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Abstract. We analyze the structure of random graphs generated by the geograph-
ical threshold model. The model is a generalization of random geometric graphs.
Nodes are distributed in space, and edges are assigned according to a thresh-
old function involving the distance between nodes as well as randomly chosen
node weights. We show how the degree distribution, percolation and connectiv-
ity transitions, clustering coefficient and diameter relate to the threshold value
and weight distribution. We give bounds on the threshold value guaranteeing the
existence and absence of a giant component, connectivity and disconnectivity of
the graph, and small diameter. Finally, we consider the clustering coefficient for
nodes with degreg finding that its scaling is very close tg/llwhen the node
weights are exponentially distributed.

Key words: random graph, geographical threshold graph, giant component, con-
nectivity, clustering coefficient.

1 Introduction

Large networks such as the Internet, World Wide Web, phone call graphs, infections
disease contacts, and financial transactions have provided new challenges for modeling
and analysis [Bon05]. For example, Web graphs may have billions of nodes and edges,
which implies that the analysis on these graphs, i.e., processing and extracting infor-
mation on these large sets of data, is “hard” [APR02]. Extensive theoretical and experi-
mental research has been done in web-graph modeling. Early measurements suggested
that the Internet exhibits a power-law degree distribution [FFF99] and that the web
graph also follows a power-law distribution in in- and out-degree of links [KKS].
Modeling approaches using random graphs have attempted to capture both the structure
and dynamics of the web graph [KRR0,BA99,ACL00,BRST01,CFO1].

The study of random graphs began with the introduction of the uniform random
graph model [ER59,ER60]. Since then many other models have been proposed to bet-
ter capture the structure seen in real-world networks [Bol01,Dur06]. Some examples
are random graph models with a given or expected degree sequence [MR95,CLO6],
threshold graphs [MP95,HSS06] with edges created according to a function of node
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weights, or graphs with an underlying geometric structure, such as random geometric
graphs [Pen03]. In this paper we study another recent addition to this collection of mod-
els: geographical threshold graphs (GTGSs), a static model for networks that includes
both geometric information and node weight information.

GTGs combine the geometric structure of random geometric graphs with node prop-
erties similar to threshold graphs. The properties of this graph ensemble have only re-
cently begun to be studied [MMKO05,BHP07,BK07]. One motivation for analyzing this
model is that many real networks need to be studied by using a “richer” stochastic model
than random geometric graphs. The GTG model has been applied, for instance, in the
study of wireless ad hoc networks in systems where the wireless nodes have different
communication ranges or battery power [BKO7]. In that case, the weights represent
available power or bandwidth of a wireless node. By varying the weights, properties
such as the diameter or degree distribution can be tuned. Other possible applications of
GTGs that are yet to be explored are epidemic modeling, where the weights could rep-
resent susceptibility or infectivity of an individual, or social networks where the weights
might be related to affinity or attractiveness.

2 Geographical Threshold Graph Model

The GTG model is constructed from of a setnafodes placed independently and uni-
formly at random in a volume iR%. A non-negative weightv, taken randomly and
independently from a probability distribution functidifw) : R§ — R, is assigned
to each node; for i € [n]. Let F(x) = f§ f(w)dw be the cumulative density function.
For two nodes/; andv; at distance, the edgd(i, j) exists if and only if the following
connectivity relation is satisfied:

G(wi,wj)h(r) > 6, (1)

where6, is a given threshold parameter that depends on the size of the network. The
function h(r) specifies the connection probability as a function of distance and is as-
sumed to be decreasingiinin the following we takeh(r) = r B, for some positives,
which is typical for e.g., the path-loss model in wireless networks [BKO7]. The inter-
action strength between nod8sw;, wj) is typically taken to be symmetric (to produce
an undirected graph) and either multiplicatively or additively separable, i.e., in the form
of G(w;, wj) = g(wi)g(w;) or G(wi, w;j) = g(wi) +g(w;).

Some basic results have already been shown. For the case of uniformly distributed
nodes over a unit space it has been shown [MMKO05,BK07] that the expected degree of
a node with weightv is

/2
Elk(w) = ;‘/TﬁH [, 100 (07 @/ (mw))) . @

whereh1 is the inverse oh. The degree distribution has been studied for specific
weight distribution functiond (w) [MMKO5]. In both the multiplicative and additive

case ofG(w,w), questions of diameter, connectivity, and topology control have been
addressed [BKO7].
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Here we restrict ourselves to the casegpiv) = w, B = 2, and nodes distributed
uniformly over a two-dimensional space. For analytical simplicity we take the space to
be a unit torus, and use the additive model for the connectivity relation.

Wi - Wi
> ©

Many of our techniques may be generalized to other cases in a straightforward manner.
Finally, we impose the following relatively weak conditions on the weight distribution
f(w): (1) a finite mearp = E[w] and (2) a finite variance? = E[w?] — E[w]?>. Some
examples of GTG instances with exponential weight distributiom) = e~ are shown
in Figure 1.

