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Abstract: This research concerns the design of a controller for a flexible robot arm, which is
modelled as a flexible beaun clamped to a motor at the one end and free at the other end. A mass
is also attached to the free end of the beam. To reduce the vibration of the tip mass, we apply
a feedback through the angular acceleration of the motor. The proposed control law is a linear
combination of the tip deflection and a linear functional of the beam deflection. We then prove
that the closed-loop system is asymptotically stable.
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1. Introduction

In this paper, we consider a flexible robot arm, which
is modelled as a flexible beam clamped to a motor at
the one end and free at the other end. A mass is also
attached to the free end of the beam. The behavior
of the system can be described by an Euler-Bernoulli
partial differential equation, together with appropriate
initial and boundary conditions. Thus, the system is
infinite-dimensional.

In general, we can formulate a linear infinite-
dimensional control system into an abstract Cauchy
problem on a Banach space (or Hilbert space) Z

Z(t) = Ax(t) + Bult), t 20, z(0) =z € D{A) (1}
where A is a closed operator with D{A4) dense in Z. The
solution of this problem is

{t) = T(t)z0 + fﬂ T(t — s)u(s)ds @)

where T(t) is a Cy-semigroup of bounded operator on
Z.

One way to design a controller for an infinite-
dimensional control system is that we find a finite-
dimensional model, and then design the controller for
this approximated model. However, neglecting the high
frequency dynamics by using an approximated model
may lead to a "spillover” effect, which can destroy
the stability of the original system. One of the pa-
pers deseribing about this effect is Bontsema and Cur-
tain Y, They show that spillover can only occur if the
approximation error exceeds the robustness margin of
the controller. Therefore, the controller design for the
original system using the infinite-dimensional system
approach is an alternative way that will be considered
here.

In previous works about flexible robot arms using
infinite-dimensional models, there are many ways to

prove the (asymptotic or exponential} stability of the
system. For example, Guo 2 used the spectral deter-
mined growth condition. Chen et. al. # and Morgil * %
used the energy multiplier method, while Luo et. al. &
employed the frequency domain approach. However,
in the above-mentioned works, the effects of the tip
mass or the motion of the motor were not included in
the mathematical model. Therefore, in this work, we
will consider them simultaneously and propose a control
law to stabilize the system. Here we apply a feedback
through the angular acceleration of the motor to reduce
the vibration of the tip mass. The proposed contrel law
is a linear combination of the tip deflection and a linear
functional of the beam deflection. We then prove that
the closed-loop system is asymptotically stable. The
remainder of this paper is organized as follows.

In section 2, we consider a flexible beam system. The
equations of motion can be represented by partial dif-
ferential equations with boundary conditions, which are
examined in & 7. We then proposed the control law and
formulate the closed-loop system equation into standard
form. In section 3, we first investigate the properties
of the infinitesimal generator. We prove that it gener-
ates a contraction semigroup and its spectrum consists
of only isolated eigenvalues. Then the asymptotic sta-
bility proof is obtained from the spectrum analysis by
showing that the real parts of the eigenvalues are less
than zero. Finally, the conclusion is given in section 4.

2. System Equations

Consider a flexible beam in Fig 1, where w(t) is the
deflection of the beam and #(¢) is the motor angle. The
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Fig 1: Flexible beam

equations of motion for this system are given by

EJ .
w(z,t) + ?w"”(:z:,t) =—z8(f) O<az<l,t>0,

3

w(0,) = w'{0,8) = w'(L,£) =0, (4)
m [z, t) +1608)] = EIw" (1,0), (5)
Inb(t) = v(t) -+ BIw"(0, ). (6)

where the constants ET, p,m and [ are the parameters
of the system.
We apply the feedback control law

r(t) = ~FIw"{0,£) + KIy (p (b, z) + miw(l,t)) (7)

where X > 0 is a constant. Substituting (7) into (6),
we get the closed-loop system

@z, ) + gp—lw””(:v, t) = —zK (p (w,z} + miw(l, 1)),

(8)
w(0,#) = ' (0,8} = w"(l,t} =0, (9)
miir(z, t) + mIK (p (1, ) + mhw(l, t)) = Elw™(L,1).
(10)
Let us introduce a Hilbert space
H20,0) ={uec H}0,) | w0y =«{0) =0} (11)

with a norm |[uf| gz = |[u”||L, and consider the Hilbert
space H = HZ(0,1)® Ly(0,1) ©C with an inner product,

(v, v) = EI ), v}y +p {uz, v2) g + m (ua, va)e - (12)
We can write (8)-(10) in the form @ = Au where,

w(t) = [w(,8) w(,t) w,1)] eH

0 I 0
A=| ~E&  —Kzp(,z) ~Keml| (13)
BLE |, —Klp(,z) —Kiml
D(A) = {{u1,u2,u3) € HHO,) @ HF(0,0 6 C|
u1(0) = 1) (0) = uf(}) = 0, ux(l) = ua} (14)

Note that .4 is an unbounded operator on this Hilbert
space . In the next section, we will show that A
generates a Uy semigroup.

