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Abstract:  This research concerns the design of a controller for a flexible robot arm, which is 
modelled as a flexible beam clamped to a motor at  the one end and free at the other end. A m a s  
is also attached to the free end of the beam. To reduce the vibration of the tip mass, we apply 
a feedback through the angular acceleration of the motor. The proposed control law is a linear 
combination of the tip deflection and a linear functional of the beam deflection. We then prove 
1,hat the closed-loop system is asymptotically stable. 
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1. Introduction 
In this paper, we consider a Hexihle robot arm, which 
is modelled as a flexible beam clamped to a motor at 
the one end and free at the other end. A mass is also 
attached to the free end of the beam. The behavior 
of the system can he described by an Euler-Bernoulli 
partial differential equation, together with appropriate 
initial and boundary conditions. Thus, the system is 
infinite-dimensional. 

In general, we can formulate a linear infinite 
dimensional control system into an abstract Cauchy 
problem on a Banach space (or Hilbert space) 2 

i ( t )  = Az(t) + Bu(t),  t 2 0, z(0)  = 20 E D(A)  (1) 

where A is a closed operator with D ( A )  dense in Z.  The 
solution of this problem is 

prove the (asymptotic or exponential) stability of the 
system. For example, Guo ') used the spectral deter- 
mined growth condition. Chen et. al. 3, and Margiil'. ') 

used the energy multiplier method, while Luo et. al. '1 
employed the frequency domain approach. However, 
in the above-mentioned works, the effects of the tip 
mass or the motion of the motor were not included in 
the mathematical model. Therefore, in this work, we 
will consider them simultaneously and propose a control 
law to stabilize the system. Here we apply a feedback 
through the angular acceleration of the motor to reduce 
the vibration of the tip mass. The proposed control law 
is a linear combination of the tip deHection and a linear 
functional of the beam deflection. We then prove that 
the closed-loop system is asymptotically stable. The 
remainder of this paper is organized as follows. 

In section 2, we consider a flexible heam system. The 
equations of motion can he represented hy partial dif- 
ferential equations with boundary Conditions, which are 
examined in '1. We then proposed the control law and . .  
formulate the closed-loop system equation into standard 
form. In section 3. we first investieate the mooerties Ivhere T ( t )  is a C@emzgmup Of bounded 'perator On 

z. 
One way to design a controller for an infinite 

dimensional control system is that we find a finite 
dimensional model, and then design the controller for 
this approximated model. However, neglecting the high 
frequency dynamics hy using an approximated model 
may lead to a "spillover" effect, which can destroy 
the stability of the original system. One of the p* 
pers describing about this effect is Bontsema and Cur- 
tain '). They show that spillover can only occur if the 
approximation error exceeds the robustness margin of 
t.he controller. Therefore, the controller design for the 
original system using the infinitedimensional system 

Y . .  
of the infinitesimal generator. We prove that it gener- 
ates a contraction semigroup and its spectrum consists 
of only isolated eigenvalues. Then the asymptotic sta- 
bility proof is obtained from the spectrum analysis by 
showing that the red  parts of the eigenvalues are less 
than zero. Finally, the conclusion is given in section 4. 

2. System Equations 
approach is an alternative way that will he considered 
here. 

In previous works about flexible robot arms using 
infinitedimensional models, there are many ways to 

Consider a flexible beam in Fig 1, where w(t )  is the 
deflection of the beam and B ( t )  is the motor angle. The 
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Fig 1: Flexible beam 

equations of motion for this system are given by 

EJ 
P 

G(X, t) + -w””(x,t) = -zd(t) 0 < x < 1 , t > 0, 

(3) 
(4) 

( 5 )  

(6 )  

w(0, t )  = w’(0, t )  = w”(l, t )  = 0, 

I ~ d ( t )  = 7 ( t )  + EIw”(0, t ) .  

m [ii(x,t) + ld ( t ) ]  = Elw”’(l,t), 

where the constants EI,p,m and 1 are the parameters 
of the system. 

We apply the feedback control law 

r ( t )=  -EIw”(O,t)+KI~(p(G,z)+mlzir( l , t ) )  (7) 

where K > 0 is a constant. Substituting (7) into (G) ,  
we get the closed-loop system 

E1 
P 

ii(z, t) + -w””(x, t) = - x K  ( p  (G,S) + mltil(l, t ) ) ,  

(8) 

w(O, t )=w’(O, t )=w”( l , t )=O,  (9) 

(10) 

(11) 

mlu(z,t)+m/K(p(zir,z) +mLzir(l,t)) = EIw”‘( l , t ) .  