The paper is organized as follows. We first state a basic property concerning the
degree distribution of GTGs. In Section 4, Theorems 1 and 2 provide bourfijsfon
the absence and the existence of a giant component. Similarly, in Section 5, Theorems 4
and 3 provide bounds d, for the graph being disconnected and connected. Section 6
gives upper bounds on the diameter, along with simulation results. Finally, in Section 7
we calculate the clustering coefficient, and discuss certain of its properties.

3 Degree Distribution

We start by stating the degree distribution in our GTG model. Let the position vector
of the nodes be& and the weight vector ba. W.l.0.g. let us consider noda. It is
straightforward to show that the probabilityaf having degreé, given weightsw, is

k+1 n

prch —kgwl = (" 7) [ AveaBox ) [] (1-AreaBix rip), (@)

j=k+2

where Are@B(x;,ri1)) is the area of the ball at centerwith radiusri;, and due to (3)
the radii are given by

(5)

fori=2,...,n. After marginalization, it follows

n

Pridy = kjwy] = <|1 . quf(Wi)) Pridy = kjw]

_ (n;l)(/Wde(W)T[(Wg:—W))k(l_/def(w)ﬂ(W]e_:—W))n—l—k

G ®

That is, the degree distributiah, of a nodev; with weightw;, follows the Binomial
distribution
di(-|wi) ~ Bin(n—1, p;) (7

where

"w+m (8)

pize*n
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Fig. 1. Instances of GTG with exponential weight distribution, ifiee 300 at decreasing threshold
parameter values (increasing mean degreef{&) = 2m, well below the percolation transition;
(b) 6n/n =1, above the percolation but below the connectivity transitionff¢h = 1/2e, well
above connectivity.
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4  Giant Component

Definition 1 (Giant Component). The giant component is a connected component
with size®(n).

In this section we analyze the conditions for the existence of the giant component,
giving bounds on the threshold parameter vdyavhere it first appears. F& = cn,
we specify positive constants> ¢” and prove that whp, i€ > ¢’ the giant component
does not exist whereasdf< ¢’ the giant component exists.

We do not prove that there is a zero-one law governing the emergence of the giant
component. However, given that the the probability of a giant component is 0 above
and 1 belowd”, it would be rather surprising if the transition were not a sharp one.

4.1 Absence of Giant Component

Theorem 1. Let6,, = cn for c> ¢/, where ¢ = 2mu. Then whp there is no giant com-
ponentin GTG.

Proof. We start by introducing a slightly different GTG model from our usual one. Con-
sider the space of possible node positions and wei@hts{(x,y,w) : X,y € [0,1],w >

0}. In the model definted above, we plag@odes inS, leading to a binomial degree
distribution: call this théBinomial GTG Let us now instead place nodesSaccording

to a spatial Poisson process with ratgw), so that the expected number of nodes:is

call this thePoisson GTGWe will prove that the Poisson GTG doest have a giant
component. It is straightforward to see that if the Binomial GTG had a giant component
with nonvanishing probability, the Poisson GTG would as well. Thus, the Binomial
GTG cannot have a giant component either.

The approach is similar to one given in [AS0Q]. Divide the nodes into three classes:
alive, dead and neutral. Denote the number of alive nod¥s @ke algorithm works as
follows. At timet = 0, designate one node (picked u.a.r.) as being alive and all others
as neutral. Now, at each subsequent time stpjrk a nodes u.a.r. from among those
that are alive, and then consider all neutral nodes connectgd®enote the number of
these nodes a&. Change these nodes from neutral to alive, and chaniggelf from
alive to dead. The random variabMsz; satisfy the following recursion relatioly = 1
andY; =Y;_1+2 —1, fort > 1. The number of alive nodes satisfies

Ytlilzit. 9)

The z; are independent random variables, since no prior information is involved in
the designation of neutral nodes. We formalize this argument as follows. For a node
vi = (X, Vi, W), define§ C Sas the subspace of all positions and weights of nodes that
can be connected g, namelyS = {(x,y,w) : X,y € [0,1],w > 0, (Xx— X )2+ (y— V)2 <
(Ww+w;)/Bn}. Attimet = 0, any node withirf is a neutral node connectedvg But
at a subsequent time stgmodes within anyg for i <t have already been designated
alive, so only nodes in

t-1
B.=s\US

i=0
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can be neutral. Thus, at any two different time stepadt’, neutral nodes are drawn

from disjoint subspaceB; andB. Using this partitioning of5, we may now imagine

an alternative procedure for generating an instance of a Poisson GTG. Rather than pop-
ulating the entire spacgaccording to a Poisson process at the outset, wait until time
stept before populating subspa&g. By the Principle of Deferred Decisions [Knu97],

the two random processes are identical: given the weights and positions of nodes in
Bo, - ..,Bi_1, ho information can be inferred regarding the nodeB;inThe z; are thus
independent Poisson random variables whose means are the expected numbers of nodes
in Bj. Given thatB; C § and the expected population §fis np with p; as defined in

