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ABSTRACT

Root and Variaya proved the existenceof codesthat can
communicatereliably over any linear Gaussianchannel for
which the mutual information exceedsthe information rate
of the code In this paper we demonstate that properly
designedLow-DensityParity-Ched (LDPC) codesare sud
codesand that their performancelies in close proximity to
the Rootand Variaya capacityfor the linear Gaussianvector
channelqa.k.a.space-timehannels) We alsodemonstatethe
robustnessof the codeson the partial-band jammingchannel
and in fast Rayleighfading

I. INTRODUCTION

A compoundchanneloccurs when the actual channelis
unknown to both transmitterand recever but belongsto a
set of possiblechannelsknown to both. Root and Varaiyas
compoundchanneltheorem[1] appliedto thelinear Gaussian
vectorchannel,

@)

indicatesthat for a givenrate  and input distribution there
exists a single code that can achieve reliable information
transmissioratrate oneverychannel for whichtheinput
distribution inducesa mutualinformation (MI) higherthan
Theimmediateimplication of this resultis thatgooderror per
formanceon one particularchanneldoesnot have to comeat
the expenseof signi cant performancedegradationon others.
Codesthat have consistentlygood proximity to capacity (to
the extent their blocklengthand decodingcomplexity permit)
over a classof channelawill bereferredto asuniversal codes
in this paper Since the linear Gaussianvector channelsare
commonlycalled space-timechannelgoday we referto such
codesas universalspace-timecodes.

The capacity promise of multiple-input multiple-output
(MIMO) systemsn rich scatteringervironmentg2] makesthe
existenceand use of universalcodesof practicalinterest.In
[3] Weselet. al constructeduniversaltrellis codesfor periodic
erasurechannelsTheuniversalpropertyof LDPC codesn the
contet of periodicfadingchannelsvasdescribedoy Joneset.
alin [4]. In [5][6] KbseandWeselfound by exhaustve search
universalspace-timdrellis codesfor the 2 2 linear Gaussian
vector channel.

Low-densityparity-check(LDPC) codeswere proposecby
Gallagerin the early 1960s[7]. The structureof Gallagers
codes(uniform columnandrow weight) led themto be called
regular LDPC codes.Gallagerprovided simulationresultsfor
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codeswith block lengthson the order of hundredsof bits.
However, thesecodeswere too shortfor the spherepacking
boundto approachShannoncapacity and the computational
resourcedor longer randomcodeswere decadesaway from
beingbroadly accessible.

Following the groundbreakingdemonstratiorby Berrou et
al. [8] of the impressie capacity-approachingapability of
long randomlinear (turbo) codes,MacKay [9] re-established
interestin LDPC codesduring the mid to late 1990s.Luby
etal. [10] formally shaved that properlyconstructedrregular
LDPC codescanapproachcapacitymore closely thanregular
ones. Richardson,Shokrollahi and Urbanlke [11] createda
systematienethodcalleddensityevolution to analyzeandsyn-
thesizethe degreedistribution in asymptoticallylarge random
bipartite graphsundera wide rangeof channelrealizations.

In this paperwe demonstrat¢hat LDPC codesareuniversal
overa classof matrix channelsdy shaving thatbit-multiplexed
LDPC coding on the MIMO channelyields essentiallycon-
stant per dimensionexcessmutual information performance
(around bits per real dimension)for all the channels
that we examine. For a matrix channel,the excessmutual
information per dimensionis de ned as the capacitymaigin
betweenthe operationalchannelMI per transmitantennaand
the information transmissiorrate per transmitantenna.

The rest of the paperis organizedas follows. Sectionl|
describeghe partial-bandamming channeland demonstrates
theperformancef LDPC in this channekervironment.Typical

measuresre provided, but an additionaltechnique
WI|| be introducedspeci cally for the purposeof comparison
to mutualinformation.Sectionlll presentd DPC performance
resultsacrossa uniform samplingof 2 2 MIMO channelso
illustratethe universalpropertyof the codes.The performance
of the codeson ary speci c 2 2 quasi-statidistribution (for
instanceRayleigh) can be inferred from the provided results.
Though fast Rayleigh fading doesnot t in the Root and
Varaiyaframework, we provide LDPC resultsfor 1 1 through
4 4 MIMO systemawith fastRayleighfadingin SectionlV.
SectionV summarizeour conclusions.

