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ABSTRACT

We study the relationship between the social cost of corre-
lated equilibria and the social cost of Nash equilibria. In
contrast to previous work focusing on the possible benefits
of a benevolent mediator, we define and bound the Price
of Mediation (PoM): the ratio of the cost of the worst cor-
related equilibrium to the cost of the worst Nash. We ob-
serve that in practice, the heuristics used for mediation are
frequently non-optimal, and from an economic perspective
mediators may be inept or self-interested. Recent results on
computation of equilibria also motivate our work.

We consider the Price of Mediation for general games with
small numbers of players and pure strategies. For games
with two players each having two pure strategies we prove
a tight bound of two on the PoM. For larger games (either
more players, or more pure strategies per player, or both)
we show that the PoM can be unbounded.

Most of our results focus on symmetric congestion games
(also known as load balancing games). We show that for
general convex cost functions, the PoM can grow exponen-
tially in the number of players. We prove that PoM is one for
linear costs and at most a small constant (but can be larger
than one) for concave costs. For polynomial cost functions,
we prove bounds on the PoM which are exponential in the
degree.

Categories and Subject Descriptors

F.2 [Theory of Computation]: Analysis of Algorithms
and Problem Complexity; F.0 [Theory of Computation]:
General
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1. INTRODUCTION

We consider games played by independent self-interested
agents, and study the effect of adding a mediator who sug-
gests strategies without any power to enforce them. This
yields a correlated equilibrium [2, 3] instead of a Nash [10].

Correlated equilibria are interesting for a number of rea-
sons. In many cases they are tractable to compute [11,
12] whereas computing Nash equilibria is PPAD-complete
even for 2-player matrix games [4, 6]. The multi-agent ma-
chine learning community has observed that for no-regret
algorithms, play converges to a correlated equilibrium [7],
whereas only under additional restrictions can convergence
to a Nash equilibrium be guaranteed [8].

This paper measures the potential social cost imposed by
inept or malicious mediation. We observe that in many
cases it is non-trivial to produce an optimum mediatior, re-
quiring global information or substantial computing time.
In many cases system designers impose heuristic mediation
which may not be optimum. There are also many social
science examples of inept or even self-interested mediators.

We define a measure called the Price of Mediation
(PoM) which is the ratio of the social cost of the worst cor-
related equilibrium solution to the social cost of the worst
Nash equilibrium solution. We show that even for two-player
matrix games with only two strategies per player, the PoM
can be as large as a factor of two. For larger matrix games,
we show that the PoM can be arbitrarily large. Thus the
costs imposed by inept or malicious mediation can in fact
be quite severe.

The main results of our paper bound the PoM for symmet-
ric congestion games (also known as load balancing games).
These games have been well-studied in previous work from
the standpoint of Price of Anarchy [9], and are a natural
place to start in measuring the PoM. We show that for sym-
metric congestion games with linear cost functions the PoM
is one. For games with concave cost functions, we give an
example where the PoM is greater than one, but show that it
can be no larger than four. For games with convex costs, we
show that in the case of arbitrary or exponential cost func-
tions the PoM can be arbitrarily bad (although it is bounded
above by O(m™ ") where n is the number of players and m
is the number of strategies). For polynomial costs, we show
that the PoM can grow exponentially in the degree, and
cannot be substantially worse than this.



1.1 Related Work

The paper of Ashlagi et al [1] measures the social bene-
fit of optimum mediation in some simple classes of games.
The paper considers games with positive utilities, whereas
our results focus on games with positive costs (negative util-
ities). Major results in [1] include proving that mediation
helps by at most a factor of 4/3 in a matrix game with two
players and two strategies, and proving that mediation can
help by an unbounded factor even in congestion games with
few players and strategies. We show that in contrast, the
Price of Mediation in a two player and two strategy game
is tightly bounded by 2. Similar examples to those in [1]
exist to show that the Price of Mediation is unbounded in
small congestion games with positive utilities. Under the
more standard model of positive costs, we are able to bound
the PoM in terms of the number of strategies and players, or
alternatively based upon the type of cost function. It may
be interesting to revisit the results of [1] from the standpoint
of positive costs.

A recent result of Roughgarden [14] compares the worst
correlated equilibrium to the social optimum. He shows that
for some classes of games (including congestion games), this
Extended Price of Anarchy is bounded identically to the
Price of Anarchy (ratio of worst Nash to social optimum).
This does not tightly bound the PoM, which could be as
large as the extended price of anarchy or as small as one.
Our results complement [14] by bounding the ratio of the
worst correlated and Nash for particular games rather than
taking the extreme points for each over an entire class of
games.

2. DEFINITIONS

A game is defined by a set of players i, a strategy set S;
for each player, and a cost (or utility) function ¢; for each
player. The outcome of a game is a selection of strategy for
each player (thus a member of the product space of strategy
sets) and the cost function maps from each outcome to a
real number. In this paper we will deal with games having
non-negative costs (or equivalently non-positive utilities).

Consider a probability distribution over outcomes where
p(3) is the probability of the outcome §. For player 4, the
expected cost when playing strategy s; is given by:

E§’:si:sz‘ Cz(g)p(g)

If player i were to defect from strategy s; to s}, then if s
represents § with coordinate s; modified to be s}, then the
expected cost would be:

25:51':5;3‘ Cz(s_;)p(gj

A distribution is a correlated equilibrium if for any
player i and any pair s}, s; of strategies for player i, defect-
ing from s} to s; does not decrease the expected cost. We
imagine a mediator selecting the outcome of the game; cor-
related equilibria guarantee that obeying the mediator will
minimize the expected cost for each player, and thus that it
is in the best interest of the players to follow the outcome
selected through mediation.