Eq. (8),Z satisfies the stochastic bound

Priz; > K] < P{Po(np) > K]. (20)

Now consider the number of alive nodes, andTldte the largedt such thaty; > 0.
ThenT is the size of the component containing and the giant component exists if
and only if T = ©(n) with some nonvanishing probability. The variaflesatisfies

PiT >t]=PrY; > 0] =Pri}; > 1] = Pr[-iZi >t < Pr[ltZPo(nn) > 1. (11)

Consider the thresholfl, = cn. Since the sum of independent Poisson random vari-
ables is itself Poisson distributed, we need to prove th@oPrst_, pi) >t] — 0 for

t = ©(n), for somec > 0. For any positive constamte (0,1), we use the following
inequality

Pr[Po(nltZ pi) > t} < Pr[Po(nil i) > t‘ -iWi € (1ie)tu}

+ Pr{';wi ¢ (1+ s)tu} (12)

We will now bound the conditional probability using the concentration on the Poisson
random variable [Pen03]. Defide= E[nS!_; pi] = 2aty, wherea = nrt/6,. Given any
€ € (0,1), fort — oo, i.e.,A — +oo, it follows that

PriPo(\) ¢ (1+g0)A] < e MH(1—80) | g=AH(I+e0) _, o (13)

where the functiorH (x) = 1 — x+ xlogx, for x > 0. It is now sufficient to choosa
small enough that > 2atp(1+ €o) for some positive constagp. This is equivalent to
1> 2ay, i.e.,c > 2mu. It follows that PfPo(ast_; (Wi + 1)) >t] = o(1) for t = 8y. Thus,
the first right-hand term in Eq. (12) goes to zero.

Now consider the second right-hand term in Eq. (12). By the central limit theorem,
fort — oo, (Y w; —tp)/(v/to) tends to the normal distributiad(0, 1). Thus,

Pr{Zwi ¢ (1is)tp} = PrFW\ifit_ctu ¢ (—s,e)\ﬂg} — 0. (14)

It follows that forc > 2y, the probability of having a giant component goes to zero,
which completes the proof of the theorem.
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4.2 Existence of Giant Component

Theorem 2. Let 8, = cn for c< ¢’ = sup¢ (o) aF 11— a)/A¢, whereTi\¢ ~ 4.52
is the mean degree at which the giant component first appears in Random Geometric
Graphs (RGG) [Pen03]. Then whp the giant component exists in GTG.

Proof. For any constantt € (0,1), we prove that whp there a@en “high-weighted”
nodes, all with weights greater than or equal to semeve states, later. LetX; be the
indicator of the evenitd > s,. Then PfXi = 1] =1—F(s,) =: q. Let X = 3! 1 X be
the number of high-weighted nodes. Using the Chernoff boufX Rr(1 — 6)E[X]] <
exp(—E[X]&%/2), withd=1—a/q,

PrX < an] =Pr{X < (1-8)E[X]] <exp(—n(g—a)?/(2q)) =n"Y  (15)
for some constant > 1 satisfying(q— a)2 = 2qylogn/n. Solving that quadratic equa-
tion in q givesq = a + ©(logn/n), soF(s,) = 1—qg=1—a—O(logn/n). For any
€ > 0 andn sufficiently large the following is satisfied

Fll-a)>s,>F Y1-a—¢). (16)
Thus, let us define the sequerszédy its limit
s$—F 1 (1l-a)=0(). (17)

Now we consider the set ofn high-weighted nodes. For each such ngdeith weight
wi, define its characteristic radius to be

ré(wi) = wi /6. (18)

Then it follows that any other high-weighted nodewithin this radius is connected to
V;, since the connectivity relation is satisfied:

(W +wj)/r% > wi/rf = B (19)

Let 8, = cn, wherec < aF ~1(1—a)/Ac. For the radius;, whp it follows

—. 2
6, — 6, an (20)
Let us therefore consider small circles, with a fixed radigis.t. \/S/6n > o >

v/Ac/(an), around each of thesen nodes. A subgraph of this must be a RGG with
mean degree- Ti\¢, which whp contains a giant component. Since its siZ8(isn) =

By, it is a giant component of the GTG too. We may optimize the bound by taking the
supremum of overa € (0,1), and the theorem follows.

Corollary 1. Given the recent bound [KYO08}. > 4/3+/3for RGG, ¢ < SURye(0,1) aF 11—
a)3v/3/4.
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4.3 Comparison of Upper and Lower Bounds

We again stress that we have not proven a zero-one law for the emergence of the giant
component. However, if a sharp transition does indeed eiafdc” provide bounds
on its location.

