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ABSTRACT

This paper concerns dynamics of a servo-driven con-
veyor system, which has been developed for the
laboratory-scale experiments. This system consists of
a belt lying on the iron plate with two shafis at the
end. A DC motor is used to drive the belt through the
shaft. The belt is considered to behave like a nonlin-
ear spring. We include the Lugre friction in this model.
Then, the dynamics of the conveyor system are derived
based on certain specified assumptions. At the same
time, the linear and linearized model is used to ana-
lyze the behaviors for small signals. Finally, the time
responses of these models are shown to verify the mod-
elling analysis

1. INTRODUCTION

Nowadays, one of widely used transportations systems
in industries is the conveyor system. In control en-
gineering, understanding its physical model and con-
trol problems are the first important issues to design a
suitable controller in real condition. Therefore, in this
work, we study the models of this system with consid-
eration of the real application.

There are many researches involving the modelling
of this system. For example, the dynamical equations
of a double conveyor system were derived in [1]. They
considered the belt displacement as a simple linear pro-
portion to the motor angle. More complicated model
was described in [2]. The belt was first divided into N
sections and each of them was modelled as a spring-
mass-damper system. All spring-damper parameters
were assumed to be constants. On the contrary, the pa-
rameters were assumed to be a known function of the
mass in [3]. Thus, the results are the nonlinear model.

In this work, we model the belt as the spring-mass
system. However, we additionally include the nonlin-
earity of spring and the so-called Lugre friction model
which considers the internal dynamic of the friction.

This paper is organized as follows. We first review
the principle and how to model the nonlinear spring
and the friction in section 2. Then, modelling of the
conveyor system will be described in section 3-5. It
includes the dynamical equations, the linear model
which is neglected all nonlinearities, and the linearized
model obtained from the linearization at the equilib-
rium points. Section 6 shows the simulation results of
all models, and finally, conclusions will be discussed
in section 7.

2. SPRING AND FRICTION IN MOTION
DYNAMICS

In this section, the mathematical models of spring and
friction are considered. These two mechanical ele-
ments are the practical nonlinearities which will be in-
cluded in the model of the servo-driven conveyor. The
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dynamics of the nonlinear spring and the friction are
described in this section.

2.1. Nonlinear Spring

According to [4], there is a description of two kinds of
the nonlinear spring. The simplest model of nonlinear
(or cubic) spring force can be described by

Fy(z) = —kz — ba® )

where k, b are spring parameters.

The sign of b has an effect on spring characteris-
tic. In particular, if b < 0 (soft spring), the maximum
displacement increases and the maximum acceleration
decreases. If b > 0 (hard spring), the spring has a
smaller displacement and a greater acceleration than a
linear spring.

2.2. Friction

The well-known friction models like the viscous plus
coulomb memoryless model or the Armstrong model
are the static functions of the velocity. In real systems,
the friction does not have an instantaneous response
when the velocity changes. This is because, in fact, the
friction has its own internal dynamics which is pro-
posed by Lugre [5, 6]. For this reason, this model is
chosen to represent the friction in this work.

Let p be a state variable of the friction dynamic. It
can be described by the following differential equation.
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where z is the relative velocity between two contacted
surfaces and g is a monotonically decreasing positive
function which describes the Stribeck effect to capture
the motion behavior at low velocity.

00g(#) = F, + (Fy — F,)e=(@/vs)? 3)

where F,, F,, and v, are coulomb parameter, stiction
parameter, and Stribeck velocity respectively.
The frictional force is described by

. d .
Ff(a) = oop+ 01 + Fya )

where og, 01, F, are stiffness, damping coefficient,
and viscous parameter, respectively.

Next section, we will use the knowledge of these
nonlinearities to characterise the behavior of the con-
veyor belt.

3. NONLINEAR DYNAMIC MODEL

Consider the conveyor system depicted in Fig. 1, which
consists of the belt lying on the iron plate with two
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The relationship between the motor torque, 7 and the
armature current, i, is

T = Kniq 11)

The armature current satisfies the dynamic of electrical
circuit. )
. V. R. Ky

Za:f—fla—Tb (12)

where V' is the voltage supplied to the motor.
Substitute (11) into (10), we get

w K. rkozm rknzy 120
0 = —1q [E—
7 tq+ N 7 7 (ko+Ekn) (13)

In summary, the dynamical equations of this system
are described by (5)-(7), (12), and (13).

