiant to
remark that in our simulations we assume that the lack
of information holds for all the blocks, which implies that
for each input block the estimation of the channel (initial
Baum-Welch algorithm) has to be performed again with
no information available. Similar performance (in E; /Ng)
is obtained when the parameters are estimated cnly in the
decoding iterations (i.e. the Baum-Welch algorithm is not
used to provide initial estimations). The only difference in
this case is that more iterations are necessary to achieve
convergence. Although not shown in the graphs, we have
confirmed that the lack of initial knowledge about the fil-
ter taps and the noise in the channel does not increase the
E} /Ny required for convergence.

The simulation results presented in this paper assume
some @ priorinformation about the ISI channel (i = .1,
hi® = ~.3). However, it is also possible to perform the
combined blind equalization/turbo decoding when no in-
formation about the ISI taps is assumed (i.e., AY
hy" 0). The performance (in terms of £3/Ny neces-
sary to achieve convergence) is not degraded, but in this
case more iterations of the initial Baum-Welch algorithm
are needed and the method becomes more complicated,
since the decoding process has to address several prob-
lems: First, sometimes the initial estimation of the ISI
channel (obtained by the Baum-Welch algorithm) is the
inverse of the channel, and the turbo decoding process is
negatively affected. Tt is also necessary to avoid conver-
gence into local maxima.
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Fig. 6. Residual BER as a function of the decodingiteration number
for the rate 1/2 turbo code and 18T channel defined in the paper.
The dotted lines illustrate the performance for the method 1
proposed in section I1. The solid lines represent the performance
for the method 2 proposed in section [{I. The theoretical limit
for this channel and rate is ¥ /Ng = 3.7 dB. The last coded bits

leading the convolutional code to state O are not punctured.

V1. CoNCLUSIONS

We have introduced two methods for combined equal-
ization and turbo decoding. The performance of both
methods is very similar, allowing decoding at values of
Ey/N, about .75 dB above the capacity corresponding to
rate 1/3 codes and .8 dB from capacity for rate 1/2 codes,
even when the taps of the channel are not known a priori.
In both cases, the performance degradation in comparison
with the case in which the IS] filter is known e prioriis
always very small. The first method (separate trellis for
equalization and decoding) seems to be preferable to the
second (joint trellis for equalization/decoding), since its
complexity is much less and its performance is only .1 dB
inferior with respect to the second method.
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