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Abstract 
Tliis paper considers tlie properties of rwenible variable length 
codes (RVLCs) tlmt are relevant for constniction of Iughly 
eficient codes. We establish ihe dependency between the 
codew'ord selection process arid the eficiency-[uniting 
paranielers in ilre Hufian-code-based RVLC construction 
olgoriilun. Using this resid!, we propose an RVLC c011sfnlclioii 
olgoriiltm with a new codeword selection niechnnisnL n e  
proposed nlgoriilim yields RVLCs of higher efjiciency relative io 
the orlter algorithms in h e  literature. 

1 Introduction 
Reversible variable length codes (RVLCs) have been accepted 

as an altemative 10 Huffman codes in the bansmission of digital 
signals with non-uniform occurrence probability distributions. As 
the name suggests, RVLCs allow instantaneous decoding in both 
directions, which can be exploited by a decoder to enhance 
robustness in the presence of tmnsmission bit errors. One of the 
fmt publications to treat RVLCs was by T a k i s b  ei a/. [I], who 
proposed Hufiinancode based algorithms for RVLC construction. 
The research topics regarding the application of RVLCs have 
received extensive anention recently [2], [3], especially in the 
development of new video standards H.263+ and "4. 

Like Huffman codes, RVLCs must satisb the prefix condition 
for instantanexis forward decoding, but, unlike Huffman codes, 
they must additionally satisfy the suffix condition for 
instantaneous backward decoding. The prefix condition is that 
each codeword does not coincide with the prefixes of longer 
codewords, while the suffix condition expresses there is no 
coincidence with the suffixes of longer codewords. Therefore. 
RVLCs are a special class of prefix-free codes, and art also 
refirred to as fix-fiee codes. 

It is well known that prefix-free codes are optimally conshucted 
by the Huffman algorithm. Furthermore, the conditions for the 
existence of Hufiinan codes and che bounds on their redundancy 
are esmblished in the literature (41. Several r eemhers  have 
considered the conditions for the existence of fix-free codes [5-71, 
and the bounds on their redundancy [SI. However, an algorithm 
for optimal consmction of fix-free codes has not yet been 
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proposed. The recent publication of Tsai and Wu [9] Wts the 
stmtegies for wnsmt ion  of efficient symmetric and asymmetric 
R V L G  It also proposes a suboptimal genaic algorithm for 
RVLC consmction, which yields better RVLC efficiency than the 
original algorithms by Takishima et al. [l]. 

Takishima's algorithm [I] conshucts a reversible variable 
len,gh code C for a source U by starting with a Huffman code C, 
for the same source. The Huffman codewords that do not violate 
the suffix condition are assigned as RVLC codewords. while rhe 
suffix condition violating Huffman codewords are extended by bit 
addition into minimal length d e w w d s  that satisfy the suffix 
condition. The major disadvantage of this simple method is that 
the efficiency of the conshucted RVLC depends on the bit- 
alignment panem of the staning Huffman d e ,  i.e. that two 
Hufmman codes of the sane efficiency generally yield RVLCs of 
different efficiency [I], 191. 

Algorithms proposed by Tsai and Wu [91, [IO] overcome this 
problem by taking the Huffman code's bit-length vector as the 
only input to the RVZC conshuction algortihm. RVLC ccdeword 
selection is paformed independently of the bit-alignment panem 
of the starting HufFman code. using the proposed selection 
mechanisms for symmemc and asymmetric RvLCs [91. [IO]. The 
authors conjecture hat these mechanisms yield highly-efficient 
RVLCs, and illusf~ate their effectiveness by simulation results. 

In this paper we formally establish the relationship between the 
codeword selection process and the efficiency limiting pamneters 
in the RVLC consuuction algorithm. Using this result we propose 
an RVLC consbuction algorithm with a new codeword selection 
mechanism, and show that it yields better results than the algorithms 
previously proposed in the literature [l], [91. 