Fig. 1. Physical system

shafts at the end. A DC motor is used to drive the belt
through the shaft to transfer a load mass to the desired
position. In this work, we model the belt by dividing

it into IV sections as shown in Fig. 2. Each section is Table 1. Parameters of the servo-driven conveyor system.

modeled as a spring-mass system which includes the [ Parameter | Notation | Value | Unit ]
nonlinear characteristic of the spring. 7 is the motor Load Mass M 0.5 Kg
torque and 6 is the motor angle. z;, z, is the displace- Belt mass of the 4" section mq 0.01 Kg
ment of the j*2 section and the load mass, respectively. Spring constant 1 ks 20 N/m3
The system patameters are described in Table 1 which Spring constant 2 bs 20 N/m .
Hub inertia J 0.01 Kg-m
o Im Torque constant Km 2 N.m/A
Back emf. constant Ky 0.1 Volt/rad
Resistance R 1 Q
Inductance L 0.5 H
Motor radius r 0.1 m
Stiffness o)) 10 N/m
Damping o1 V10 Ns/m
Coulomb friction of the i*® section F? 1Xxm, N
Viscous friction Fy 0.5 N
Stiction friction of the *R section F? 2 x Fy N
Fig. 2. N-section model of the belt Stribeck velocity Us 0.001 m/s

the motor parameter value are adapted from [7] and
the friction parameter value are chosen by the guide-
line in [5]. Consider the free-body diagram in Fig. 2,
we can apply the Newton’s law and write the dynamics
of each section as follows.

4. LINEARIZED DYNAMIC MODEL

In this section, we include the effect of friction by us-
ing the Lugre model and also consider the effect of
nonlinear spring characteristic.

For N = 1, the dynamical equations (4), (5)-(7),

5 _m m _ _ 0 _
MEm = —FF* + F (21— 2m) — Fy (2m —10) () (12), and (13) can be rewritten into the general form,

mji; = —F; + FI(z; 1 — z) — FItl(; — £j41) %2 = f(z,u) where z and u are defined as
6 2= |Tm 1 Tm T1 0 0 I pp m|T, u=V.
MNEN = —F;V + F;V(TO - xN) - FSN_I(xN - :L‘N_l)
D h=zm , fo=2u
.. . . _ P th 1 01|Z3|z8
whre i an e 0. 1) indcating the 1% gy~ { oz + T — 5, 4 Ry = )
in (4) and F is the spring force according to (1) with +bm (22 — 21)% — ko(21 — 725) — bo(21 — rz5)3}
the notation

01|Z4|29

1

+b1(1"Z5 o 22)3 o km(ZZ ot Zl) — bm(22 — 21)3}
f5s =26 (14)

1
fe :7 {KmZ7 + rkoz1 + rk120 — 7‘2(k() + k1)25}

F2(y1 — y2) = ka(y1 — y2) + ba(y1 — 92)° — (01 + Fy)za + ki(rzs — 22)

The superscript a on Fy’s and F,’s refers to the force

acting on the j** belt section if a = j, and on the load
mass element if a = m.
Next, consider the motor dynamics

Ji=7+47r(Ty —Tp) ®

where 77 and T3 are the tension shown in Fig. 2 and
described by

T1 = ko(:b'm — 7”(9) , T2 = kN(Te — J:N) (9)
Substituting (9) into (8), we get

G- T rkoZm | ThNIN r20

J J J J

(ko +kn) (10)

1
fz =1 {—Rzr — Kpzs + u}

|23]

f8 =23 — —7 128 ) |Z4|
g(»3)

9(z)”

The equilibrium points can be solved from (14) as fol-
lows.

fo=24—

2=[ac a 00 a/r 00007 (15)



where o is an arbitrary constant.

To find the linearized model, we need to calculate
the Jacobian matrix of f(z,u). However, since there
is an absolute operator appear in the system equation,
that term is not absolutely differentiable at the equilib-
rium point. According to [8], we can use the general-
ized derivative of f at z* as,

J=Q0—-qJ_+qgJ., 0<g<l1

where J_ and J, are, respectively, the left and right
Jacobian matrices, which are calculated from

_ _ T
L _Joros oz
N 8z Oz T Oz
Lot ot as]”
T 170 02 Tz
fi _ lim f(zi,h) — £(0,2)
(9Zi z;T0 Z;
+ ) _ )
af; — hm f(zu h) f(07 z@)
(9Z¢ 2: 0 Zi

Since the left and right Jacobian at the equilibrium
point of this system are equal, the dynamic model
around the equilibrium points becomes

of

z=J(z")z+ ™

(16)

z*
or, in other words,
Z21=z3 , Z2=212
. 1
Z =77 {(ko + km)z1 + kmza — (01 + Fy) 23+

Tk025 — U()Zg}

) 1

24 :m_1 {kmz1 — (k1 + km)22 — (01 + Fy)za+
rk1z6 — UoZg}

Qa7
. 1
26 =7 {7‘/(:0251 +rkize — Tz(ko + kl)zs + sz7}

25 =26

. 1 . .
Zr=7 {—Kpze —Rzr+u} , 5s=23, 20 =24

Using the assumed parameters shown in Table 1, the
eigenvalues of the linearized model (17) are —352.03,
—11.8311, —1.76 £+ 9.735, —3.86 + 6.685, —0.46, 0,
and 0. Two integrators are the results from adding the
internal state of friction model