Let us int,roduce a Hilbert space 

If&l) = { U  E P ( 0 , l )  1 u(0) = U ‘ @ )  = 0) 

with a norm I Iul lq = lIu’’/l~~ and consider the Hilbert 
space’H = H,2(0,1)@Lz(0,1)@@withaninnerproduct, 

( u , ~ )  = E l ( u : ’ , v ~ ) , + ~ ( ~ z , ~ z ) ~ + m ( u 3 , ~ 3 ) ~ .  (12) 

We can write (8)-(IO) in the form ti = du where, 

u(t)  = [w(. , t)  zir(.,t) W(l, t) lT E X  

0 I 

D ( d ) =  {(ui,uz,u3) EH4(0,1)BH$(0,~)e@I 
ui(0) = ui(0) = uY(1) = O,u2(1) = 1131 (14) 

Note that A is an unbounded operator on this Hilbert 
space ‘H. In the next section, we will show that A 
generates a CO semigroup. 

3. Main Results 

In this section, we will describe the main results of the 
paper as follows: 

The first result is to show that A in (13) is an infinites- 
imal generator of a contraction semigroup by applying 
the following theorem. 

Theorem 3.1 
dense in Z. If 

Let A be a closed operator with D(A)  

Re(Az,z) 5 t ~ l J z l / ~  Vz t D(A) (15) 
Re(A*z,z) 5 wllzl12 V z E  D(A*) (16) 

then A is the infinitesimal generator of a CO semigroup 
T( t )  satisfying IjT(t)ll 5 eYt. 

Lemma 3.2 The operator A in (13) generates a con- 
traction semigroup. 
Proof. We can prove that A is invertible and its inverse 
A-’ : H +‘H is 

where 

We see that A-’ is a bounded linear operator on ‘H. 
From the Closed Graph theorem, A-‘ is closed and so 
is A. Next, by the definition of the adjoint operator, we 
have 

0 -I 

EI  a3 
&3 / * = I  -Kpl (.,x) -Klml 
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Consider 

( d u , &  = El(u;’,u;) + p  

- P ( K x  lo (UZ, 5) + m l ~ l  ,U)  

= El(u:,-El(u;,u;’)-Elu:ll(l)uz(l) 

- K [ p ( u z , z ) + m l u ~ l  (p=+mlG ) 
+ E I u ; I ) ( / ) q  
= E l m -  El(uy,ug)  

- K I ~ ( u z , z ) + m l u s l ~  

Therefore, 

Re (du ,u )w = - K l p ( u ~ , x ) + m l u 3 / 2 S O .  (19) 

Similarly, from the adjoint operator of A in (18) 

( A ’ U , u ) n  = -El(u;‘,u;)+p 

- P ( K z  IP (212% 5) + mlusl, W )  
- -uy(l),wA) E l  

= -EI(uY,uY) +EI(u;,u;’) +Elu;”(l)uz(l) 

- K [P ( 8 2 ,  z) + mlus] [P- + m G ]  

- Elu;”(l)K 

= -El(u;,+El(u;,u;’) 

- K l ~ ( ~ z , z ) + m l u 3 / 2  

m 0 

Thus, 

Re(A’u,u)w= -KIp(uz,x)+mlu31Z SO.  (20)  

Since A is closed with D(d)  dense in ‘H and from (19)- 
(ZO), (15)-(16) is satisfied with w = 0. This shows that 
A generates the contraction semigroup, /IT(t)II 5 1. U 

Next, we will show that the spectrum of A, indeed, con- 
sists of only isolated eigenvalues with finite multiplicity 
by applying the following theorem. 

Theorem 3.3 ‘1 Let A be a closed linear operator with 
0 E p ( A )  and A-’ is compact. The spectrum of A can- 
sists of only isolated eigenvalues with finite multiplicity. 

L e m m a  3.4 A-’ is compact. 
Proof. .4-l : ‘H i ‘H can be written in the following 
form 

Ti Tz T3 
A-’= I 0 0 

[Td 0 0 1  
If all TI’S are compact operators, then A-’ is compact. 
We will prove the compactness property of each T; as 

Let SN be a bounded set of U E Hi(0 , l )  with I I v l l~ ;  5 
N .  Then, 

where (21) is obtained by using the Sobolev imbedding 
theorem ’1 and the Cauchy-Schwarzt inequality. From 
the fact that / I .  I I H Z  - ( 1 .  l l H ; ,  we get (22). This shows 
that TIU is uniformly bounded. 