2 Huffman-code-based construction of RVLC 
We consider the consauction of a reversible variable length code 

Cfor an M-ary i.i.d. information source U=(d ,..., uM], with the 
probability mass function po =(p i ,  ...,p Mj.pi<pZ<. . .<pM.  The 
RVLC c o m d j o n  algorithm involves the following steps: 

Implement the H u h  algorithm [4]. to produce a 
H u h  code CH, which maps each source symbol UE U into a 

len,&h: 

I .  

c"dingbinarycodewwd c , , ( U ) ~ { c , , ( u ' )  ...., c,;(u')) of 
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(1) I,, (U)€ U,, (U'  1 ..... I,, (U 1 I 
I,, (u1) 51,, ( U ' )  5 ... 5 I , ,  (U". ' )  = I. (U" ) = L, ~ _ "  

The average codeword length of this d e  is computed as: 

The bit length vector of C, is denoted by 
( n d l ) ,  ..., n,,(LH.,-)), where nH(i)  represents the number of 
Huffman codewords having length i, which can be written as: 

n,, ( i )  =I[c,, (U' )luk E U, 1 ,  ( U * )  =ill (3) 

Initialize the number of assigned RVLC codewords as 2. 
m=O. and the RVLC bit length vector ( n ( l ) . . . . , ~ i ( L H - ~ ~ ~ ) )  as: 

n(i)  = nH(i1. i=l ... LH.- (4) 

Stan the assignment of RVLC codewords at level i=LH_n;n, where 
LH-">," is the minimum codeword length of the code CH. 

At level i=LHnlm all length-i binary strings can be 
assigned as RVLC codewords. At higher levels i>LH,. the 
number of available strings is smaller than 2' (n,,(i)< 2i). because 
the length-i strings whose prefixes or suffixes coincide with 
previously assigned @hotter) ccdewords cannot be assigned as 
RVLC ccdewmds. -fore, prior to the codeword assignment at 
level i, it is messary to identify the strings that are neitber 
prefixed llor suffixed by the previourly assigned codewords, i.e. U) 
identify the set of available length-i binary strings 
3, = ( b ' , b 2  ...., b"."']. The assignment of RVLC codewords at 
level i goes as follows: 

If n J i ) h ( i ) ,  then n(i)  st ings out of the available 
n,,(i) ones are assigned as the RVLC codewords. 
The selection details are discussed in Section 4. 
where we propose a selection mechanism (see (27)), 
and compare it to selection mechanisms from the 
literature [9]. 

If n,(r)< n(i) all available shin5 are assigned as 
the RVLC codewords. The remaining di)-no(i)  
codewords are set to be assigned at a higher level, 
which results in the increase of the average 
codeword length of the RVLC code relative to the 
average ccdeword length of the Huffman code. 
Mare precisely. it results in the following 
relationship behueen the RVLC codeword lengths 
[(U') and the Huffman codeword lengths !,,(U'): 

3. 

3.1. 

3.2. 

( 5 )  I (U*  1 >I,, ( U *  ) 

k = m  + n"(i) t I,m +n,, ( i )  + 2 ,.... m + n( i )  

The corresponding adjusaent in the RVLC bit- 
length Mfmr is: 

(6) n ( i ) = n . ( i )  
n ( i + l ) = n ( i + l ~ + n ( i J - n " ( i )  

4. Mer the assignment of the RVLC codewords at Ievcl i 
is completed, the numbcr of the a s s i d  RVLC codewords is 
updated as m=m+n(i). If m<M, the R M T  c o d e d  assignment 
(step 3) cominues at level i i + l .  I f  st=M the consbuction of the 
RVLC code iscompleted 

3 Some properties of reversible variable length 
codes 

As s h w n  in the previous section, the RVLC efticiency is 
limited by the number of available strings that are neither prefixed 
m r  suftixed hy he previously assigned dewords.  In his ~ e c t i r i n  
we esrablish the relationshp between the number of available 
strings at level j, n.(j). and the structure of the previously 
selected codewords [c(u').c(u') ..... c(u"))={c'.c'  ..... c '") .of  
lengths (/(U') ,..., [ ( U ' "  ) I  = { i ,  ..... i,,, j , i ,  < i2 <... < i., < j .  