Remark 1.1f BF~1(1—B) has an extremum fds € (0, 1), this occurs at

B=F *(1-B)f(F (1-B)). (21)

For example, for the exponential distributidw) = yexp(—yw), the maximum is at
B=1/egiving a bound of” = 1/(eyAc).

Let us compare the constants for the absence and existence of giant conghenzmt
andc” = supyc(o.1) 0F ~H(1—a)/Ac, respectively.

Claim. The following is satisfied 8u> sup.c g1 aF1(1—a)/A, thatis,d > c”.

Proof. We haveF : [0, +») — [0,1). SinceF is a bijection, the inverse exis&™ :
[0,1] — [0,+). Let the new variablex be x = F~1(1 — a), and consequently =
1—F(x). The following is satisfied

sup aF 1(1—a)= sup x(1—F(x))= sup xe PX, (22)
ae(0,1) xe(0,0) X€(0,0)

Using the telescope formula, the expected vaigatisfies
h= [ (1-F)dy= [ ePdy 23)
0 0

Let us consider two functionfy (x) = [3e PY) dyand fa(x) = xe PX¥. The first deriva-
tives arefa(x)’ = e P® andfy(x) = e PX (1—xp(x)’). Then it follows( f; — f2)(x)' =

e PMxp(x)’ > 0, and(f; — f)(0) = 0. For everyx > 0 we havef;(x) > f»(x). Taking
the supremum over the last inequality and considering the facttthat2 1, the claim
follows.

5 Connectivity

Definition 2 (Connectivity). The graph on n vertices is connected if the largest com-
ponent has size n.

In this section we analyze conditions for connectivity, giving bounds on the thresh-
old parameteB, at where the entire graph first becomes connected. Similarly to our
approach in the case of the giant component,&pe cn/logn, we specify positive
constant’ > ¢” and prove that whp, i€ > ¢’ the graph is disconnected whereas if
¢ < ¢’ the graph is connected.

As in the case of the emergence of the giant component, it seems likely but has not
been proven that there is a sharp phase transition at which GTGs become connected.
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5.1 Connected Graph

Theorem 3. Let 6, = cn/logn for ¢ < sup,¢ (g1 aF1(1—a)/4. Then the GTG is
connected whp.

Proof. The proof is divided into two parts. In the first part, we prove that a constant
fraction of nodesin are connected. In the second part we prove that the rest of the
(1—a)n nodes are connected to the first setiafnodes.

First part: Invoking the proof of the appearance of the giant component, there are
an nodes all with weights> s, — F~1(1—a) = ©(1).

Let 8, = cn/logn, wherec < aF ~1(1—a)m Analogously tat, define the connec-
tivity radiusrc I

2 W _ & _ logn

re(w) = o, > o, am
Similarly to Theorem 2 let us consider small circles around each of tiiesedes, and
consider these nodes as a RGG. It is known that /logn/(1mn) is the connectivity
threshold in RGG [GK98]. The connectivity of RGG implies the connectivity of these
annodes in our GTG.

Second part: Color thean high-weighted nodes blue, and the remainifhg- o)n
nodes red. Now let us tile our space img(cologn) squares of sizeglogn/n. We
statecy later. Consider any squa&, and letB; be the number of blue nodes & In
expectation there are[B] = acplogn blue nodes in each square. From the Chernoff
bound it follows

(24)

PriB; > (1-3)acologn] > 1— n-acs/2. (25)

Let us consider one red nodeThe noder belongs to some squa& Let M, be the
event that the red nodeis connected to some blue node S. Let the weights of,b
bew;,wy, respectively. The probability of the complement\df, conditioned on there
being at least one blue node$ is given by

logn n
PrME|B; > 1] = Priw +wp < r29n] < Prwy +wp < Z%%c@}

= Priwy +wj, < 2¢oC]. (26)

As long asF (1 —a) > 2coc, Wy > 2coc and hence BKIC|B; > 1] = 0. For large
enough it must hold thaf{1 — d)acplogn > 1, and so from Eg. (25),

PriMf] < PM¢|B; > (1—8)acglogn] + Pr{Bi < (1— 8)acplogn]
< 04 n-0%/2, (27)
If 0(0062/2 > 1+ ¢ for somee > 0, then by the union bound,
PUMF] < § PIMF] < (1—a)nn™ ) = (1—a)n~. (28)
r T
Finally, the probability that all red nodes are connected to the set of blue nodes is given
by the following relation

PiM ] =1-PiJMf]>1-(1—a)n® -1 (29)
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The requirements we have imposed on constants so facareaF ~1(1 — o), ¢ <
F~1(1—a)/(2co) andacy > 2(1+€)/8%. These conditions combine to give

62
-1 _ . v
c<aF 7 (1—a)min(m, 4(1+£)). (30)
Sincea € (0,1), 6 € (0,1) ande > 0 are arbitrary, we obtain
c< sup aF }(1—a)/4. (31)

ae(0,1)

5.2 Disconnected Graph
Theorem 4. Let8, = cn/logn, where ¢ . Then the GTG is disconnected whp.

Proof. For a nodev;, letY; be the indicator of the event thst is isolated. We will
consider the sum

y— ;Y (32)

and show that By = 0] — 0. It will then follow that whp there is at least one isolated
node and so the graph is disconnected.