Il. LDPC PERFORMANCE ON THE PARTIAL-BAND
JAMMING CHANNEL

A specialcaseof (1) is the partial-bandiamming channel.
The channelmodelusedin the resultsthatfollow is thatsame
asthe onepreviously describedn [12] and[13]. We limit our
discussiorio the caseof coherentlydetectedBPSKmodulation
underafrequeng hoppedscenarian which afraction of the
availablechannelsarejammed.All of the channelsxperience
additive thermalnoisedueto thereceier front end. The SNR
of this noiseis x edto dB soasto be consistent
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Fig. 1.  Performanceof Rate 1/3 LDPC codeswith length 4096 and

150000n the partial-bandjamming channelcomparedo turbo productcode
performance{12]. Gaussiansignaling capacity(MI) and BPSK constrained
capacity(cMI) at 1/3 of a bit arealsodisplayed.FER =

with resultsin [12]. Channelghat arejammed,however, also
incur the addition of band-limitedwhite Gaussiamoise with
power spectraldensity . Scalingby ensureghat the
total jamming noise power is equalto

, but is independenbf . Bit enegy to interferenceratio,

is the most commonmeasureof performanceon this
channel.Perfectchannelstateinformation hasbeenassumed
for the LDPC resultsthatwill be presentedThis implies that
very low values of tend to make jammed channels
look like erasuresasthe log-likelihood ratios computedfrom
channebbsenationsareinverselyscaledby the noisevariance
in a given subchannelOn the other hand,as is increased
to unity (all subchannelgare jammed),the channelbegins to
appeamuch like a standardAWGN channel.

Fig. 1 provides simulationresultsfor two rate 1/3 LDPC
codes.Both are realized from the degree sequenceof the
(1,0) optimized code desribedin Sectionlll. The rst code
has length 4096 and the secondlength 15000. For sale of
comparisorwith anothercodingtechniquethe performancef
alength4096turbo productcodewith comparablaate[12] is
also provided. An importantparameteffor code performance
on the partial-bandjamming channelis the so-calleddwell
interval. This quantitydescribeshe numberof successie code
symbolsthatwill betransmittedon agivensub-channebefore
the modulationis hoppedto anothersub-channelFor sale
of comparisonwith resultsin [12] we have x ed the dwell
interval to 32 for the length 4096 code and to 30 for the
length 15000 code. We have also madethe assumptionthat
channelsare framed' aroundsingle codewords. This implies
that for the length 4096 codethereare 128 subchannelsind

is meantto yield an “ergodic' jammingresultfor a givencode
acrossa parameterizatioof and

Mutual information (MIl) computationdor the partial-band
jammingchannelrealsoincludedin Fig. 1. To computethese
measuregonsiderthe Ml level in partial bandjamming,

)

where de nes the symbol signal to noise ratio in
the jammed subchannelsand de nes the symbol
signal to noise ratios in the non-jammedsubchannelsin
the case of Gaussiansignaling, , and for
the BPSK constrainedcase is evaulated via numeri-
cal integration. In the partial-bandjamming simulationsper
formed for this paper is held xed at a level
which correspondgo dB. In the unconstrained
case the term is therefore a constant
( ) which can be determinedvia solution to the equation

, e.g. bits. In the BPSK
constraineccase saturatedo bit
at this high SNR.

We areinterestedn valuesof thatyield constant
levels of mutualinformation.We therefore x the MI to some
constantevel,say  of abit. If wealso x , it is possibleto
uniquelydetermine (analyticallyfor unconstraineénd
via tablelookupfor the BPSK constrainedtase).Theresulting

can then be corverted to via the following
relations,

®3)

A large descrepangc can be obsened betweenthe BPSK
constrainecand Gaussiarsignalingmutualinformationcurves
in Fig. 1. Thisis dueprimarily to thefactthatthe non-jammed
subchannelprovide far more mutual information (9.96 bits)
than can be provided by BPSK modulation, which in turn
implies that with Gaussiansignalling just a small fraction
of the subchannelfeedto be non-jammedfor the expected
mutual informationin the channelto reach of a bit. We
notethata systemthat achiezesan averagespectralef ciency
of bits, and that approacheshe unconstrainedsaussian
capacity canbe achieved by simultaneouslyncreasingmodu-
lation cardinalityanddecreasingoderate.For instancea rate
1/6 codedriving QPSK canbe expectedto performbetterthan
the rate 1/3 BPSK system.