A Nash equilibrium can be defined in a similar way,
with the additional constraint that the probability distribu-
tion over outcomes must correspond to independent random
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selections by the various players. Thus we have a probabil-
ity pi(s;) for each player ¢ and each s; € S; and require that
(81,82, ..y Sn) = P1(51)p2(82)...pn(sn) for all outcomes.

The social cost of a distribution is C(p) = Xzp(8)X;ci(5).
We will consider the Price of Mediation (PoM) which
is the ratio of the maximum C(p) where p is a correlated
equilibrium divided by the maximum C'(p) where p is a Nash
equilibrium. The PoM is a property of the particular game,
and since every Nash is also a correlated equilibrium we will
always have PoM at least one. We will sometimes refer to
the PoM for a class of games, which is the maximum value
of the PoM for any game in that class.

3. SMALL GAMES

We begin by showing that even for games of only two
players and two strategies, the PoM can be as large as two.
For larger games, we show that the PoM can be unbounded.

Note that adding a scalar to all costs will not change the
set of Nash or Correlated Equilibrium solutions, which im-
plies that since it is possible to design a game where the
PoM is not equal to one, then by subtracting a suitable
scalar from all costs we can obtain a situation where the
worst Nash has negative cost and the worst Correlated has
positive cost. For this reason we consider exclusively games
with non-negative costs in this paper (it is also interesting
to consider games with non-negative benefits or payoffs, but
allowing either sign to be present in a single game matrix
immediately yields infinite Price of Mediation).

3.1 Two-by-Two Games

Consider games with two players, each of whom has two
possible strategies. We will assume that every outcome of
the game assigns a non-negative cost to each player. Perhaps
surprisingly, even in this simple case, it is possible for the
Price of Mediation to asymptotically approach two.

LEMMA 3.1. For any 6 > 0, there exists a two-by-two
game T with non-negative costs such that PoM (I') > 2 — §.

ProOOF. Consider the following game matrix I'.:

( (1 8’216),6

There are three Nash equilibria for this game (two pure
and one mixed); the worst social cost belongs to the pure
Nash which simply plays strategy one for each player and
has cost 1.

The worst correlated equilibrium for this game is given by
Ve:

=,(2—2€)
0,0

v (1 -2 )

1 1
- 1+e—3+26 ( 0 e(l—2¢)?
1
It is straightforward to verify that this is a correlated equi-
librium by considering the various cases and computing that
defecting from the strategy suggested by the mediator will

never decrease the cost to the players. We observe that
l+e—3+2 <1+e

1—e¢
1+e€

e(Vo)l 2 - (L (1= 20(1/¢) = 2(15)



It’s clear that by setting € to be sufficiently small we
can get this to be arbitrarily close to two, completing the
proof. [

In fact this bound is tight; there is no such game where
the Price of Mediation actually reaches two. The proof of
the following lemma involves a great deal of algebra and case
analysis, and we will defer it to Appendix A.

LEMMA 3.2. For any two-by-two game with non-negative
costs T', PoM (T") < 2.

3.2 Two Player, Three Strategy Games

We now prove that a mediator can be arbitrarily bad for
three-by-three games with two players. Consider the follow-
ing cost matrix:

10,1

’

0,
1,

10,

> =

i

1,2
0,5

)

N Ot O
N WO
o

I

The only and therefore worst Nash equilibrium of this
game belongs to player one selecting strategy one and player
two selecting strategy two, for a total cost of 0. The follow-
ing is a correlated equilibrium for this game, with a social
cost of %8:

1
9 % 0
3 0 L
? 15
LT
5 30 30

We will defer the reader to Appendix B for proof that
this is in fact a correlated equilibrium and the worst Nash
equilibrium has a social cost of 0. We can then increase the
values in the cost matrix by some small value e such that
the cost of the correlated equilibrium given is only slightly
perturbed while the cost of the worst Nash will look like
2¢. Thus, the Price of Mediation for this game is at least
%, which can be made arbitrarily bad as ¢ approaches 0.
Moreover, this proves that the Price of Mediation of games
with two players who both have at least three strategies is
unbounded. This follows since we can “embed” this cost
matrix into any matrix which has at least three rows and
at least three columns, filling the rest of the entries with
sufficiently large values M. We get the following theorem:

THEOREM 3.3. The Price of Mediation for the class of
two player games where each player has at least three strate-
gies is unbounded.

3.3 Three Player, Two Strategy Games

We now consider three-player games, proving the following
theorem:

THEOREM 3.4. The price of mediation for the class of
three player, two strategy games is unbounded.

Proor. Consider the following two-by-two game I':

1+41+14 0,1
170 1 1

1—€e’ 1—€

There are only three Nash equilibria for this game. These
include two pure equilibria where one player chooses the
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first strategy and the other chooses the second strategy, and
a mixed Nash where each player chooses the first strategy
independently with probability e. Note that in all cases the
chance of the outcome where both choose the first strategy
is at most €. The social cost of Nash (the mixed) will be
2(1+e).

There exists the following correlated equilibrium. Both
players select strategy one with probability 5=-. With prob-
ability ;:z player one selects strategy one and player two se-

1—¢

lects strategy two. With probability ;=5 player one selects
strategy two and player two selects strategy one.

If player one selects strategy two, then he knows his op-
ponent plays strategy one. He is getting a cost of 1 but if
he defects he gets 1+ % which is worse. If player one selects
strategy one, then his expected payoff is the same whether
he defects or not. So it’s a correlated equilibrium.

Of course, the cost of this correlated equilibrium looks like
2212: + 52+ %) = 2f which is very close to the cost of
the worst Nash.