From the binomial degree distribution in Eq. (6), the probability thas isolated,
conditional orw, is

el (1 Wit DL
PrY, = 1w = (1 5. n) . (33)
Now define
p = E[Y;] = Py, = 1]
_ N WitH AT
- /dwf(w.)(l - ' (34)
Applying the second moment method,
Var(Y]
=0] <
PrlY =0] < EV]2
_ 3iVarlY] +Zi¢21 Couvi, vl (35)
(np)
The variance and covariance are given by
varlY]] = EIV?] —E[Y]* = p— p? (36)
CovYi,Yj] = E[Y,,Yj| —E[Y]E[Y;| =PrYi =1Y; =1] - p2, (37)
so
2 _ 1Y — 1] 2
(np)
L Pi=LY=a (38)
np p

Let us first consider the/Inp) term.
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Claim. Let 8, = Cpgr;, Wherecis a constant. IE > my, then ¥/(np) — 0.

Proof. Let { be any positive constant that satisfies Ti(p+ (). Let 6 We

have
-1
p:/dwf(w) 1—W+un)n

/ dwf(w W+u )

_ N
- CIogn'

Fas- “e“ J
= F(Z)(l “;rnznlogn> "

= F(Qn 0me(1 4 o(1)).
Therefore, ifc > (p+ ¢), pn> F({)w(n) and so ¥(np) — O forn — co.

Next, we will show that F; = 1,Y; = 1]/p? = o(1). Consider the joint probability
conditional on a set of weights. Denoting the neighborhood relation tay~ vj,

PY; = 1Y) = 1|w] = Priv; o vj, (1] Vi » Vi, Vj » Vi |w]
K, j
= Privi » Vj[Wi, Wi P (1) Vi % Vi, Vj 2 Vig[Vi ¢ Vj, W]
KA, |
= Prv; = vj|wi, wj] |_| Privi o Vi, Vj » ViV » Vj,W]. (39)
ki, j
We now use the easily verified property that given evén® andC that depend ow,

Pr[B,C|w|

Pr{B®,C°|A%,w] = 1— Pr{B|w] — PriC|w] + (1 — Pr[A|B,C,W])W.

(40)

Leta = Prv; ~ vj|wi,wj], b= Pr{v; ~ vi|wi, W], ¢ = Pr]vj ~ vi|wj, w] and define the
clustering coefficient

K = Pr{vi ~ Vj|Vi ~ Vi, Vj ~ Vic, Wi, Wj, Wig]. (41)
Then, o
PV = 1Y, = 1w = (1-a) [] [1-b—c+(1-K)——]. (42)
Kot 1—-a

Note thata = (w; +w;)11/6,, and similarly forb andc.
In Section 7, we show (Lemma 2) thatwf, wj, wx < W= (1—3v/3/41)8,/211 then
K > a. Thus, under those conditions,

1-b-ct(1- K)%<1 b—c+bc

— (1-b)(L—c). (43)
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Now average Eq. (42) over all weights. It follows from the finite variancé (@)
that for any constaritl, F(M6,,) = 1—0(1/n), and so

i3 = o 1pomis-o [ 15010, %))
_/ (W) dw/ f(w; w1 a) / f(widwe [1-b—c+ (1 K)lbca])n72(1+o(1))
/ F(w dw/ (w))dw;(1—a) / (Wk)dvvk(l—b)(l—c)) “(1+0()
—/ F(w dw/ f (v { (w.+wj))
([ rom dwl—eﬂ(w#wk»(lfe%(wj rw)" )
_/ (w) dw/ f (v o (w.+wj>)

(1— g, (WiwW + 20+ "Z(w.vvj W+ W) + P 40 ))H}- (44)

Now considerp?. Using the fact thai, o and /2 — (W4 ) 1/6, are allo(1),

= [ i) gl (L g ()"0 g (w0
> [ s [ 10w 1 g W)™ (1= g+ )" (45)
:/0 f(wi)dw,/0 f(wj) dw,(l — (W +Wj +2u) + gi(w.wj+u(w.+wl)+u))n_l

:/OWf(wi)dw./owf(wJ ydw; (1 — (Wi +w;j+2u) + gi(w.wj+u(w.+wj)+u +0 ))nil(l—o(l))

>/OWf(vvi)dw,/o\ivf(wJ (1 W,+WJ+2p)

(1— eE(W‘ +Wj -+ 2H) + o (Wiwj -+ H(W + W) + P+ o ))n_z(l—O(l))

62
7/ f (W, dw/ f (w; dw, (W|+WJ)>
(1—9£(W| +Wj +2) + nz(w.wj+u(w.+w,)+u +0 ))niz(l—o(l)) (46)

Finally, this gives the desired ratio

PHY = 1,Y; = 1]
P

By the second moment method it then follows thgYRe 0] < o(1).