Definition I: ($(c), PMi set) Consida an R W  ccdeword 
c = (c, .c2 ,___. C, ) of length i. A prefix set 4 ( c )  is defined as thc 

set of length-j binary smngs. j > i .  wluch are prefixcd by c: 

!P,(c) = {(b, ,b *,..., b, J 1 (b , ,b  *..., b,) = ( E ,  ,c2 ,.... c, ) )  (7 )  

Definition 2: ($(c). Suffm set) Consider an RVLC ccdeword 
,c2 ,..., c, ) of length i. A suffix set 4 (E) is defined as the c = 

set of length-j binary strings. j > I ,  which are suffixed by c: 

5 , ( r )  = {(b,.b, ..... b,) I (b,.,-,.b,-,.> .... b , )  = (c, .cl ,.... c, JI 
(8) 

Definition 9: ( ~ ( c I ,  c') Affix set) Consider two RVLC 
codewords E' = (c:,c; ...., ~ 1 )  and 2 = (c,?,c; ,..., E,; J of 

lengths il and i2. An affix set 3 (c'. c') is defined as the set of 
length-j binary strings, j > i , ,  j > i?, which are prefixed by c' 
and suffixed by c': 

I ,  I 

(9) X,(c ' ,c2)=((b, ,b2 ,..., b,)I(b,,b, ..., b,< ) =(c, .c2 ...., c,, J, 

(b,-,:., .b,-,>,, ..... b, )  = (c:.cf ..... )) 

Denote the cardinality of the prefix m q(c) with P,(c) and the 
cardinality of the suffix set 5,(c) with Sj(c). Assuming c is an  
RVLC ccdeword of length i, it is obvious, with regard to (7) and 
(8). that: 

P i (c )=s , (c )=2 ' - '  (10) 

nteoreni I :  Let Aj(c'.  c2) denote the cardinality of the affix 
set &(cl, c'). i.e. A,@, c2) = I?(c', cz)I, where c1 and c2 are 
RVLC codewords of lengths il and i2 respectively. 

I f j  2 i ,  + i2 ,  then 

A j  (c', c 2  ) = 2'-''"' (Ili 

If i,. i2 cj < i, + i t .  then 
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(12) 

Proof: Consider a lengtbj binary string b = (b, , b2 ,.._, bj ) 

satisfying bg  A ~ ( ~ I , c * ) .  

Case l : J 2 i l + i 2  

According to (9) the first i, bits of b must &,the same as c' 
and the last i2 bits of b must be the same as c-, while each of 
its j - il - i2 intermediate bits is either '0" or "I". Therefore, there 
are 2'-'-" strings of length j that are both prefixed by c' and 
suffixed bye'. 

Case 2: i ,  .iz < j <  il+ il 

. h u m e  ( c ; . ~ ~ + , , c ; . . ~ ~ + ~  ,..., c ~ , ) - ( c ; , c ~  1 -  ..... c; :++~) .  In this case, 
there is exactlyone codewonl: 

b = (e: ,e: ,.... c ; . . ~ ~  ,c f ,c i  ...., c ; )  (13) 

bat satisfies both (0, ,b? ,..., b, ) = (c: ,c; ,..., c;, ) and 

(bj.,l+,,bj..,>+2 ,..., b , ) = ( c : , c :  ,..., c,:); thus AI(C'S C2) = 1. 
Otherwise, no string of length j satisfying these two conditions 
exis&, and AA=', 2) = 0. 

77ieorenr 2: Consider a set of RVLC cedewords 
C'")=(c'.c' ...., c'") ,of lengtbsi ,6i ,  ~ . . .  5 i , < j , T h e n u m b e r  
of length-j strings that are neither prefixed nor suffixed by any of 
the codewords {c ' ,~ ' , , . . ,  c"' ) is qual to: 

Proof Because the total number of lengthj strings is 2 ' .  the 
number of those that are neither prefixed nor suffixed by any of 
theccdewrds {c1,c2,.,.,c"') is: 

(17) 

Substituting (IO) into (17) yields. 

(18) 

Finally, notice that aj(2 ,c l )  = P ~ ( ~ ~  )n S ~ ( C ' ) .  which 

COmpIeteS the proof. 

Theorem 2 establishes the relationship between the number of 
availabk codewords at any level of the RVLC wmbuction 
algorithm and the structure of the previously selected codewords. 
This result will be used in the discussion on RLVC ccdeword 
selection mechanisms in the foUowing section. To simplify the 
interpretation of Theorem 2 and the related discussion we will 
i n d u c e  the following notation. 

Definition 4: (A,(C'"') Affix index) Consider a set of 
ccdewrds C ' " ' ) = ( C ~ , C ~ ,  ..., I . The affix index is defined as: 

whereAj(ck, c') denotes the cardinality of the affix set &,c'), 
2, C I €  cl". 