All of the curves in Fig. 1 representsystemswith rate
that is closeto of a bit of mutualinformation. In order
to demonstratethe consisteng of the mutual information

of thesewill be jammed.Thereare 500 subchannels performancef thetwo LDPC codesacrossSNRand we plot

per frame for the length 15000 code. The distribution of
jammedsubchannelss realizeduniformly andindependently
from one codevord transmissiorto the next. This technique

theabscissan Fig. 2 in termsof ratherthanin termsof
. This avoids comparing termsthat differ only
becausef differentrate(since — ).
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Fig.2. SNRyp performancef length4096and15000LDPC codescompared
to SNR, p levels requiredto achiere 0.42, 0.4, and 1/3 of a bit of mutual
information.FER =

When the partial-bandjamming channelachieves 0.4 bits
of mutualinformation, the length15000LDPC codeoperates
with an FER = 3 at all but the lowestvaluesof . The
samecanbe statedfor the length4096 codewhenthe channel
supports0.42 bits of mutual information. The length 15000
results are consistentwith the resultsthat will be given in
Section lll, i.e. the code provides reliable communication
when the excessMI in the channelis A 4 ,
or roughly 0.065 bits. Furthermore,the performanceon a
parameterizatioof the channekhatcorrespond$o an erased'
caseis slightly inferior to the performanceon an AWGN
( ) parameterization.

I1l. MUTUAL INFORMATION PERFORMANCE OF LDPC
CODES ON LINEAR GAUSSIAN VECTOR CHANNELS

In this sectionwe considerthe full Gaussairvector chan-
nel of (1). We note that mutual information identi es the
fundamentalinformation-carryingpotential of a channelfor
a speci ¢ input distribution. Thus a universal code should
provide performancethat is consistentin terms of required
excessmutual information. The commonway to plot BER
performanceis versuschannelsignal-to-noiseratio (SNR).
Since MI on the additive white Gaussiannoise (AWGN)
channeiis amonotonic(andalmostlinear) functionof SNRin
dB,  Gauss SNR, thisrepresentatiors essentially
equivalentto plotting BER againstMI. Fora x edtransmission
rate , SNR gap is de ned as the differencebetweenthe

requiredto achieve the desiredBER and the
at which the channelcapacityin (4) is equalto  bits per
channeluse.However, when assessinghe performanceof a
codeover a variety of linear Gaussianchannelsconsidering
SNR performanceor SNR gap is problematic becausethe
monotonicrelationshipbetweerSNRin dB andMI is different
for differentchanneleigervalue skews.
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Fig. 3. ExcessMI perrealdimensionvs. SNR gapfor 2x 2 matrix channels,
R = 4/3 bits/channeluse,A\; = , for eigevalue skews (top to bottom)
K= ,.75 .5,.25,. 25, .

To better understandthe previous statement,consider a
2 2 linear Gaussiarvector channel andits MI underthe
assumptiorof uniform power distribution acrossantennas,

— —
— kA (4)
Where A and A are the eigervaluesof LN D WD}

is the eigervalueskew and is the averageSNR per receve

antenna.
Fig. 3 illustratesthe excessMI per real dimensionas a
function of the SNR gap in dB for 4  bits/channel

use and different eigervalue skews . Note that the excess
MI curvesare approximatelylinear functionsof the SNR gap
in dB, however the slope dependson the eigervalue spread
(eigenslew) of the channel.ln other words, a constantlevel

of excessMI is achieved by differing excess SNR levels
(dependingontheeigenslew of the channel). The Ml available
in the channelis the absolutemeasurdor performancewhile

an excessSNR measuralependdoth on the MI level andthe
speci ¢ channelrealization(eigenslew).