<1+40(1). (47)
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6 Diameter

In this section we analyze the diameter of GTG, and provide an upper bound on it. In
the design of large networks, such as the Internet, wireless networks, etc., it is desirable
to achieve low latency in the graph (i.e., the hop-count between any pair of nodes in the
network is small). In other words, a graph with a small diameter is desired. We give the
conditions on the threshold functidy such that the graph has a desired diameter in
general. Furthermore, we derive the condition®gyin terms of the cumulative distri-
bution function on weight& (w), such thatiam belongs to the classeBam= O(1),
diam= O(log?n) anddiam= O(,/n/logn), respectively. These classes correspond to
an ultra-low, low and high latency network, respectively. Particularly, for these three
classes, we give the exact expression§pim the case of the exponentially distributed
weights.

Here, we give the upper bound on the diameter in the GTG modal v be two
arbitrary nodes. Let us construct the sequence of adjacent sqia®es . ., So(1/x), Of
the sizex x x, linking u andv, such thatu andv are the centers of the first and last
squares, respectivélysee Fig. 2). The geometric distance between any two nodes is
r <©(1). Thus, there ar®(1/x) squares on the straight path- v in total.

Fig. 2. lllustration of our diameter proof technique: a sequence of adjacent squares »ksize
link an arbitrary pair of nodes andv in a unit-area disc.

LetV; be the number of nodes that lie within the squ&rdori =1,2,...,0(1/x).
We have BV;] = n¥2. Using the Chernoff bound, the following is satisfied

PriVi < (1-8)EM]] < & EMF/2 (48)

Taking 3 = 1/2, we get PV < nx2/2] < e ™/8 i.e., in each squar§, there are at
leastnx? /2 nodes whp.

4 The centers of the squares lie on the straightlirev.
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Let M; be the event that in a squéte there is at least one node with weight> s;.
We will specify s, later. Now, we derive the lower bound on the probabilityMg}.
This probability is grater than probability conditioned on the event that there are at least
nx?/2 nodes irS, i.e.

PriMi] > PrIMi|Vi > né/2]PriVi > nx¢/2)
> (1-PHW < §)™/2)(1- e ™)
= (1-F(s)™/)(1-e ™). (49)
We now explain how we choosg such that any two neighboring squa®sand
Sj;1 are connected by an edge (i.e., there are two connected aedgsandb € §j, ;).
Let weights ofa andb bew andw’, respectively. We showed that in any squ@rihere is
at least one node with weight s,, whp. We want that the connectivity relation EL.
for nodesa andb is satisfied. Maximal distancka — b|| between a pair of nodes is

|la—b|| < xv/5. Conditioned on the events that weigitsv are grater thes, we have
the following relation for the connectivity of nodesandb

Pria~ bjw,w > s,] > Pr{2s,/r% > 6y]. (50)

Let us choose get, = O(x?0y). If an arbitrary pair of nodegu,v) is connected by a
path of nodes belonging to the squaBesS,, . . ., So(1/x), then the following relation on
diamis satisfied
Pr{diam = O(1/x)] > PN/ m;]
o
_ ((1_efnx2/8)(1_ F(Sn)nxz/z) ( /X)7
since the nodes, as well as weights, are distributed independently. Now, the lemma on

the diameter follows.

Lemma 1. Let the cumulative weight distribution function bé# in GTG model. Let
X and a sequence s- O(xzen) be such that

im (1- F(sﬂ)”xz/z)l/x —1 (51)

n—oo
Then, whp dianm= O(1/x).

Proof. Proof follows from the previous discussion.

6.1 Some Classes of Diameter

We now analyze and state conditions@nsuch thaidiam= O(1), diam= O(log®n)
anddiam= O(,/n/logn). We finally work out the case when the weight distribution
is exponential,f(w) = e ", w >0, (i.e.,F(w) = 1—e W, w > 0) and derive the up-
per bound on the threshold functi®gq in this particular case. For some other weight
distribution, the analysis would be similar. Our results are given by:
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1. Ultra-low Latency: diam= O(1). Letx < 1 be a constant argl = 6,,. If F(6,,)" —

0, thendiam= O(1) whp. For the exponential weight distribution it follows that
6n = o(logn).

2. Low Latency: diam= O(log"n). Let x = 1/log?n ands, = 8,/ log?n. If
F(8n/10g?n) 2lee®n Jogin — 0, thendiam = O(log?n) whp. For the exponential
weight distribution it follows tha8y, = o((log ) 2a(1-(log™ ">/n>).