Now consider adding a third player. This player does not
really have a choice of strategy: he has a cost of M whenever
both the first two players select strategy one, and a cost of
0 otherwise. Let us assume that Me? >> 2. Now for any
Nash, the probability that both the first two players select
strategy one is at most €2 so the total cost will look like
Me® 4 2(1 + €) at most. But for the correlated equilibrium,
we get a cost of 24: 2”156 This is a gap of %, which we can
make arbitrarily bad by decreasing e. []

€

4. SYMMETRIC CONGESTION GAMES

We have established that there exist games (even with
only two players) where the Price of Mediation is arbitrarily
bad. We now constrain ourselves to congestion games on
parallel links (also called symmetric congestion games or
load balancing games). Each of n players selects one of m
strategies, then pays a cost which is an increasing function
of the number of players selecting the same strategy. These
games have been well-studied from the viewpoint of Price of
Anarchy [9], and are a version of the classic model of [15]
where the players have finite size.

4.1 Small Symmetric Congestion Games

We will first bound the Price of Mediation in terms of
the number of players and strategies. This result can be
contrasted with our theorem 3.4 for more general games.

THEOREM 4.1. For any symmetric congestion game with
n players and m strategies per player, the PoM 1is at most
m"™~'. There is a game with PoM at least Q(2m"~?).

PRrROOF. For a game with m strategies, let the cost func-
tion of the ith strategy be f;(z). Let the strategies be such
that fi(n) < fa(n) < -+ < fin(n). First, the correlated
equilibrium has cost < nfi(n), otherwise players would de-
fect to strategy one regardless of the mediator’s instructions.
The game is symmetric with respect to players so there ex-
ists a symmetric Nash equilibrium, where the players have
the same probability distribution [5]. Let p; be the probabil-
ity of playing the strategy i in the Nash equilibrium. Then
the cost of the Nash is at least 3X;pinf;(n) (this essentially
assumes that f;(z) = 0 for £ < n; otherwise the cost of the
Nash is only greater). Using the fact that f1(n) < fi(n), the
price of mediation must satisfy:



n—1

PoM < ml L =m

< =
T S m(/m)
which is obtained by maximizing the sum of p* subject to
a sum of one.

For the other direction, we consider a congestion game
where the costs are f(n) = 1 and otherwise zero. Since this
is convex, the worst Nash will be uniformly at random with
expected cost —=5. On the other hand, we construct a
correlated equilibrium which assigns all players to the same
randomly chosen strategy with probability #ﬂ and assigns
one randomly chosen player to one strategy and the rest to
another with probability —2= In this equilibrium, each

mn—+1"°
player pays a cost of ﬁ However, defecting leads to
paying a cost of 1 with strictly larger probability showing
that this is a correlated equilibrium. [

These results are not quite tight, as there is a gap of nm
between upper and lower bound. For the special case of to-
tally symmetric congestion games in which all strategies have
identical cost functions we have obtained tight bounds for
two and three players; these bounds are deferred to appendix
C. Nonetheless, we observe that these bounds increase very
quickly with n (the number of players) and that interesting
instances of congestion games often involve a large number
of players (for example drivers on a highway or packets in
a network). We will attempt to prove better bounds on the
Price of Mediation by restricting the cost functions in our
congestion game.

4.2 Linear Symmetric Congestion Games

In this section, we consider symmetric congestion games
where all cost functions are linear. We prove that media-
tion cannot hurt us in this case, regardless of the number of
players and strategies.

THEOREM 4.2. The PoM for linear symmetric conges-
tion games s 1.

PRrOOF. Let f;j(x) = ajxz + b; be the cost function for
strategy j. Then there are &; and p such that p = f(2; +1)
for all j, and Y #; = n—1. (Given the linear functions f;, if
a; > 0 then these ; and p are unique). Let each player be
assigned to a strategy j with probability #;/(n — 1). Then,
every player in expectation pays E[f(\; + 1)] where A; is
the number of other players selecting strategy j. Since the
function f is linear, this is equal to f(E[X;]+ 1) by linearity
of expectations, and this is equal to . This solution (assign-
ing each player to a strategy j with probability &;/(n — 1))
is a Nash Equilibrium, since every strategy has the same
expected cost for any player 7 (u). The total expected cost
is un.

We consider correlated equilibrium. Suppose player 7 is
told to play strategy j’, and let §; be the number of play-
ers other than player i told to play strategy j. Clearly
3;0; = n — 1 so by linearity of expectations it follows that
>, El6;] =n—1. Since ), &; = >, E[§;], there is j such
that E[d;] < &;. Then by the linearity of the functions it
follows:

E[f;(0; + D] = fi(E[0;]+1) < fi(&5 +1) = .

Of course, player ¢ pays E[f;(d;; + 1)], but since this is
supposed to be a correlated equilibrium it cannot help player

318

1 to defect (disobey the mediator) and select instead strategy
j. Thus it must be that E[fj/(éj/ + 1)} < E[fj (6] + 1)] < M-
We conclude that the cost of the correlated equilibrium is
at most nyu. From the previous conclusion that the cost of
a Nash equilibrium is nu, and the fact that PoM > 1, now
it follows that PoM =1. []

4.3 Concave Symmetric Congestion Games

In the following, we demonstrate that although a mediator
can strictly hurt the social welfare when parallel links have
concave rather than linear latency functions, the damage is
still bounded by a small constant, 4.

THEOREM 4.3. There erists a concave congestion game
where the PoM 1s strictly greater than 1.