In the remainderof this sectionthe performanceof two
different length-15,000bit-multiplexed LDPC codeson pa-
rameterized2 2 MIMO channelswill be describedThe rst
setof channelds describedvia an explicit samplingof the set
of all 2 2 channelsEachof thesechannelss characterized
by severalparameterdyut of greatestmportancgasit directly
affectscapacity)is eigenslew. The point of suchanassessment
is that “worst' and "best' casechannelsare easily found due
to the absenceof channelmatrix averagingthat occursin
both fast and quasi-staticRayleigh fading experiments.Fur-
thermore,” atness' of the excessmutualinformationmeasure
versuschannelskew becomesa designcriteria for creating



LDPC codesthat exhibit the highestpossiblelevel of robust-
ness.Again, in our terminology a codeis universalif reliable
communication(for instanceBER = 5) occursat the same
small excessmutualinformationlevel acrossall channels Of
course,the absoluteSNR requiredto achieve a given mutual
informationlevel onaneigenslew = 0 channebill bedifferent
thanon an eigenslew = 1 channel.

Considera samplingof the continuumof 2 2 channelsA
simple descriptionof the channelsamplingproblemis given
asfollows,

A Al S s

where & A X is the eigervalue skew of the Hermi-

tian matrix f,ge[ = J,andd € [ . In this
paperwe samplethe abose matrix via the parameterss
5 5 5 175 ,¢ Tmdr and ¢

m 4 7 4 . Performanceon eachchannelin this sampling

is measuredby the mutual information in excess of the

transmissiornrate of 4  bits/channel-useequiredby a rate

code (modulating QPSK onto 2 antennas)o achieve a

BER of 5,

Beforediscussinghe performancecrosghesechannelave
draw an analogyto periodicfading SISO channelsNote that
aperiod-2SISOfadingchannely a( moa )T M ,With
fading vector a VA VX is equivalentto a diagonal
1) 2 2 matrix fading channel(but requirestwo channel
usedo relaythe samenformation).Expandinghework in [4],
we areableto optimize LDPC degreedistributionsfor period-
p fading via an adaptationof the Gaussiarapproximationto
densityevolution. In speci c, at iteration/, degrees variable
nodeshave their meanvaluesupdatedin cogrespondencdao
the periodicinitial meansgiven by m,; % (wherea; are
known fadinggains)andthe meansof messagearriving from
checknodes(m,,),

cso

sin ¢ e 77

(®)
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Randomlyselectededgesemanatingfrom variable nodesad-
hereto the following Gaussiammixture density

W pzzd': Ai (ma) :
v Pk P v,% J
Using this kernel, codes optimized for (1,1) and (1,0)
period-2fading channelswere designedand testedacrossthe
parameterizatiomf 2 2 channelsBoth codeshave n k
5 5 . The codeoptimizedfor (1,1) hasvariablenode
degree distribution )\s )T 7T =z 5z
7 z? 7T =z 4  z *andconstrainesodede-
greedistribution ( y z  z°. The secondcode (optimized
for (1,0)) has degree distributions A\( | ) = 7T =z
47z 4 722 7 zt z *and ()T
54 525,
Points plotted as circlesin Fig. 4 illustrate the excessMI
perreal dimensionfor the (1,1) optimizedcode.Note thatthe
resultsacross¢ and@ at eachplotted x aretightly clustered.

(O

mv,i J

()

4

0.25 ‘ : :
O Rate 1/3 (1,1) Opt Code
O Rate 1/3 (1,0) Opt Code
021
£
a)
T 015}
o 0.
x ©
3 1]
0
0.1rp
4 8
)
X O 8 o
w m] e D
O O m
0.05 E
0 ; ; ; ;
0 0.2 0.4 0.6 0.8 1

Eigenvalue skew, k

Fig. 4. Simulation results shaving excessMI vs. eigewvalue skew « at
BER = 5. Circles indicate resultsfor a length 15,000 rate 1/3 code
optimizedfor a ( ,) period-2SISO channel.Squaresndicateresultsfor a
length 15,000rate 1/3 codeoptimizedfor a ( , ) period-2SISO channel.