3. High Latency: diam= O(y/n/logn). Let x = y/logn/n ands, = Bylogn/n. If
\/n/lognF(8ylogn/n)°9" — 0, thendiam = O(,/n/logn) whp. For the expo-

nential weight distribution it follows thel, = o((n/ log n)lfl/(z"’g”)) :

Here we prove of the previous claims.

Ultra-low Latency: diam= O(1). For the diameter to be a constant, fet 1 be
a constant. Invoking Lemma 1, it follows thdtam = O(1) whp if and only if 1—

F(sn)“xz/2 — 1, i.e., if and only ifF(s;)" — 0. The condition on the size afiamis
given by the following claim, and we can deri@g such thatdiam= O(1) whp.
Claim. If F(8,)" — 0, thendiam= O(1) whp.

For the exponential weight distribution it follows tHat6,)" = (1—e %)" — e /e,
The last equation tends to 0 if and onlynife®» — . That is,

Claim. For the exponential weight distributioh'w) = e, the diameter in GTG is
diam= O(1) if 8, = o(logn).

Low Latency: diam= O(log?n). Let us choos& = 1/log?n. Invoking Lemma 1, we
obtain:

n log9n

g
(L—F(s)™/A) = (1-F(s) 707 ) (52)
Fors, — 0, the last expression tends to 1, if and only if

F(sn) 2o log?n— 0, (53)
by using lim_ ;»(1—1/t)! = 1/e. The condition on the size afiamis given by the
following claim.

Claim. if F((log" n)“en)mnqn log?n — 0, thendiam= O(log¥n) whp.
For the exponential weight distribution, the following is to be satisfied

n

F (sh) 29 log¥n = log?n(1 — e 5n) 2lo®in /@I pdan Lo, (54)

or equivalently
2
5= 0 (fogn)~ o). (55)
Claim. For the exponential weight distributioh'w) = e™%, the diameter in GTG is
diam= O(logn) if &, = 0((Iogn)2q(1*<'°92q n)/n>>.
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High Latency: diam= O(y/n/lognlemma. Let us choose = /logn/n. Invoking

Lemma 1, we get

(1 F (s0)"/2) % = (1 F(5)/ 0V 0 (56)

It can be shown that the last expression tends to 1 if and oRiniflognF(s,)'°9" — 0,
by using lim_ (11— 1/t)! = 1/e. The condition on the size afiamis given by the
following claim.

Claim. If \/n/lognF((logn/n)®/2@,)'°9" — 0, thendiam= O(+/n/logn) whp.

For the exponential weight distribution, the following is to be satisfied

v/n/lognF(s)'°9" = \/n/logn(1— e 5)'°9" _,  /n/logns,°9" — 0, (57)
or equivalently
Sh= o((logn/n)l/(z'ogr‘)). (58)

Claim. For the exponential weight distributioh'w) = e, the diameter in GTG is
diam= O(,/n/logn) if 8, = o((n/ Iogn)°/2*1/<2'°9”)>.

Simulations are done for the additive case of GTG with the path-loss exponent
B = 3, (notP = 2) for the cases afliam= O(log*®n) anddiam= O(,/n/logn). Ex-
ponentially distributed weights with mean 1 are used. The network sizes simulated are
n = {100,200,500 1000 2000 10000¢. The threshold value8, for the two cases are
obtained by invoking previous claims.

60
40}
<=
=
3
© ° )
20— o ©
0 L
10° 10° 10*

n

Fig. 3. (a) For the case afiam= O(log?n), with g = 1.5, the analytical solid curve is the upper
bound ondiam(n). Thus, our simulation results match with theoretical predictions, since the
simulation points all lie below the analytical curve.
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100

diam(n)

Fig. 4.(b) For the case afiam= O(,/n/logn), the solid curve plots the upper bounddiam(n),
and this bound exactly matches with the experimental values.

7 Clustering Coefficient

Let us consider in more detail the clustering coefficient defined in Section 5, namely
the neighbor probability

K (Wi, Wj, Wi) = Pr{Vi ~ Vj|V; ~ Vie, Vj ~ Vic, Wj, Wi, W] (59)

Letx = /(W +W;j)/6Bn, Yy = /(W +W)/6nh andz = /(W +Wi)/Bn. Then, ifd;;

represents the distance between paiiaiisd j,
K = Pridij < x|djx <y,dik <7
1 z
= @/O Prdij <x|djk <y, dik =r]2mrdr

1 v4
_ W/o Ar)2mrdr (60)

whereA(r) is the overlap area of a disc of radigscentered at, and a disc of radius

y, centered ak. Now consider a trianglé\ABC, with sidesAB=r, AC=x, BC=Y,
/CAB=qa, ZABC= 3. Following arguments similar to those in [DC02], there are three
possible cases fak(r):

mimin(x,y)]? r<|x-yl
A(r) = { x?(a —sinacosa) +y?(B—sinBcosB)  [x—y| <r <x+y (61)
0 r>Xx+y
where 2 142 \2 2 2 0\2
(X -y (XY
o =cos (72)(r ), B =cos (72yr ) (62)
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From the definitions ok, y andz, |x—y| < z < x+Yy. After some algebraic manip-
ulation, one finds