4 On Construction of Efficient RVLCs 
In this section we discuss methods of improving an RVLC code 

efficiency by optimizing the codewrd selection process in the 
RLVC conshuction algorithm described in Section 2. We start by 
considm'ng the selection process at level i=LH.min. At this level 
n(i) strings are to be selected out of the available ndi) = 2' om.  
Denote the set of available shings as %A = { b l , b z ,  ..., b"."']. 
Since n,,(i]?n(i), n(i)  strings from BA should be assigned as the 
RVLC d e w r d s .  There are obviously: 

s =r;:) (20) 

possible selections. Denote one candidate selection with II"'"", 

and the set of candidate selections wim: 

Recall that no RVLC codeword is a prefix or a suffix of another 
codeword. This implies that all the prefvc se& as well as all the 
suffix sets, aredisjoint, i.e. 

Assuming strings from the set s:,,'i,) E are 

as the RVLC codewords at level i, the number of available shings 
at levels n,,o),j> i, is given by Theorem 2: 

(16) n , , ( j )=Zj  -n(i).2i-i'1+Aj(lc:""") (22) 
IF j (cL)nTj (c ' ) j=o,  1 1  ... ~ ) , k  ti 

Isj(cl)nsj(c')l = 0, k , i  E 11 ..NJ ti 
Furthermore, because of ( I  I) and (12): 

Therefore: 
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(23) A,(@'"") = , , ( ; ) I  . 2 J - 2 ; ,  j 2 zi 
O S A i ( 8 ~ " ' ) S n ( i ) ' ,  i <  j < 2 i  

It can be easily noticed hom (22) and (23) that the number of 
available strings n,O) at levels j 2 2 i  does mt depend on the 
&word selection at level i. On the other hand, for i<j<Zi, the 
&-case selection at level i can yield up to an n(i)' increase in 
nJ.,), relative to the worst-case selection at level i. 

Obviously, the highest n&), icjc2i, is achieved by the 
selection of the set with the maximal value of A, (ay;"), demted 

@:""(j)  = a g  mm Aj(PY"") (24) 

Unfommately. as can be infmed from (12). the set BY that 
maximizes n,,VJ does  no^ " i l y  maxi" n&J, i.e. it 
generally holds that j , )  # $:""( j 2 ) ,  i < j ,  < j l  < 2;. This 
effect is illustrated witb the example presented in Table I. For the 
considered selection of n(r)=2 strings ai level i=3, the highest value 
of A,@?) is achieved with the sets {OJ}, {0,4], [0,7], (2.51 
(ad their bit-inverse counterpaas). However, mne of these sets 
are asxiated wi* the highest value of ~,(5:~1), because it is 
achievedwiththeset10~),i.e. a:I'(3)={0.2). 

This discussion can be easily extended to the selection of RVLC 
codewords at a level ih&jn.. The differem is thaS in this case, 
it is necessary to consider the RVLC ccdewds that have been 
assigned at earlier levels. Assuming that the codewords 
c'"'=(c',c* ._... c'") .  are assigned at levels i, <it <...<in, < i  
the number of available length-i strings, ne(& is computed wing 
(14). For nn(i)2n(i), the selection process can be formulated 
using the ~dme framework as above (see (21)). In this case. 
however. the selection ayll E 'B at level i, yields the number of 
available strings n.Q. j>  i, equal to: 

*,e, 

n , ( j ) = 2 i  -222 , - !& - , , ( i ) , 2 j - j * ' + ~ . ( p  (25) 

Consequently, the highest >a&), is achieved by the selection of 

*.I 

the set with the "al valueof A ~ ( ' B ~ ' )  U c(") .damted: 

8i:10'( j) = arg max A j  (8p"" U C'"') (26) 

This exprssion identifies the codeword selection at level i of 
the R W  conshuction algorithm @:['1'(j), which maximizes 

the number of available strings at level j .  With regard to this result 
and the previously discussed property that %!:""( j , )  # 8;:("'( j ,  ), 

j ,  # j 2 ,  we propose the following selection mechanism in the 
RVLC consauction algorithm: 

At level i, with n, ( ipn( i ) ,  assuming that the previously 
assigned codewords are C'" '=(C',~' ,  ..., c " ] ,  and that the 

%,a 

available strings are 8, = ( b ' , b ' ,  ..., b"-(") ,  assign as RVLC 
ccdewords the stings from the set: 

(27)  

where a is the set of all the candidate selections at level i 

is the affix index of the sa BY" U c'". 