Since q z ( x )  is continuous, i.e., far all xo E (0 , l )  and 
€1 > 0, there exists 61 > 0 such that 

15 - 201 < 61 * llsz(z) - qz(so)ll < E l ,  

we have 

Notice that 61 does not depend on the choice of 21 t 
S N ,  which implies that T1v is equicontinuous. From 
Arzela’s theorem, the image of Tis is a precompact set. 
Therefore, TI is compact. 
2. Consider TZ : Lz(0 , l )  i H i ( 0 , l )  defined by 

TZU = -& 6’ /d“* l: 1, I ~ ( x ~ ) d x ~ d x z d x ~ d x r  

Let f t Lz(0 , l )  and let ,ys be thecharacteristic function 
of a set S. We know that ~ ( 0 , ~ )  t Lz[O,l] x Lz[O,I]. 
Thus, the operator A defined by 

is a compact operator from Lz(0,l)  i Lz(0,l)  and TZ 
can be considered as the composition of the operator A 
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defined above. Since the compositions of campact oper- 
ator are compact, we can conclude that TZ is compact. 
3. Consider T3 : C + ffi(0,l) defined by 

m 
Tzu = -ql(z)v EI  

As in the case of T I ,  we can see that T3 is compact. 
4. I : H i ( 0 , l )  + Lz(0,L) is a compact operator. This 
can be proved by the Hilbert-Schmidt Imbedding The- 
orem ’) 
5. T5 : Hi(0 ,L)  + @, Tzu =U(/) 
From the Sobolev Imbedding theorem ’1, T5 is a 
hounded linear functional. Its image has finite dimen- 
sional range, so T5 is compact. 

According to all of the above, we can conclude that 
A-‘ is compact. 0 

Lemma 3.5 The spectrum of A in (13) consists of only 
isolated eigenvalues with finite multiplicity. 
Proof. By the definition of the resolvent set, 0 E p(d). 
The proof is completed following Lemma 3.4 and The- 
orem 3.3. 0 

In what follows, w e  analyze the eigenvalues of A by 
showing that all these eigenvalues lie on the open-left 
half complex plane. 

Lemma 3.6 For any 0 < I< < 00. we have 

Re A ( d )  < 0. 

Proof. Consider the eigenvalue problem 

ddb) = X4b) (23) 

where X and $(z) = [dl(z) $2(z) are an eigen- 
value and the corresponding eigenvector of A respec- 
tively. From (13)-(14). we get the ordinary differential 
equation of qh(x) and the boundary conditions. 

PAZ PKX K “ ( z ) i  ,dl(.) = -=[p(d1,z) +mldl(r)lz 

$ y ( l )  = ~ b(91 ,~ )  +mld~(Ol+ ,I$I(C (26) 

(24) 

(25) dl(0) = d;(o) = d;(q = 0 
KmlX mXZ 

Take the inner product with $1 on both sides in (24), 
we have 

PA2 ($;”’,$’)+ E (d1,dI) 

PKX + = ( p ( d 1 , 4  +mldl(l))(z,dl) = 0. (27) 

Since 

Therefore, Re(X) < 0. 0 
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Finally, to prove the closed-loop stability we need the 
following theorem to show the asymptotic stability of 
the semigroup generated hy A. 

Theorem 3.7 lo. 11) Let T( t )  he a uniformly bounded 
semigroup on a Banach space X with an infinitesimal 
generator A .  Suppose that 

1. o(A) n iW is countable, 

2. up(A’)  n iw = 0 ,  

then T ( t )  is asymptotically stable 

Theorem 3.8 The semigroup generated by A is 
asymptotically stable. 
Proof This follows from Lemmas 3.2, 3.5, 3.6 and 
Theorem 3.7. 

4. Conclusion 

In this work, we consider the design of a controller for 
CL one-link flexible robot arm, modelled as an infinite 
dimensional system, where the effects of the tip mass 
and the motion of the motor were included simultane- 
ously in the mathematical model. The proposed control 
law is a linear combination of the tip deflection and a lin- 
e a  functional of the beam deflection. It was shown that 
(1) the infinitesimal generator of the closed-loop system 
generates a contraction semigroup, (2) the spectrum of 
l.he generator consists of only isolated eigenvalues with 
linite multiplicity, and (3) the real parts of these eigen- 
values are less than zero. Therefore, the closed-loop 
system is asymptotically stable. 
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