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ABSTRACT

Root and Variaya proved the existenceof codesthat can
communicatereliably over any linear Gaussianchannel for
which the mutual information exceedsthe information rate
of the code. In this paper we demonstrate that properly
designedLow-DensityParity-Check (LDPC) codesare such
codesand that their performancelies in close proximity to
the Rootand Variaya capacityfor the linear Gaussianvector
channels(a.k.a.space-timechannels).Wealsodemonstratethe
robustnessof the codeson the partial-band jammingchannel
and in fast Rayleighfading.

I . I NTRODUCTION

A compoundchanneloccurs when the actual channel is
unknown to both transmitterand receiver but belongsto a
set of possiblechannelsknown to both. Root and Varaiya's
compoundchanneltheorem[1] appliedto the linear Gaussian
vectorchannel,
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����� ���������������������! "� (1)

indicatesthat for a given rate # and input distribution there
exists a single code that can achieve reliable information
transmissionat rate # on every channel� for which theinput
distribution inducesa mutualinformation(MI) higherthan # .
Theimmediateimplicationof this resultis thatgooderrorper-
formanceon oneparticularchanneldoesnot have to comeat
the expenseof signi�cant performancedegradationon others.
Codesthat have consistentlygood proximity to capacity(to
the extent their blocklengthanddecodingcomplexity permit)
over a classof channelswill be referredto asuniversal codes
in this paper. Since the linear Gaussianvector channelsare
commonlycalledspace-timechannelstoday, we refer to such
codesasuniversalspace-timecodes.

The capacity promise of multiple-input multiple-output
(MIMO) systemsin rich scatteringenvironments[2] makesthe
existenceand useof universalcodesof practical interest.In
[3] Weselet. al constructeduniversaltrellis codesfor periodic
erasurechannels.Theuniversalpropertyof LDPC codesin the
context of periodicfadingchannelswasdescribedby Joneset.
al in [4]. In [5][6] KöseandWeselfoundby exhaustive search
universalspace-timetrellis codesfor the 2 $ 2 linear Gaussian
vectorchannel.

Low-densityparity-check(LDPC) codeswereproposedby
Gallagerin the early 1960s[7]. The structureof Gallager's
codes(uniform columnandrow weight) led themto becalled
regular LDPC codes.Gallagerprovidedsimulationresultsfor
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codeswith block lengthson the order of hundredsof bits.
However, thesecodeswere too short for the spherepacking
boundto approachShannoncapacity, and the computational
resourcesfor longer randomcodeswere decadesaway from
beingbroadlyaccessible.

Following the groundbreakingdemonstrationby Berrou et
al. [8] of the impressive capacity-approachingcapability of
long randomlinear (turbo) codes,MacKay [9] re-established
interestin LDPC codesduring the mid to late 1990s.Luby
et al. [10] formally showedthatproperlyconstructedirregular
LDPC codescanapproachcapacitymorecloselythanregular
ones. Richardson,Shokrollahi and Urbanke [11] createda
systematicmethodcalleddensityevolution to analyzeandsyn-
thesizethe degreedistribution in asymptoticallylarge random
bipartitegraphsundera wide rangeof channelrealizations.

In this paperwe demonstratethatLDPC codesareuniversal
overaclassof matrixchannelsby showing thatbit-multiplexed
LDPC coding on the MIMO channelyields essentiallycon-
stant per dimensionexcessmutual information performance
(around %!&(' bits per real dimension) for all the channels
that we examine. For a matrix channel,the excessmutual
information per dimensionis de�ned as the capacitymargin
betweenthe operationalchannelMI per transmitantennaand
the information transmissionrateper transmitantenna.