PROOF. We consider the function f defined by f(z) =z
for < 3 and f(x) = 3 for > 3. This is clearly a concave
function. We will consider a game with m strategies and
n = m + 1 players, where m is a large odd number.

One correlated equilibrium randomly selects mT'H strate-
gies and then assigns two players to each of those strategies.
This ensures that all players pay a cost of f(2) = 2, for
a total social cost of 2n. This is a correlated equilibrium,
since a defecting player can do no better than to select a
random strategy other than his own, and will pay f(3) =3
with probability 3 and f(1) = 1 with probability %, giving
no incentive to defect.

Now consider any Nash equilibrium for this game. For
any player i and strategy j, let N;; be the number of players
other than ¢ who select strategy j. If player ¢ has an expected
cost of more than two, then there must exist a strategy with
E[N;;] < 1 (by pigeonhole principle) and defecting to this
strategy will give player ¢ an expected cost of at most two
(thus not a Nash). Since every player pays at most 2, in
order for the Price of Mediation to be one it must be that all
players pay exactly two. From this it follows that for every ¢
and j we must have E[N;;] = 1 and E[f(N;;+1)] = 2. From
these equations we can conclude that Pr[N;; > 3] = 0, since
otherwise the expectation of f(N;;+1) will be too small. So
for every strategy j, there are exactly two players who select
this strategy with non-zero probability (since assignments
are independent in Nash, if there were more than two players
then for some j we would have Pr[N;; > 3] > 0). However,
for each of these players that fact that E[N;;] = 1 implies
that the other player selects this strategy with probability
one. This implies that for i other than these two players,
E[N;;] = 2 which is a contradiction. [

THEOREM 4.4. The PoM of symmetric congestion games
with concave latency functions on parallel links is at most 4.

PROOF. Let f;(z) be the concave cost function for strat-
egy j. Then there are unique Z; and p such that p
fi(@; + 1) for all j, and > &; = n — 1. Consider any cor-
related equilibrium. If player i is told to play strategy j’,
then let §; be the number of players other than 4 told to play
j. It must be the case that E[f;:(d,; + 1)] < E[(f;(6; + 1)]
for all j, since otherwise player ¢ would defect to strategy j.
Since the sum of §; is equal to n — 1, there is some j where
E[é;] < #; by linearity of expectations. For this j, the ex-
pected cost is E[f;(5; +1)] < f;(E[6;]+1) < fi (a5 +1) = p
by concavity of f. So the expected payment of player ¢ told
to play 5 is at most u. Thus, in any correlated equilibrium,
the cost to each player must be at most p.



Now, consider the Nash equilibrium obtained by the fol-
lowing sequential process: number the players 1 through n.
Player 1 at time 1 chooses the strategy j that has minimum
fi(1). Let y;; denote the number of players in strategy j
right before time . For time ¢ > 1, player ¢ at time ¢ chooses
the strategy that minimizes f;(y:; + 1). Let y; denote the
final strategy profile y,;. This is a pure strategy profile.
Consider any pair of strategies 7,7’ with y; > 0. Let player
i be the last player assigned to strategy j. Then y; = y;; +1
and y;; > y;; since the number of players assigned to j'
can only increase as players subsequent to i arrive. Since we
assigned i to j, we must have had f;(yi; +1) < f;r (yi;0 +1)
from which we conclude that f;(y;) < f;/(y;+ + 1) since f;/
is non-decreasing. Thus no player will want to defect from
j to j', implying that this is a Nash equilibrium.

Since 3, y; =n >n—1= 3" ;, there exists j such that
y; > ;. Since a Nash permits no defections:

Vi' e filys) < fir(yy +1)
If y;» > 1 (the only relevant case) then y;s +1 < 2y;» and
1i(y;) < 2f;:(yjr) by concavity, implying that

fi () > 5 53()

So every player must pay at least % fi(y;). We observe
that 2y; > Z; + 1; this is clear because y; > &; > 0 and
because y; is integer we must have y; > 1. Thus f;(y;) >
fi((@5 4+ 1)) > 3 fi(@5 +1) = 5.

So for all y;; > 1 we have f;(y;) > fu and every player
pays at least iu in this Nash. Thus the Price of Mediation is
at most the ratio of the worst correlated equilibrium’s social
cost (at most 41) to the worst Nash (at least 1 41), completing
the proof. [

We can prove that for totally symmetric games (all cost
functions identical) the PoM is bounded by 2 instead of 4;
this proof is in appendix D.

4.4 Convex Symmetric Congestion Games

For arbitrary convex functions, we can have Price of Me-
diation as large as in theorem 4.1 (in fact the functions in
that theorem are convex). For polynomial functions, we will
show that the Price of Mediation is bounded in terms of the
degree of the polynomial, but can be exponential in that
degree.

THEOREM 4.5. For a symmetric congestion game where
all cost functions are polynomials with non-negative coeffi-
cients and degree at most p, the PoM is at most O((2p)?).

Proor. We will make repeated use of the following prop-
erty of polynomials with non-negative coefficients and degree
at most p. Consider any x > 0 and any o > 1. We must have
the property that f(az) < o f(z). This is easy to see by
writing out a polynomial and substituting the appropriate
values.