5::"*(i + I) = arg max A,,,(B~""" uc'"') 

I ~ ' " ' ' J J  I= n ( i ) ]  and A(,, (ej""" ~ ' ' " 1  1 g = (,pi" , gl"'," ~ 3,, , 

*,E, 

The proposed selection mechanism considers all the possible 
combinations of candidate codewords at each level of the RVLC 
construction algorithm, and selects the candidate combination that 
maximizes the number of available RVLC dewords  at the next 
level. Note that it is possible to have multiple candidate selections 

, l i r k < _ S  withthesame A ~ + , ( S ; ; ( ~ ' ~  "c'"'')=~):""~(j+i). 

In that case one solution is to s e k t  any of them and proceed. 
However. a better solution is to compute @:+"'(i + 2) for each 
of the candidate selections @;'ill, and select the one with thc 

highestcocresponding (~:.""+'"(i + 2). 

~::""' 

The previously proposed algonhm by Tsai and Wu 191 
involves a simpler codeword selection mechrtnism. More 
precisely, their &mi is based on codeword by ccdeword 
selection at each level i, with respect to the metric called minimum 
repetition gap. Using the notation i n d u c e d  in this paper thc 
minimum repetition gap can be interpreted in the following 
inanner. The minimum repetition gap of a ccdewrd c of length i, 
denoted as g(c), is the minimal nownegative integer such that 
Airp(c. c) > 0, where A,,(c, c) denotes the cardinality of the 
affix set a+,(c. c). 

TABLE I 
Codeword selection a i  level id rt(r>Z. Length4 codewords 

are presented in the octal format 
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TABLE II  
Variable length codes for English alphabet: Huffman code, 
RVLCs f” [l], p], and the RVLC constructed using the 

proposed algorithm 

Huffman Takirhima’s Tsai’r Proposed 1 pu(ld 1 code 1 RVLC I R V X  I RVLC 

By selecting the codewords c with the lowest g(c) Tsai’s 
algorithm does contribute to the increase of n,(i+g), with the 
lowest g first, because n.(i+g) directly depends on A;,(c, c). 
as in (14). However, this algorithm does not consider the effects of 
codeword gaups, i.e. the elements A,+8(ck, c‘), c‘fc’. As can be 
noticed from (14), these elemens have a significant Qaa on the 
RVLC efticiency; therefore the effiiency can be improved by 
their consideration. 

Table Il compares the RVLCs for the English alphabet 
constructed using the prop& algorithm, and the algorirhm 
published in [I], [9]. Due to the groupoptimized codeword 
selection mechanism, the proposed algorithm yields an RVLC of 
significantly higher efficiency. 

5 Conclusions 
This paper considers the proopenies of reversible variable 

length codes (RVLCs) that are relevant for construction of 
highly efficient codes. RVLC construction algorithms generally 
use a Huffman code as an input. Since the codeword length 

distribution of Huffman codes is the optimal prefix code 
distribution, RVLC consrmction starts by selecting the shortest 
RVLC codewords that have same length as the shortesf Huffman 
codewords. The longer RVLC codewords are selected to have 
the same length as the Huffman codewords, provided there exist 
codewords of that length simdmeously satisfying both the 
prefix and suffix conditions. In the case that such codewords do 
not exist RVLC codeword length must be increased, which 
c a w s  the decrease in the RVLC code efficiency. 

The number of prefix and suffix condition satisfying codewords 
of a cenain length depends on the shucNre of the previously 
assigned (shata) RVLC codewords. In this p a p  we have shown 
how to perform a selection of RVLC dew& of length i that 
maximizes the nurnber of available (prefix and suffix condition 
satisfying) codewords of any length j > i. This selection method is 
utili in the proposed RVLC consmtion algorithm, which, 
starting from the shortest codewords, assigns RVLC codewords of 
any length i with r e s p t  to maximizing the number of available 
codewords of length i+l. We have shown that the proposed 
algorithm consbucts R M l S  of higher efficiency, relative to orher 
construction algorithm in the literature. 
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