The rest of the paper is organizedas follows. Section II
describesthe partial-bandjammingchannelanddemonstrates
theperformanceof LDPC in thischannelenvironment.Typical

) , *,+.-

�0/ measuresareprovided,but an additionaltechnique
will be introducedspeci�cally for the purposeof comparison
to mutualinformation.SectionIII presentsLDPCperformance
resultsacrossa uniform samplingof 2 $ 2 MIMO channelsto
illustratetheuniversalpropertyof thecodes.Theperformance
of the codeson any speci�c 2 $ 2 quasi-staticdistribution (for
instanceRayleigh)canbe inferred from the provided results.
Though fast Rayleigh fading does not �t in the Root and
Varaiyaframework, we provideLDPC resultsfor 1 $ 1 through
4 $ 4 MIMO systemswith fastRayleighfadingin SectionIV.
SectionV summarizesour conclusions.

I I . L DPC PERFORMANCE ON THE PARTIAL-BAND

JAMMING CHANNEL

A specialcaseof (1) is the partial-bandjamming channel.
Thechannelmodelusedin the resultsthat follow is thatsame
astheonepreviously describedin [12] and[13]. We limit our
discussionto thecaseof coherentlydetectedBPSKmodulation
undera frequency hoppedscenarioin which a fraction ) of the
availablechannelsarejammed.All of thechannelsexperience
additive thermalnoisedueto the receiver front end.TheSNR
of this noiseis �x ed to *

+
-

�21
��3

% dB soasto beconsistent
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Fig. 1. Performanceof Rate 1/3 LDPC codes with length 4096 and
15000on the partial-bandjammingchannelcomparedto turbo productcode
performance[12]. Gaussiansignaling capacity(MI) and BPSK constrained
capacity(cMI) at 1/3 of a bit arealsodisplayed.FER = �������

with resultsin [12]. Channelsthat are jammed,however, also
incur the additionof band-limitedwhite Gaussiannoisewith
power spectraldensity )��
	"�2/ . Scalingby ) ensuresthat the
total jamming noisepower ) � )

��	
�2/� � �

'
�

)  

% is equal to
�0/ , but is independentof ) . Bit energy to interferenceratio,
*

+
-

�
/ is the most commonmeasureof performanceon this

channel.Perfectchannelstateinformation hasbeenassumed
for the LDPC resultsthat will be presented.This implies that
very low values of *

+
-

�
/ tend to make jammed channels

look like erasuresas the log-likelihoodratioscomputedfrom
channelobservationsareinverselyscaledby thenoisevariance
in a given subchannel.On the other hand,as ) is increased
to unity (all subchannelsare jammed),the channelbegins to
appearmuch like a standardAWGN channel.

Fig. 1 provides simulation resultsfor two rate 1/3 LDPC
codes.Both are realized from the degree sequenceof the
(1,0) optimized code desribedin SectionIII. The �rst code
has length 4096 and the secondlength 15000. For sake of
comparisonwith anothercodingtechnique,theperformanceof
a length4096turboproductcodewith comparablerate[12] is
also provided. An importantparameterfor codeperformance
on the partial-bandjamming channelis the so-calleddwell
interval. Thisquantitydescribesthenumberof successivecode
symbolsthatwill betransmittedon a givensub-channelbefore
the modulation is hoppedto anothersub-channel.For sake
of comparisonwith results in [12] we have �x ed the dwell
interval to 32 for the length 4096 code and to 30 for the
length 15000 code.We have also madethe assumptionthat
channelsare`framed' aroundsinglecodewords.This implies
that for the length 4096 codethereare 128 subchannelsand

�

)

'

3���� of thesewill be jammed.Thereare 500 subchannels
per frame for the length 15000 code. The distribution of
jammedsubchannelsis realizeduniformly and independently
from one codeword transmissionto the next. This technique

is meantto yield an`ergodic' jammingresultfor a givencode
acrossa parameterizationof ) and * + -

�21 .
Mutual information(MI) computationsfor the partial-band

jammingchannelarealsoincludedin Fig. 1. To computethese
measuresconsiderthe MI level in partial bandjamming,