Suppose our congestion game has n players and m strate-
gies. Let the cost function for strategy ¢ be f;. There exists
a pure Nash equilibrium for this game. We can construct
one by starting with no players assigned to strategies, then
repeatedly assigning players to the strategy with minimum
fi(zi+1) where x; is the current number of players assigned
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that strategy, much as in theorem 4.4. At the end of this
process, let x; be the number of players assigned to strat-
egy ¢. It is clear that X;z; = n. Let p = max; fi(z;). We
will claim that every player in this Nash equilibrium pays
at least pu27P. If not, then there exists some i such that
xz; > 0 and fi(z;) < p27P. Now using the key property of
the polynomial functions, we have:

filwi +1) < fi(2x:) <27 fiw:) < p

Since there is some player who pays p, this player can
defect to strategy 7 and reduce his cost, violating the def-
inition of a Nash equilibrium. Note that the pure Nash
thus defined is clearly not the “worst Nash” for this game;
however bounding the maximum ratio of the cost of a cor-
related equilibrium to the cost of this Nash will be sufficient
to bound the Price of Mediation.

Now we will consider correlated equilibria. We can assume
that the correlated equilibrium is symmetric with respect
to players (otherwise we could shuffle the player identities
randomly to obtain another correlated equilibrium of equal
social cost). The correlated equilibrium will select one of
many possible outcomes for the game; each outcome is de-
fined by an assignment of some number of players to each
strategy (we can assume that which players these actually
are is determined uniformly at random). For any possible
outcome j, let o’ be the probability of selecting that out-
come and n] be the number of players assigned to strategy i
assuming outcome j. Then the expected cost to any player
in this correlated equilibrium is C, where:

T
C =50’ (i~ filni))

One possible manner in which players could defect is to
assign themselves randomly to strategy ¢ with probability
x;/n (where z; is from the pure Nash defined earlier). Sup-
pose that a single player defects in this manner. We can
bound his new expected cost C’ as follows:

C' < Bip (7 fu(n] 1)

We now observe that if ng < pz; then since everything is
integer we have n] +1 < px; and we can apply the property
of polynomial functions to get:

filnd +1) < filpz:) < pPfilws) < pu
On the other hand, if nf > px; then if z; > 0 we have:
, J41q , ,

Filn] +1) < (=) fund) < efi(nd)

Summing these two equations gives us:

C' < T Si(Ep u+ i fi(n))
n np
’ D €
C' <p'u+-C
p
Of course, for any correlated equilibrium defecting should

not help the expected cost, so we must have that C < C’.
Solving the resulting inequality gives us, for p > 3:



C <t ——
p—e

Combining this with the bound on the cost of the pure
Nash gives the desired result. Note that for 1 < p < 3 this
is just a large constant, so the claim follows immediately. []

THEOREM 4.6. There is a congestion game where costs
are polynomials of degree at most p, such that the PoM is
exponential in p.

PROOF. We consider f(x) = P, for some p > 0. We will
compute the cost of the worst Nash equilibrium. We will
show that the Price of Mediation can be exponential in p.
Under the binomial distribution Bin(n,1/m) we have that
the expected cost of a player is

Zk”( ) 1/m)*(1 —1/m)"*

Let us call the expected cost Sp,m,p := E[f(X)]. The
recurrence equation on Sy, m,p can be derived, for p > 1, to

be
n 1 p—1
Snmp = — Z ( . )Sm
i—

while Sy m,0 =1, for p = 0.

In general, the p-th moment of the binomial distribution,
is a form of a hypergeometric sum, and cannot be repre-
sented in a closed form. Instead we will pursue an approxi-
mation.

Let us approximate binomial distribution Bin(n,1/m) by
the normal distribution N (u, 0%), with expectation u = n/m
and variance o2 = (n/m)(1 — 1/m), and integrate from 0 to
n; actually we will integrate up to co.

(2)

e 1 2 2
BIX?] ~ / 2P o (@—1)?/(20%) g
[ ] 0 o\ 2T

1 © me(o)

= e dx

oV2r
where
_p 2 2
¢la) = —lnz — (z —p)7/(2mo”). (3)

Let us discuss the error made in the tail

(m—p)?/(20%)
. \/7 dx. (4)
The last integral can easily be calculated by recursion. Then,
using the Stirling approximation for p! we get that the error
term, i.e., Eq. (4) tends to 0, as n tends to co.

We consider the case of n,m tending to oo, so we can
assume 02 ~ 2 and consider ¢ to be

p 1 n\2
=—lhnex— —(&——)".
@)=Lz - L@- 1 (5)
The first and second derivatives of ¢(z) are given by
p_opl 1. n
$la) = ————(z—_) (6)
v o_p 11
o) = —Lo o )

We want to approximate the integral [ ™) when m

tends to co and we will use the saddle point method. Let
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us consider the function ¢(x) on [0,00). We call the ratio
¢ = n/m. The function has the unique maximum on [0, co),
obtained by ¢'(z¢) =0

c++/c? +4pe

= l+\/1+4p/c

The saddle point method says that
27

% mé(@)
e dx ~ e —
/0 pl¢” (zo)]

as m — o0o. We evaluate the second derivative in xo, that is
6" ()] /25 +1/(po”)

L (225 +1)

1 dp/c

( (1+/1+4p/c)? )

Finally, let us evaluate Eq.(9), which will give us the ap-
proximation of E[X7].

(8)

o =

emcb(mf))7

9)

EXP 1 emﬁb(zo)
A o/pl¢" (o)
_ L 2P - (@—c)?
cple” (o)
_ { n/(cp) }1/2
4p/c 1
(1++/14+4p/c)?

§(/1+ap/c—1)?