3. Main Results

In this section, we will describe the main results of the
paper as follows:

The first result is to show that .4 in (13) is an infinites-
imal generator of a contraction semigroup by applying
the following theorem.

Theorem 3.1 ¥ Let 4 be a closed operator with D{A4)
dense in Z. If

Re (Az, z)

< (15)
Re{A%z,z) <

(16)

wllz?
w2

Vz € D(4)
vz € D(A%)

then A is the infinitesimal generator of a Cjy semigroup
T(t) satisfying |[T{t)|| < "

Lemma 3.2 The operator A in (13) generates a con-
traction semigroup.

Proof. We can prove that A is invertible and its inverse
AT H-His

£ a2)lp (vr, z) + mivi (D] + Pup + Zqi(e)vg
Aty = - ()
u(l)
. (17
where
P T pxy 1 i
Py, = ———] / f f volzy)dz1drodzadey,
EI 0 1] &3 VT2
xs l$2 .
nle) = -5
Py P2 25
we) = o(r - f) +minta)

We see that 47! is a bounded linear operator on H.
From the Closed Graph theorem, .4~! is closed and so
is .A. Next, by the definition of the adjoint operator, we
have

0 I 0
EL & —Kzp{,z} —Kaoml{, (18)

p Or
-ELB |, —Kpl(,az) —Kiml

A =

D(A") = {(v1,v2,v3} € HY0,)) @ H}(0,) & C |
2(0) = v (0} = vy () = 0,v3 = wa()} .

1899

|



Consider

{-’4“7 u) =EI ("”-2: 1> +p <+%u,1mru2>
— p{Kz [p{ug, z} + mlug),uz)
+m< Ki|p{ug, 2} + miug] + E—u’"(l) u3>

c
= EIful s — BT (0! uf) — BER (Dug(l)
- K [plua, z) + miug) ( m)_-i-mlﬁ)
+ By (Duz
= EIGT oy — EI (!,
- K |p{ug, z) + mlug[*
Therefore,

Re {Au,u)y; = —K |p {ug, z) + mlua> < 0. (19)

Similarly, from the adjoint operator of A in (18)

Er
(.A*’U,,U)H =-FEI (’Hg, ’f) ‘f‘p <7U’1’”, '{L2>

— p{Kz [p (ug, &) + milus], ua)

ET
< Kl[p{uz, ) + mlug] — —u"’(l) u3>
C

= —EIul ufy + BI {uf] o) + BT (Dua(l)
— K [p{up, =) + mlug) {pm+ mlu_g]
- El' ()55
= —Ef(ul,u2 y+ ET (ul,uz)
— K |p {ug, @} + miug|
Thus,
Re{A™u,uly = —K |p{ug,z) + miug|> <0. (20

Since A4 is closed with D{.A} dense in H and from (19)-
(20), (15)-(16) is satisfied with w = 0. This shows that
A generates the contraction semigroup, {T(¢)|| < 1. O

Next, we will show that the spectrum of 4, indeed, con-
sists of only isolated eigenvalues with finite multiplicity
by applying the following theorem.

Theorem 3.3 # Let A be a closed linear operator with
0 € p(A) and A™* is compact. The spectrum of A con-
sists of only isolated eigenvalues with finite multiplicity.

Lemma 3.4 A~! is compact.
Proof. A™!:H — ‘H can be written in the following

form
" T T
Al=|T 0 o
T, 0 0

If all T}’s are compact operators, then .41 is compact.
We will prove the compactness property of each T, as

follows:
1. Consider T} : HZ(0,1) — HZ(0,!) defined by
Tio = 2 42(s)(p (0,3) + mlu()
= Equ z)(p (v, z) + mlv

Let Sy be a bounded set of v € H3{(0,{) with l|v||H§ <
N. Then,

Il = @l o (o,2) +miv(d)
< £ llaate s (ol (2.2 |+ mifo(@))
< 2@y {pt\f oL +meMluv||H=}
@1)
E£|1Q2 (@ w2 {Pl(N' +miM; N
(22)
<M,

where (21} is obtained by using the Sobolev imbedding
theorem * and the Cauchy-Schwarzt inequality. From
the fact that { - ||z= ~ || - | gz, we get (22). This shows
that Ty v is uniformly bounded.

Since go(2) is continuous, ie., for all x4 € (0,1) and
€y > 0, there exists §; > 0 such that

|z — zo| < &1 = [lg2(x) — g2(o)|| < e,

we have

[Trota)~Liv(z0) | = el o, 2-tmiv @) —az(zo)|

K i '
< 5o {Pl\/;N’ + mlMlN} llga{z) — ga(zo)ll-

Let ¢ = Ele)/K{ply/EN' + miMN), 50

|z — o] < 1 = [Tyv(z) — Thw(ao)ll < €

Notice that §; does not depend on the choice of v €
Sw, which implies that Tjv is equicontinuous. From
Arzela's theorem, the image of Tyv is a precompact set.
Therefore, T} is compact.