���
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 � (2)

where � �

# � de�nes the symbol signal to noise ratio in
the jammed subchannelsand � �

# ��� de�nes the symbol
signal to noise ratios in the non-jammedsubchannels.In
the case of Gaussiansignaling, � ���  � �! #"�$ ���  , and for
the BPSK constrainedcase � ���  is evaulated via numeri-
cal integration. In the partial-bandjamming simulationsper-
formed for this paper, � �

#%��� is held �x ed at a level
which correspondsto *,+"-

� 1 � 3

% dB. In the unconstrained
case the term �! #" $ �

'

�&� �

#����

 is therefore a constant
( ' ) which can be determinedvia solution to the equation
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)#+ bits. In the BPSK
constrainedcase

���-,/.1032
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 saturatesto '

�

' bit
at this high SNR.

Weareinterestedin valuesof � ) �4� �

#
�

 thatyield constant
levelsof mutualinformation.We therefore�x theMI to some
constantlevel, say ' -�5 of abit. If we also�x ) , it is possibleto
uniquelydetermine� �

#
� (analyticallyfor unconstrainedand

via tablelookupfor theBPSKconstrainedcase).Theresulting
� �

#
� can then be converted to *

+
-

�
/ via the following

relations,
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A large descrepancy can be observed betweenthe BPSK
constrainedandGaussiansignalingmutualinformationcurves
in Fig. 1. This is dueprimarily to thefactthat thenon-jammed
subchannelsprovide far more mutual information (9.96 bits)
than can be provided by BPSK modulation,which in turn
implies that with Gaussiansignalling just a small fraction
of the subchannelsneedto be non-jammedfor the expected
mutual information in the channelto reach ' -�5 of a bit. We
notethata systemthatachievesan averagespectralef�ciency
of ' -�5 bits, and that approachesthe unconstrainedGaussian
capacity, canbeachievedby simultaneouslyincreasingmodu-
lation cardinalityanddecreasingcoderate.For instancea rate
1/6 codedriving QPSKcanbeexpectedto performbetterthan
the rate1/3 BPSK system.

All of the curves in Fig. 1 representsystemswith rate
that is close to ' -�5 of a bit of mutual information. In order
to demonstratethe consistency of the mutual information
performanceof thetwo LDPCcodesacrossSNRand ) weplot
theabscissain Fig. 2 in termsof � �

#?� ratherthanin termsof
* +.-

�2/ . This avoids comparing *,+.-

�2/ termsthat differ only
becauseof differentrate(since G

@

�
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#
�

� ' %
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Fig. 2. SNR,� performanceof length4096and15000LDPC codescompared
to SNR, � levels requiredto achieve 0.42, 0.4, and 1/3 of a bit of mutual
information.FER = ���

� �

When the partial-bandjamming channelachieves 0.4 bits
of mutual information,the length15000LDPC codeoperates
with an FER = '�%

��� at all but the lowest valuesof ) . The
samecanbestatedfor the length4096codewhenthechannel
supports0.42 bits of mutual information. The length 15000
results are consistentwith the results that will be given in
Section III, i.e. the code provides reliable communication
when the excessMI in the channelis

�
���

�

% & � ��' -�5 ,
or roughly 0.065 bits. Furthermore,the performanceon a
parameterizationof thechannelthatcorrespondsto an`erased'
case is slightly inferior to the performanceon an AWGN
( ) �

' ) parameterization.

I I I . M UTUAL I NFORMATION PERFORMANCE OF L DPC
CODES ON L INEAR GAUSSIAN VECTOR CHANNELS

In this sectionwe considerthe full Gaussainvector chan-
nel of (1). We note that mutual information identi�es the
fundamentalinformation-carryingpotential of a channelfor
a speci�c input distribution. Thus a universal code should
provide performancethat is consistentin terms of required
excessmutual information. The common way to plot BER
performanceis versuschannel signal-to-noiseratio (SNR).
Since MI on the additive white Gaussiannoise (AWGN)
channelis a monotonic(andalmostlinear) functionof SNRin
dB,

���

Gauss
� �! #"#$ �

'