X

(S0+vivme)e

Now we will construct a correlated equilibrium. Suppose
that for some z < 1, we allocate xn players to each of i
strategies. These strategies are selected at random, so a
defecting player can do no better than to select a random
strategy other than his own. In order for this to produce a
correlated equilibrium, we need:

p o (I/z)—1 P

(zn)? < p— (zn + 1)". (10)

We consider that (1/z) and m are both much larger than

one (recall that we’re interested in the case where m is large
in any case) so this inequality essentially states that:

1 1
< (14 =)~ 11
r< L4 (1)
It will be sufficient to select x such that mz = 1 + £

zn’
which must satisfy this constraint since p > 1. Solvmg the

quadratic equation here yields:

T 2mn

1+\/1+4p/c

This correlated equilibrium gives us a cost of (xn)? for each
player, which is exactly:

n(5 (14 VI+4(p/<)"

Dividing this by the bound on the Nash gives us a Price of
Mediation:

——(n++/n? + 4mnp)

(13)

_ 4p/e

(14++4/14+4p/c)?
 nflen)

This grows exponentially with p. [l

o (V/1+dp/c=1)% (14)
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APPENDIX
A. PROOF FOR TWO-BY-TWO GAMES

PRrOOF OF LEMMA 3.2. Let I be a two-by-two game with
PoM(T") > P > 1. First, similarly to [1] I" has exactly two
pure Nash equilibria which are on a diagonal of I' and T
has no dominated strategies, because in every other case we
obtain that there is no social utility for correlated equilibria
lying outside the convex hull of Nash equilibria. Without
loss of generality, we assume that the two pure Nash equi-
libria involve both players selecting strategy one, or both
players selecting strategy two. We write the costs in matrix

form as follows:
a,b gk
m,n c,d

By our assumptions about the pure Nash equilibria, we
can conclude that the following quantities are negative (else
a player would defect from a pure Nash).

51za—m,52=b—k,63=c—j,54=d—n

Let o = §1/03,8 = 02/d4, similar to [1, 13]. The corre-
lated equilibria for I are:

- (1)
v (o)
. 1 1 «
Vs = 1+a+6+aﬁ<ﬁa>
1 1 «
Vi = 1+a+o¢ﬁ(0 045)

B 1 1 0
Vs = 1+ﬁ+aﬁ(ﬁ aﬁ)'

Vi, Vo, V3 are Nash equilibria while Vy, V5 are non-Nash cor-
related equilibria. Let ¢(V;) denote the expected cost of V;
on I', in terms of the absolute values of the payoffs.

We may further say wlog that (7, k) is the worst cost entry
(ie. j+k =mazx{j+k,a+b,c+d, m+n}) and that the Nash
(a,b) is worse than the Nash (c,d) (i.e. a+b > c+d). Since
j + k is taken to be the largest social cost, it follows that
c(Va) > ¢(Vs). In fact, we may say that j + k is the strictly
worst entry as well for the same reason that otherwise c(V3)
would be the worst equilibrium. So, we have that PoM (T") =

min{ o(Va) C(V“)} > P. In particular, Z(V“) > P.

(V1) c(Va) (V3)
c(Va) B 1
=1+ ) D )= P
o(Vs) L+ at+oB ™1+ forpagin ranera
(15)
Therefore, if PoM(I") > 2 then
I6] 1
(1+ ) in )=2=
1+a+ap 1+ﬁa+b+a<j+,j)+aﬁ(c+d)
1 1 2(m+n)

1+a+ap ZB a+b+a(j+k)+af(c+d)

Note the following as well: In I' if player A has no cost of
zero value and N corresponds to the worst Nash expected



total payoffs while C' corresponds to the worst non-Nash
expected total payoffs, then I" in which all of A’s costs are
decreased by some e (which is less than the smallest cost to
player A) has identical equilibria (probability distributions)
to T and a strictly worse PoM (i.e. PoM([') = € = 1¢I=<

N ~ IN|-e
% = PoM(T")). Therefore, it is wlog that both players
have a cost of value 0. In fact, it is wlog that ¢ = 0 based on
previous remarks. We may also normalize any one remaining
non-zero cost to 1 in a consistent manner.

Therefore, the cases to consider are:
l.c=b=0anda=1
2.c=d=0and b=1
3.c=d=a=b=0andm+n=1

We first show that PoM(I') < 2 in the first case: Now
noting that in this case, j = ™=t and k = B(n — d), we
substitute and obtain

1 1 2(m+mn)
- > 4
1+a+ap B 1+a(2+8(n—d)+ab(d)
1 m+n
1+a+ap m+ af(n)
m+aB(n) > (m+n)(1+a+af)

0 > ma+maf+n+na

This is clearly a contradiction since everything is positive.
Therefore, we have that PoM (") < 2 for the first case.

For the second case, we also show that PoM (T") < 2: Note
here that j = ™=% and k = fn + 1. Assuming PoM (T') > 2
and substituting into inequality 16

1 s 1 2(m+n)
l+ataB = B l14+a+a(™24+0n+1)
1 Sl 2(m +n)
l4a+a8 — B 14+m+4abn+a
2im+n)(1+a+« 14+«
L=z (1+m)—(§—naﬁ+a6)+ I6] ta
1 > m+3a+2a8)+n(2+3a+af)
m+2n < 1

Since |c¢(V1)| =1, |e(V4)] > PoM(T')(1 + a), if PoM(T") >
2, we obtain by substitutions for j, k and noting that n < 1

1+a+a(j+k)

242
1+a(l+8) = “
l4a+a(+k) > 2+2a+ (2+2a)a(l+3)
a(j+k) > 1+a+2a(l+p0)
) 1+
jtk > £ +2(1+6)
i R 1za+2+26
- 1
maa > +a—|—1+(2—n)ﬁ
m—a N 14+a
(0% (e
m > 14 2a

This gives us inequalities indicating that m < 1 and also
m > 1, which is a contradiction, establishing that in the
second case we must have a price of mediation bounded by
two.
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We complete the proof with the final case: Assume, for the
sake of contradiction, that in the third case PoM(I") > 2.
Then, substituting into Eq. 15 we have

8 1

1+ > 2
( 1+a+a6)(1+ﬁ7a(jl+k)) -
I6] 1
> 1
B
E B E > 1
L+ ooqm to(l+8)+ (B+1) 575
B 1
— (= 1
j+k(a+/3+) < B
1
E"‘ﬁ-‘rl < ]+/€

£ > k (because

O

However, noting that o = % < % and 8 =
m +n = 1), we clearly have a contradiction.