For this code,the bestcaseperformanceés on the unitary (s

) channelwherethe excessMI per real dimensionrequired
to achieved BER = 5 is 0.07 bits (which correspondgo
1.05dB excessSNRonthe eigenslew = 1 channel) Theworst
performancés attainedonthesingularchannel§x ) where
the excessMI per real dimensionis 0.14 bits (2.5 dB excess
SNR on the eigenslew = 0 channel).

Signi cant improvementin the overall robustnesss found
in the (1,0) optimized code, resultsfor which are plotted as
squaresn Fig.4 (for¢ =« 4andd = 4). Theperformance
ontheunitarychannebwith this code,0.06bits excessMl (0.91
dB excessSNR), is comparableto the performancewith the
(1,1) code.However, the performanceon the singularchannels
improvesandtheexcessMlI requirements reducedo 0.11bits
(2.0 dB excessSNR). Codedesignwork to further atten the
pro le of excessMI versusskew is undervay.

In Fig. 5 A and X arerelatedthroughMl
A A . Contoursof MI correspondingo 1.33and1.61
total bits per channeluse (or 4 times the number per real
dimension)areshownn. The differencebetweerthesetwo level
curves correspondgo an excessmutual information of 0.28
bits (or 0.07 bits per real dimension).The adherenceof the
(1,1) optimized(circles) and (1,0) optimized (squares)odes
to the 1.61 bit curwe is tightest near eigenslew = 1.0 (the
A X linein the plot) andis looserat eigenslew = 0.

IV. M| PERFORMANCE IN FAST RAYLEIGH FADING

Fast Rayleighfading, wherethe channelmatrix is realized
independentlyfrom one transmissiontime to the next, does
not t in the Root and Varaiyaparadigmwhere performance
is measuredicrossa setof staticchannelsNeverthelessthis
measuras frequentlyof interestto the community Therefore,
we examine the performanceof the previous rate (1,2)
optimized code and a rate 1/2 (1,1) optimized code each
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Fig.5. Simulationresultsshaving (A1, A2) operatingpointsat BER = 5
for length 15,000codesoptimizedfor (1,1) and(1,0) period-2SISOchannels.
Also shawvn are A2 vs. A1 level cunesfor Ml = 1.33 and 1.61 bits/channel
use.

bit-multiplexedonto 1 1, 2 2,3 3, and4 4 symbol-by-
symbol (fast) fading Rayleigh channels.Fig. 6 describes
code performanceat BER=  ® againstconstrainedergodic
Rayleighcapacityfor (1 1) BPSK and( ) QPSK (for
4). Code robustnessin terms of excessmutual
informationperrealdimensionrequiredto achis’e BER= 3
is providedin Fig. 7. QPSK1 1 Rayleighfadedperformance
is thesameasthe BPSK1 1 performancen a perdimension
basis.SinceQPSKis an orthogonalextensionof BPSK (when
therealandimaginaryadditive noisecomponentgreindepen-
dent) this resultis expected.The excessmutual information
performanceper real dimensionfor increasingdimensionality
(2 2,3 3,4 4,etc.)remainsessentiallyconstantaround
bits, indicatingthe robust and scalableoperationof the codes.

V. CONCLUSION

This paperhastaken a mutual information, ratherthan a
signal-to-noiseatio, approachto measuringcodeperformance
over linear Gaussiarandpartial-bandammingchannelsRoot
and Varaiyashowved that “universal' codesmustexist that can
communicatereliably on all of the channelsin a given set
provided that the rate of the codeis greaterthanthe smallest
mutualinformationof all channeldn the set.Our resultsshov
that properly designed_DPCs canbe thoughtof asuniveisal
codesfor partial-bandjamming, quasi-staticfading, and fast
Rayleighfading channels.