� SNR , this representationis essentially
equivalentto plottingBERagainstMI. For a �x edtransmission
rate # , SNR gap is de�ned as the differencebetweenthe

� �

# required to achieve the desiredBER and the � �

#

at which the channelcapacity in (4) is equal to # bits per
channeluse.However, when assessingthe performanceof a
codeover a variety of linear Gaussianchannels,considering
SNR performanceor SNR gap is problematicbecausethe
monotonicrelationshipbetweenSNRin dB andMI is different
for differentchanneleigenvalueskews.
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To better understandthe previous statement,consider a
2 $ 2 linear Gaussianvector channel � and its MI underthe
assumptionof uniform power distribution acrossantennas,
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Where � 	

and � $ are the eigenvaluesof � ��� , � � � $

- � 	

is the eigenvalueskew and ) is the averageSNR per receive
antenna.

Fig. 3 illustrates the excessMI per real dimensionas a
function of the SNR gap in dB for #

� � -�5 bits/channel
use and different eigenvalue skews � . Note that the excess
MI curvesareapproximatelylinear functionsof the SNR gap
in dB, however the slope dependson the eigenvalue spread
(eigenskew) of the channel.In other words, a constantlevel
of excess MI is achieved by differing excess SNR levels
(dependingon theeigenskew of thechannel).TheMI available
in thechannelis the absolutemeasurefor performance,while
anexcessSNRmeasuredependsbothon theMI level andthe
speci�c channelrealization(eigenskew).

In the remainderof this section the performanceof two
different length-15,000bit-multiplexed LDPC codeson pa-
rameterized2 $ 2 MIMO channelswill be described.The �rst
setof channelsis describedvia anexplicit samplingof theset
of all 2 $ 2 channels.Eachof thesechannelsis characterized
by severalparameters,but of greatestimportance(asit directly
affectscapacity)is eigenskew. Thepointof suchanassessment
is that `worst' and `best' casechannelsare easily found due
to the absenceof channelmatrix averaging that occurs in
both fast and quasi-staticRayleigh fading experiments.Fur-
thermore,̀ �atness' of theexcessmutualinformationmeasure
versuschannelskew becomesa designcriteria for creating
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LDPC codesthat exhibit the highestpossiblelevel of robust-
ness.Again, in our terminology, a codeis universalif reliable
communication(for instanceBER = ' %

��� ) occursat thesame
small excessmutual informationlevel acrossall channels.Of
course,the absoluteSNR requiredto achieve a given mutual
informationlevel onaneigenskew = 0 channelwill bedifferent
thanon an eigenskew = 1 channel.

Considera samplingof the continuumof 2 $ 2 channels.A
simple descriptionof the channelsamplingproblemis given
as follows,

� ��� � 	�� ' %

% � ��� � 	  �
 �
�  
���� �
�  ������
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where � � � $

- � 	

is the eigenvalue skew of the Hermi-
tian matrix � � � , �����

%

���
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3! , and " �#�
%

� 3!�� . In this
paperwe samplethe above matrix via the parameters� �

�
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3

� and " �

� �
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5

�
- �!� . Performanceon eachchannelin this sampling

is measuredby the mutual information in excess of the
transmissionrate of � -�5 bits/channel-userequiredby a rate

' -�5 code (modulatingQPSK onto 2 antennas)to achieve a
BER of '�%

��� .
Beforediscussingtheperformanceacrossthesechannelswe

draw an analogyto periodic fadingSISOchannels.Note that
a period-2SISOfadingchannel,( �

�*),+
�.-0/21 $�354

�
�76

� , with
fading vector )�� � � � 	

� � � $

 is equivalent to a diagonal� �

% 2 $ 2 matrix fading channel(but requirestwo channel
usesto relaythesameinformation).Expandingthework in [4],
we areableto optimizeLDPC degreedistributionsfor period-8 fading via an adaptationof the Gaussianapproximationto
densityevolution. In speci�c, at iteration 9 , degree : variable
nodeshave their meanvaluesupdatedin correspondenceto

the periodic initial meansgiven by ;=<?> �

$ <2@>A @ (where ) � are
known fadinggains)andthemeansof messagesarriving from
checknodes( ;CB ),
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Randomlyselectededgesemanatingfrom variablenodesad-
hereto the following Gaussianmixture density,
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Using this kernel, codes optimized for (1,1) and (1,0)
period-2fadingchannelsweredesignedandtestedacrossthe
parameterizationof 2 $ 2 channels.Both codeshave �V6 �?W! �
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 . Thecodeoptimizedfor (1,1)hasvariablenode
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Pointsplotted as circles in Fig. 4 illustrate the excessMI

per real dimensionfor the (1,1) optimizedcode.Note that the
resultsacross� and " at eachplotted � are tightly clustered.
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Fig. 4. Simulation results showing excessMI vs. eigenvalue skew � at
BER

�
��� �]\ . Circles indicate results for a length 15,000 rate 1/3 code

optimizedfor a ^ ������_ period-2SISOchannel.Squaresindicateresultsfor a
length15,000rate1/3 codeoptimizedfor a ^ �����`_ period-2SISOchannel.

For this code,thebestcaseperformanceis on theunitary( � �

' ) channelwherethe excessMI per real dimensionrequired
to achieved BER = '�%

�[� is 0.07 bits (which correspondsto
1.05dB excessSNRon theeigenskew = 1 channel).Theworst
performanceis attainedonthesingularchannels( � �

% ) where
the excessMI per real dimensionis 0.14 bits (2.5 dB excess
SNR on the eigenskew = 0 channel).

Signi�cant improvementin the overall robustnessis found
in the (1,0) optimizedcode,resultsfor which are plotted as
squaresin Fig. 4 (for � �*�

- � and " �a�
- � ). Theperformance

ontheunitarychannelwith thiscode,0.06bitsexcessMI (0.91
dB excessSNR), is comparableto the performancewith the
(1,1)code.However, theperformanceon thesingularchannels
improvesandtheexcessMI requirementis reducedto 0.11bits
(2.0 dB excessSNR).Codedesignwork to further �atten the
pro�le of excessMI versusskew is underway.

In Fig. 5 � 	

and � $ are relatedthroughMI � �! #"3$ �

'

�

� 	

 ��

'

� � $

 . Contoursof MI correspondingto 1.33 and1.61
total bits per channeluse (or 4 times the number per real
dimension)areshown. Thedifferencebetweenthesetwo level
curves correspondsto an excessmutual information of 0.28
bits (or 0.07 bits per real dimension).The adherenceof the
(1,1) optimized(circles) and (1,0) optimized(squares)codes
to the 1.61 bit curve is tightest near eigenskew = 1.0 (the
� 	

� � $ line in the plot) andis looserat eigenskew = 0.

IV. M I PERFORMANCE IN FAST RAYLEIGH FADING

FastRayleighfading,wherethe channelmatrix is realized
independentlyfrom one transmissiontime to the next, does
not �t in the Root and Varaiyaparadigmwhereperformance
is measuredacrossa setof staticchannels.Nevertheless,this
measureis frequentlyof interestto thecommunity. Therefore,
we examine the performanceof the previous rate ' -�5 (1,1)
optimized code and a rate 1/2 (1,1) optimized code each
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bit-multiplexed onto 1 $ 1, 2 $ 2, 3 $ 3, and 4 $ 4 symbol-by-
symbol (fast) fading Rayleigh channels.Fig. 6 describes
code performanceat BER='�%

��� againstconstrainedergodic
Rayleighcapacityfor (1 $ 1) BPSK and ( �

$

� ) QPSK (for
� �

'

�.3 �

5

� � ). Code robustnessin terms of excessmutual
informationperrealdimensionrequiredto achieveBER=' %

���
is providedin Fig. 7. QPSK1 $ 1 Rayleighfadedperformance
is thesameastheBPSK1 $ 1 performanceon a perdimension
basis.SinceQPSKis anorthogonalextensionof BPSK(when
therealandimaginaryadditivenoisecomponentsareindepen-
dent) this result is expected.The excessmutual information
performanceper real dimensionfor increasingdimensionality
(2 $ 2, 3 $ 3, 4 $ 4, etc.)remainsessentiallyconstant,around%!&('

bits, indicatingthe robustandscalableoperationof thecodes.