B. THREE-BY-THREE GAMES

PROOF OF THEOREM 3.3. Define game I':

10,1 0,0 0,1
1,2 5,3 1,4
0,5 2,2 10,0

’
Let A be the matrix representing the costs to player 1,

and B the matrix representing the costs to player 2. Finally,
define the following probability matrix Ve:

- OG-
RS

auw O

30

w
o

We first prove that the social cost of the worst Nash equi-
librium is 0. It is enough to consider supports of equal size
for the two players. We first consider the case when the
supports are of size 1 (i.e. pure Nash). Clearly, there is only
one pure Nash which is reached when player one plays strat-
egy one and player two plays strategy two, for a social cost
of 0. We now consider the case when the supports are of
size 2. If player one plays the mixed strategy p = (p1, p2,0)
and player two plays the mixed strategy q = (q1,¢2,0)",
then to be at equilibrium player two must make player one
indifferent between strategies one and two:

101 = q1 + 5¢2

g +q=1

which solves to q1 = % and q2 = %. However, player

one’s strategy would not be a best response since Aq =
(2—75, %, %)T. Thus, player one should defect and play strat-
egy three. Consider the case when player one plays p and
player two plays q = (g1,0,¢3)". For player two to be in-
different, p1 and p2 must satisfy the following: pi + 2p2 =
p1 + 4p2. Assuming the probabilities sum to 1, this gives
p1 = 1, po = p3 = 0, which cannot be since we assumed p2
to be in the support of player one’s mixed strategy. Now,
suppose player one still plays p while player two plays q =
(0, g2, Q3)T. For player one to be indifferent, we must have
5¢2 + g3 = 0, which gives g2 = —i, q3 = %, a contradic-
tion. Suppose now that player one plays the mixed strategy



p = (p1,0,p3) and player two plays q = (q1,¢2,0)". For
player two to be indifferent, we must have p1 + 5ps = 2ps,
which gives p1 = % and ps = f%, a contradiction. If player
one plays p and player two plays q = (g1,0,¢3) ", then we
must have p1 + 5ps = p1, which solves to p1 = 1, p3 = 0,
a contradiction since we are considering supports of size 2.
Assuming player one’s strategy is the same and player two
plays q = (0,¢2,q3)", for player one to be indifferent we
have 0 = 2¢2 + 10g3, which has the unique solution g2 = g
and g3 fi, a contradiction. Now consider the case when
player one plays the mixed strategy p = (0,p2,p3) while
player two plays q = (¢1,¢2,0)". For player one to be in-
different, we have q1 + 5¢2 = 2¢2 = ¢1 = %,qg = —%, a
contradiction. If player one still plays p while player two
plays 9 = (¢1,0,¢3) ", then in order for player two to be
indifferent we have 2p2 + 5ps = 4p2, which has the unique
solution ps = %, p3 = % With these probabilities, player
two’s expected payoffs are pB = (2,22, 2%). Clearly, player
two would rather defect and play strategy two, so this is not
a Nash equilibrium. The last supports of size two are when
player one plays p and player two plays the mixed strategy
q = (0,q2,¢3) ". For player one to be indifferent, we must
have 5q2 + g3 = 2q2 + 10g3s = q2 = %,qg = i. If player
two plays this mixed strategy, then player one’s payoffs are
Aq = (0,4, 4)T. Once again, player one prefers to defect to
strategy one implying that this is not a Nash equilibrium.
Finally, the last case to consider is when both supports are
of size 3, with player one playing p = (p1, p2, ps) and player
two playing q = (g1,¢2,¢3) ' . For player two to be indiffer-
ent between all three strategies, we must have:

P11+ 2p2 + 5p3 = 3p2 + 2p3 = p1 + 4p2

p1+p2+p3=1

This system of equations has the unique solution p;
—%7172 = %,pg = %, which is a contradiction. Thus, we can
conclude that the worst and only Nash equilibrium happens
when player one plays strategy one with probability 1, and
player two plays strategy two with probability 1. The social
cost of this Nash equilibrium is 0.

We now verify that the probability matrix V¢ is actually a
correlated equilibrium for the game I'. To see this, consider
the following matrix product A - V3 :

10 0 O 0 3 1 0 6 2
15 1 U T I T
0 2 10 15 1 310 a % % g

0 % 5 i5 3 3

It is easy to see that if the mediator tells player one to play
strategy i, then he does not want to defect. This is because
the " entry in column ¢ takes on the minimum value for
that column. Similarly, one can verify that player two does
no_‘lg want to defect either by considering the matrix product
VC - B:

1

|~ o
—
=

H
ot
‘»—‘ S ulw
o

1 01
2 3 4
5 2 0

sl

E
30

o

u 12
2 1
¥ G}
10 15

[un
ot
[
ot

Once again, if the mediator tells player two to play strat-
egy 4, then he does not wish to defect since the " en-
try in row ¢ takes on the minimum value for that row.
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So Ve is a correlated equilibrium, which has social cost
3-%4—5- %5+5~%+4~%+10-§ %. We can increase all
the costs in I by € such that the correlated equilibrium is
only slightly perturbed while the social cost of the worst and
only Nash will look like 2¢, resulting in a Price of Mediation
of at least %, which we can make arbitrarily bad.