APPENDIX - MAXIMUM A-POSTERIORI DETECTION FOR
THE LINEAR GAUSSIAN VECTOR CHANNEL

We areinterestedn nding the probability of eachtransmit
hypothesigyiventhe channelandthe receved obsenration (we
drop time index k to simplify notation),

Possible Bits Per Channel Use

25 5 75 10 125 15
E/N_ (dB)

5 25 0

Fig. 6. Modulationconstrainecand unconstraineeémodic N x N Rayleigh
capacities.Top to botttom,4 x 4 QPSK,3 x 3 QPSK,2 x 2 QPSK, x
QPSK, x BPSK.Ratel/3 LDPC performancegsquare)Rate1/2 LDPC
performance(circle), both at BER = 5. The SNR Gap for eachcaseis
lessthan 1.5dB, the MI gapis lessthan0.11 bits/real-dim(seeFig. 7.)
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p p
p( (£)| ) ( | ) ( ) (8)
p
where © is the ¢th transmit hypothesis(of M- total

possible hypotheses) Since likelihood ratios are ultimately
computed,the quantity p is normalized away and the
quantitiesof interestarep ( | ¥ ) andp ( ). Thelatter
is initialized asa uniform distribution, but will be updatedvia
therecursionf the messag@assingdecoderThis leavesthe
key measurdo be extractedfrom the channel,

L p——

0 ||
—_— 9)
Thejoint in (8) mustbe mamginalizedbeforeit canbe used
to expressvariable nodereliabilities in the messagepassing



decoder We expressthis maiginalization in terms of log-
likelihoodratios as follows [14],

, p b |
LDet b] np bj |
p( 1@ )p(9) (10)
L eI 5)= )
p(1® Jp(®)

te{ex®( )=}

where () b; speci esthe jth bit of transmithypothesis/.
Thereare M termsin eachsummationand a total
of ; . log-likelihood-ratios(LLRs) mustbe calculatedfor
eachreceved vector . Reliability updatesfrom the decoder
areincorporatedn the detectorvia the approximation,

M,
p II » b
j=

where [bb b ,m. ] Thisproductcanbe usedin its
entirety to update(10) andthenthe intrinsic reliability

(11)

p b
p b
shouldbe baclked out to form updatedobsenation valuesfor
the next decoderiteration [15],

Loan b n (12)

LExt bj LDet bj LGraph bj (13)

Iterative processingn the above mannerapproximatesan
optimal joint detection/decodinglgorithm. If the feedback
pathto the detectoris removed then the operationalcapacity
of the systemis given by the sumof the independenbit plane
capacitiesThis resultis statedin the following theorem.

Theoem1: Themutualinformationavailableto aniterative
decodeffor the caseof ageneralizedsaussiarthannewithout
feedbackbetweenthe detectorand decoderis given by

t M.

XY >

i=

X b; ;Y| (14)
where X b; calls out the jth bit in the transmit vector X
which carriesa total of ; . bits,andX,Y areRRVs and
is the given channelmatrix.

Proof: Considerthe decodingscenariovherethe instan-
taneousmutual information enteringthe decoderdueto each

receved vector s givenby . (herewe re-introducetime
index k),
t M.
Z i where
e (15)
o p by b

Obsere that ~ is the sum of the instantaneousnamginalized
bit reliability mutual informations. The maginalization step
reducesthe information enteringthe decoderat eachreceve
time k£ from the instantaneousectorwise joint mutual infor-
mation, ; | ,tothesumof theinstantaneoubitwise

mutual informations,or . Explicitly, " is de ned as (for

uniformp  b; ,

> op

J':{v}
p b

" bj |
>

i=

(16)

To completethe proof, obsene that the expectationof the
instantaneougnutual information cornverges to the ergodic
mutual information of the sum of the individual bit planes
in the limit of in nite samplesizen,

R

An exchangen the orderof the two outermostsummationsn

(17) left-hand-sideand(16) respectiely yields this asymptotic
result. Hence the averagegiven by (14) is the information
availableto the closediterative decoder

tMc
_)

— 00

X b ;Y| (17)

i=

|
The resultsgeneratedn this paperfor MIMO systemswith
dimensiongreaterthan 1 1 have eachfull graph iteration
(messagegpropagatefrom variable to constraintnodesand
back) followed by a detectorupdate.
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