V. CONCLUSION

This paperhas taken a mutual information, rather than a
signal-to-noiseratio,approachto measuringcodeperformance
over linearGaussianandpartial-bandjammingchannels.Root
andVaraiyashowed that `universal' codesmustexist that can
communicatereliably on all of the channelsin a given set
provided that the rateof the codeis greaterthan the smallest
mutualinformationof all channelsin theset.Our resultsshow
that properlydesignedLDPCscanbe thoughtof asuniversal
codesfor partial-bandjamming, quasi-staticfading, and fast
Rayleighfadingchannels.

APPENDIX - M AXIMUM A-POSTERIORI DETECTION FOR

THE LINEAR GAUSSIAN VECTOR CHANNEL

We areinterestedin �nding theprobabilityof eachtransmit
hypothesisgiventhechannelandthereceivedobservation(we
drop time index W to simplify notation),
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where 


+�� 3
is the � th transmit hypothesis(of 3

��
���� total
possiblehypotheses).Since likelihood ratios are ultimately
computed,the quantity 80� �  is normalized away and the
quantitiesof interestare 8���� �
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	 and 8�� 


+�� 3 	 . The latter
is initialized asa uniform distribution, but will beupdatedvia
therecursionsof themessagepassingdecoder. This leavesthe
key measureto be extractedfrom the channel,
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The joint in (8) mustbe marginalizedbeforeit canbe used
to expressvariable node reliabilities in the messagepassing
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decoder. We express this marginalization in terms of log-
likelihoodratiosas follows [14],
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where 


+�� 3
��� �  speci�es the J th bit of transmithypothesis� .

There are 3

� 
 � �
��	 terms in eachsummationand a total

of ��� ���
log-likelihood-ratios(LLRs) mustbe calculatedfor

eachreceived vector � . Reliability updatesfrom the decoder
are incorporatedin the detectorvia the approximation,
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entirety to update(10) and then the intrinsic reliability�
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shouldbe backed out to form updatedobservation valuesfor
the next decoderiteration [15],�
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Iterative processingin the above mannerapproximatesan
optimal joint detection/decodingalgorithm. If the feedback
path to the detectoris removed then the operationalcapacity
of thesystemis givenby thesumof the independentbit plane
capacities.This result is statedin the following theorem.

Theorem1: Themutualinformationavailableto aniterative
decoderfor thecaseof ageneralizedGaussianchannelwithout
feedbackbetweenthe detectoranddecoderis given by
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where � ��� �  calls out the J th bit in the transmit vector �
which carriesa total of ��� ���

bits, and � ,� areRVs and �

is the given channelmatrix.
Proof: Considerthedecodingscenariowherethe instan-

taneousmutual informationenteringthe decoderdue to each
received vector �

� is given by ��

� (herewe re-introducetime
index W ),
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Observe that ��

� is the sumof the instantaneousmarginalized
bit reliability mutual informations.The marginalizationstep
reducesthe information enteringthe decoderat eachreceive
time W from the instantaneousvector-wise joint mutual infor-
mation,
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To completethe proof, observe that the expectationof the
instantaneousmutual information converges to the ergodic
mutual information of the sum of the individual bit planes
in the limit of in�nite samplesize 6 ,
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An exchangein theorderof the two outermostsummationsin
(17) left-hand-sideand(16) respectively yieldsthis asymptotic
result. Hence the averagegiven by (14) is the information
available to the closediterative decoder.

The resultsgeneratedin this paperfor MIMO systemswith
dimensiongreater than 1 $ 1 have each full graph iteration
(messagespropagatefrom variable to constraintnodesand
back) followed by a detectorupdate.
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