O

C. TOTALLY SYMMETRIC GAMES

We investigate bounds on the Price of Mediation for two
and three player totally symmetric congestion games. In
these games all strategies have cost f(z) (i.e. independent
of the strategy).

THEOREM C.1. The PoM for two player totally symmet-
ric games s 1.

PRrOOF. Given two player totally symmetric game I's o, ¢,
let CE2 be the worst social cost correlated equilibrium for
I'2,m,r. Say that p is the probability that the players are
placed in the same strategy by CFE2, so that 1 — p is the
probability of being alone. Assume WLOG that CE> is
canonical, so the only possible reasonable deviation that ei-
ther player might consider is to pick a different strategy
uniformly at random. Note that due to the cost maximiza-
tion objective of the worst correlated equilibrium, is it also
WLOG that the no-regret inequality becomes a tight equal-
ity in CEs. Namely, where the left side is the current cost,
and the right side the cost incurred if the player were to
deviate, we obtain:

pf(2)+ (1 -p)f(1) =

1—p 1—-p
mflf(z)—’_(l_mfl

)f(1) (16)

which implies that p = %, yielding the same social cost as
the uniformly at random mixed Nash Equilibrium. [

THEOREM C.2. The PoM for three-player congestion to-
tally symmetric games is at worst O(m) where m is the num-
ber of strategies. Further, there exist games where the PoM

s Q(m).

PROOF. A correlated equilibrium can place all three play-
ers separately with probability pa, or place two together
and one separately with probability pg, or place all three
together with probability pc. We assume without loss of
generality that the players are shuffled at random. So the
cost of the correlated is:

)+ 5p8) + [ opm) + [ B)pe

In a congestion game, we can assume that f(1) = 0 since
otherwise we can reduce all costs to obtain a worse Price of
Mediation. We can also assume that f(3) = 1 by scaling
and 0 < f(2) <1.

If we defect, the cost of the correlated would be given by:

2 2 1 1 1
9 o -
FO(—qpat 5 —pB) + 35—
For the worst correlated, these expressions must be equal,
which gives us:

DB

fEn-d

2
m—1PA) tpe = o —gpe =0



This gives us:

2m — 4
pe = g—app — f(2) 5 —=ps + f(2)—pa
We conclude that pc < —=. If we solve for pg, we get:

2m — 4 1
pelf @3 =3~ 5 =3

Multiplying through, we get:

) =[f(2)

mflpA_pC

pe(f(2)(2m —4) —1) <6£(2)
Thus if f(2) > —15 we have pp(f(2)(2m — 4)) < 12f(2)

From this it follows that the cost of the
correlated is at most % whereas the uniformly random
Nash has cost at least —5, giving a PoM of O(m). If f(2) <

—L- then we have ppf(2) < - and thus the cost of the
3
m—2

We can construct such a game by setting f(3) = 1 and
otherwise zero, and then observing that the cost of the worst
Nash is exactly % We construct a correlated which places

all three players together with probability pc =

m—2"

and pp <

correlated is at most for a similar result.

1

3,5 and
3m—3
3m—2"
for a price of mediation of

otherwise places two together with probability pp =

3

This correlated has cost 5>—,

Q(m). O

D. TOTALLY SYMMETRIC CONCAVE

We prove that for totally symmetric concave congestion
games (i.e. all strategies have the same concave increasing
cost function f(z)) that the Price of Mediation is at most 2.
Note that the example where the PoM was larger than one
in theorem 4.3 was in fact a totally symmetric game.

THEOREM D.1. The PoM for the class of totally sym-
metric concave congestion games is bounded by 2.
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Proor. Consider any totally symmetric concave conges-
tion game. Let N;; denote the number of players other than
i who select strategy j. Since ¥;N;; = n — 1, for any i,
there must be some strategy j where E[N;;] < =21, It
follow from concavity that for this strategy, we must have
E[f(Nij +1)] < f(E[Ni; +1]) < f(%1 4+ 1). If player i has
larger expected cost than this, he can simply defect (and we
would not have a correlated equilibium) so this expression
also bounds the expected cost for player i. We conclude that
for any correlated equilibrium, the expected cost is at most
nf(%2L +1).

We write n = mq + r with 0 < r < m. Note that the
following is a Nash Equilibrium (for the same reason that
u.a.r. selection is a Nash equilibrium): mgq players places
themselves into the m strategies via deterministic groupings
of size q each, while the remaining r players are placed de-
terministically one per strategy. The social cost of this Nash
equilibrium is exactly (¢ + 1)f(¢+ 1) + (m — r)(q) f(q).

Pick a strategy uniformly at random. The social cost of
this Nash equilibrium is at least nf(q). We may bound the
PoM as follows:

SC(CEworst)
NR'Luorst

nf(l+ %)
(r(g+1)f(g+1)+ (m —r)(a)f(q)
nn+m—1)
mr(q+1)% +m(m —r)q¢?
(mg +r)(mg+r+m—1)
m2q? 4+ 2mrq + mr

IN

IN

m2¢® + 2mrq + m2q+ 12 + mr
m2q? + 2mrq + mr

IN

- m2q+r2

m2q? + 2mrq + mr
< 2

The second inequality follows from the concavity of f; in
particular if z > y we will have ]fcgg < % Note that this
relies upon function f being non-negative and concave over
the domain of all non-negative integers (in particular this
includes f(0) > 0 even though no player will ever actually
pay the cost f(0)). The rest is algebra, along with applying
n = mgq + r and observing that »r <m. [