5. LINEAR DYNAMIC MODEL

When neglecting the nonlinearity of spring and fric-
tion, we obtain linear dynamical equations as follows,

.. k ko+k k
Fy = M‘)re -0 7 ™ o + ﬁmxl (18)
k k k k
B = —mCL‘m — + 1:121 + —1:1,‘2 (19)
my my m,
.. k ki+k k
Io = —1331 — gxz + —2373 (20)
) mo mo
ki_ ki1 +k; k;
Bi= —g, g — L + ‘zi+ —zip1 (21)
m; m; m;
. kna kn—1+kn kn
IN = N1 — ————zN+ —7f
my my m

(22
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v Kpm rkotm rkyzy 720
§=22m _re
7 1 7 7 7 (ko + kN)
(23)
: V R. Ky -
LB, K,
la=7 - Tla~ 7 (24)

Define z,u, y to be state variable, input, and output of
the model, respectively.

&y 0617
]T

. TN :i?m :i?l
u=1V,

2= [Tm %1
y=[zm 0
We can rearrange (18)-(24) into the state-space form,

z2=Az+Bu, y=C=z

For example, in case N = 1 and the parameters given
in Table 1, we get the system matrices A, B,C, D as
follows.

[0 o 10 0 0 0

0 o 01 0 0 0

80 40 00 4 0 0
A= {2000 —4000 0 0 200 O O | B

0 o 00 0 1 0

200 200 0 0 —40 0 200

0 0 00 0 -02 -2

1000000

C‘{0000100 (23)

The eigenvalues of the linear model are +63.487,
—0.2006 £ 10.345, —0.800 £ 4.655, and 0.

It is noted that an integrator of this model is not
ralated to one of two integrators in the linearized
model, but is the result from the motor character-
istic. This pole is shifted slightly to be -0.46 in
the linearizedP model. When comparing the remain-
ing six complex eigenvalues, +63.48; correspond
to —352.03,—11.8311 in linearized model. Sim-
ilarly, —0.2006 + 10.34j match —1.76 + 9.73;j and
—0.800£4.653 correspond to —3.86+6.685. In brief,
the complex eigenvalues of the linear model are shifed
to those which are damper in the linearized model due
to the additional terms from friction.

6. SIMULATION RESULTS

In this section, we examine the zero-input responses of
Zr, and ¢ of all models in Fig. 3, where z,,(0) = 0.1,
49((31 = m/4. The vibration of the response occurs due
to the characteristic of the spring. However, it can be
suppressed by the effect of the friction. Moreover, we
notice that all models contain an integrator, so the zero-
input responses does not necessarily converge to zero.
Besides, the equilibrium state of (14) has multiple so-
lutions as shown in (15). Hence, although the same
initial values are given, the responses might converge
to different values due to the nonlinear dynamic. How-
ever, the ratio of z,,, and 0 at the equilibrium is approx-
imately equal to 7 which is corresponding to (15).

Subsequently, we apply the pulse input and obtain
the simulated responses in Fig. 4. Once the input is
applied to this system, the motor drives the belt in mo-
tion. After the input dies down, the motion stops at a
certain point. In the case of linear model, the motion
stops at the farthest position and demonstrates more
ripples than those of the nonlinear and linearized mod-
els. The friction in the linearized model directly addi-
tively affects the damping term and the spring constant.
Therefore, the motion of linearized model stops more
quickly than that of the nonlinear model.

NOOOO OO




7. CONCLUSIONS

Three models of the servo-driven conveyor system
were developed in this work. First, we derived the non-
linear dynamical model which incorporates the non-
linear spring and the friction model. In addition, the
linearized model was obtained by the first-order ap-
proximation of the nonlinear model around the equi-
librium points. When neglecting all nonlinearities, we
obtained the simple linear model. The zero-input and
zero-state responses of three models were compared in
the simulation results. The linear model has the rapid
responses because of neglecting the nonlinearities and
has pure imaginary eigenvalues. Since the linearized
model includes the damping term taken from the fric-
tion, it is corresponding to the real system better than
the linear model. However, the linearized model ig-
nores internal dynamics of the friction at low veloc-
ity. Thus, the added term to the spring stiffness, which
corresponds to the break-away force, greatly affects
the decay rate of the motion. Therefore, the nonlinear
model is more precisely matched to the real system,
but it increases the model complexity and requires the
information of the friction dynamics. The future work
is to find the suitable parameters for the model valida-
tion and explore the model which will be used for the
controller design.
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