2. Consider T, : Ly(0,1) — HZ(0,!) defined by

P x Ty ) i
TzU:_E/g ]0 /m fm vz )dzydzodryde,

Let f € L2(0,1) and let xg be the characteristic function
of a set 5. We know that x(p ) € L2[0,1] x Ls[0,1].
Thus, the operator A defined by

Af = ]0 " frdr = [0 o (7)ir

is a compact operator from L(0,!) — Ls(0,{) and Ty
can be considered as the composition of the operator A
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defined above. Since the compositions of compact oper-
ator are compact, we can conclude that Tb is compact,
3. Consider T3 : C — HE(0,1) defined by

m
T3’U = ‘E,“fql (m)v

As in the case of T, we can see that T3 is compact.
4. I: H3(0,1}) — L2(0,1) is a compact operator. This
can be proved by the Hilbert-Schmidt Imbedding The-
orem ¥
5. Ty : H30,0) - C, Tyv = v{f)
From the Sobolev Imbedding theorem %, T; is a
bounded linear functional. Its image has finite dimen-
sional range, so 75 is compact.

According to all of the above, we can conclude that
A7l is compact. O

Lemma 3.3 The spectrum of A in (13) consists of only
isolated eigenvalues with finite multiplicity.

Proof. By the definition of the resolvent set, 0 € p(A).
The proof is completed following Lemma 3.4 and The-
orem 3.3. ]

In what follows, we analyze the eigenvalues of A by
showing that all these eigenvalues lie on the open-left
half complex plane.

Lemma 3.6 For any 0 < K < oc, we have
ReA(A4) < 0.

Proof. Consider the eigenvalue problem
Ad(z) = Ap(z) (23)

where A and ¢(z) = [¢1(2) ¢2(2) qﬁa]T are an eigen-
value and the corresponding eigenvector of A respec-
tively. From (13)-(14), we get the ordinary differential
equation of ¢:(z) and the boundary conditions.

1w+ Srin(s) = =22 o 12) 4 i (]

1)
$1(0) = ¢1(0) = g1} =0 (29)

" 2z
10 = EE o (g, 2) + i (0] + 2 0) (20)

Take the inner product with ¢, on both sides in (24),
we have

2
(677,611 + 22 (n,60)
+ B2 (61,2 + misa (D) () = 0. (20)

Since
')
o = [ ot
1 ———
= - fﬂ o T
— —— I —
= HORD - ST+ [0 P
= ¢V +llg" I
SRS PETALLEPNT!
N /m Sl + 1617, (28)
and by substituting (28) in (27), we obtain

MpEml (g1, ) $1(1) + AKm2E |y (DI + Ny (1)
+ EI)l¢" |2 + pA% |2 + Ao? K {1, 2) 2
+ MoKmigy(l) (z,41) = 0. (29)

A {mlr (P + pllen P} + EX| 6|
+ 2K {8 (¢, ) P + ML (O}
+ MK {2pmiRe(¢1 (1) (z, ¢1))} = 0. (30)

X {mley (D + pll1 ]} + MK [ (1,3} + mi (D]
+ EI|¢"|? = 0. (31)
Let A = a + b, then (31} can be written as

(o — b7 +42ab) {mign (1) + pllrl*} + ET|¢" |
+(a+b)K |p (p1,2) + mign (D =0, (32)
which can be splitted into two equations as
(@® = 8*)(mlg () + plléul®) + ETII6"
+a-Klplp,z) +mig(DF =0, (33)

and

2ab(m|d1 (DI + gl é1[1%)
+b-Klp{gy,zh+ mign () = 0. (39)
First, suppose b = 0 in (33), we have

a?(ml (D + pllér?) +a- K |p (b1, 2 + migy (D
+EIN|¢")* = 0. (35)
It can be shown that

lp {1,z -+ mign ()|

is not equal to zero. Then all coefficients of ¢ are real
number greater than zero. Therefore, all roots e of (35)
are less than zero.

Next, when b # 0 in (34),

K p{pr,z) + mig (O
2(mlg: (D + pll1[1)
Therefore, Re(A) < 0. O

<0 (36)
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Finally, to prove the closed-loop stability we need the
following theorem to show the asymptotic stability of
the semigroup generated by A.

Theorem 3.7 * 1 Let T'(£) be a uniformly bounded
semigroup on a Banach space X with an infinitesimal
generator A. Suppose that

1. o(A)N{R is countable,
2. op(A ) NIR =10,

then T'(t} is asymptotically stable.

Theorem 3.8 The semigroup generated by A is
asymptotically stable.

Proof This follows from Lemmas 3.2, 3.5, 3.6 and
Theorem 3.7.

4. Conclusion

In this work, we consider the design of a controller for
a one-link flexible robot arm, modelled as an infinite-
dimensional system, where the effects of the tip mass
and the motion of the motor were included simultane-
ously in the mathematical model. The proposed control
law is a linear combination of the tip deflection and a lin-
ear functional of the beam deflection. It was shown that
(1) the infinitesimal generator of the closed-loop system
generates a contraction semigroup, (2) the spectrum of
the generator consists of only isolated eigenvalues with
finite multiplicity, and (3) the real parts of these eigen-
values are less than zero. Therefore, the closed-loop
system is asymptotically stable.
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