Xrl PRy 1 P4y 1 R4y
K‘E[? 05 (S ) 008 (T)+?°°S (Ty)
R RN v e
,Wﬁxy 1222 | 2y°7 fx47y4724}
= Wi +W; ) (W + W) COS
T[(Wi+Wk)(Wj+Wk){( W) (Wi -+ W) (,/vviJFWj\/wierk)
1 Wi
+ (Wi +wj) (W) + W) cos ( e Wﬁwk)
1 Wi
+ (Wi + W) (Wj + W) cos (mm>

— (Wi Wj 4 Wi) /Wi Wj + Wjwi +WkWi}.

Note that whileK is a function of the weights;, wj andwy, it is independent oy. This
reflects a similar property in random geometric graphs [DCO02], where the clustering
coefficient is independent of the graph’s mean degree.

Written in terms of the connection probabilitiasb andc defined in Theorem &
is given by

a+b-c —a+b+c a—b+c
Krbc = abcos ™t +bccost ———""+cacos*
2v/ab 2vbc 2\/ac
b
_ AFDHC oabt 2act 2ca— a2 — b2 — 2. (63)

4

We now prove the bound on the clustering coefficient that we needed for Theorem 4.
Lemma 2. If wi,wj, W < W= (1—3y/3/4m)6,/2rthen K> a.

Proof. Define

Kt
S(aa b7 C) - ?

1 ,-a+b+c 1 _,a-b+c 1 _,a+b—-c a+b+c
cos s —

cos co ;
2vbe | b 2/ac ¢ 2vab " dabc

where

y = \/2ab+2ac+2ca—a2 — b2 — 2

_ zm\/l_ (=) (64)

It is easy to verify thaG= mtwhenw; = w; = w, = W. We will now show thaSis
nonincreasing over the weights, and ti@s mtfor all smaller values ofv;, wj, w.



The Structure of Geographical Threshold Graphs 19

Consider the sign of the derivative

ds_asoa 0sb 0S0c
dw ~ dadw; dbow; dcow,

D) g

SinceSis symmetric ina andb, it is sufficient to consider the sign 85/da:

0S_ y 1 __,-a+b+c
== —a+b+c) — = =T 66
oa 4a2bc( a+b+c) a2 cos 2vbc (66)
Now let b4
—a c
t=—+——¢c10,1. 67
e €01 ©7)
Then,
3—2: a—lz(t 1—-t2—cos1t). (68)

Given the functionp(t) = tv/1—t2—cos 't on[0,1], ¢/(t) = 2v/1—t2 >0 anddp(1) =

0. It follows thatdS/da < 0, and salS/dw < 0. Finally, Sis symmetric in(w;, wj, wi),

so it must be nonincreasing over each of the weights and bounded below by the value
atw; = wj = wy = W. This completes the proof.

Finally, we mention the general clustering coefficiét,defined by neighbor prob-
ability for a node with a given degree

Ki = Privi ~ vj|d(W) = I,Vi ~ Vic, Vj ~ W]
. Pl{Vi ~ Vj,d(Vk) = |,Vi ~ Vi, Vj Vk}
Pr{d(vk) =1l,vi~ Vi, Vj ~ Vk}
_Jawf(w)Prvi ~ vj,d(vk) = I,V ~ Vk,Vj W]
Sdwf(w)Prd(vi) =1,vi ~ Vi, vj ~w]

Similarly to the analysis of the clustering coefficidftit can be derived, that the
general clustering coefficient is given by the rafio= I,,/14, where

n—|

la = [ v F(wn) (g (ww) (1= g (e wn)) (69)

and
In :///d\NOdwldef(WO)f(W1>f(Wn)<le2T[22K(W) ( (“"’Wn))l 2(1_£(H+Wn))n7|

2\ 2
,///dwodwldwn wo)f(wl)f(wn)e?zfvtn() )(en(u+wn))'(1—6—:(u+wn))”*'
—/ u+wn é:(wrwn)) (1—e—n(u+wn)) i

: / / dwodwa f (Wo) f (W) (Wo + W) (Wa -+ i) K (W). (70)
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We evaluate the general clustering coeffici¢fit= 1, /14, by calculating the integrals
numerically. The following figure shows the value if, scaling almost perfectly as
~ 171, for the exponential weight distribution with mean 1 and parametersl000
and6, = 1000.

log(CC) vs log(L)

2+ J

-3F -

log(Clustering Coefficient)

-5r -

-6 I I I

3 :1 5 6 7
log(degree L)

Fig. 5. Clustering Coefficient vs. Degrée

8 Summary

Geographical threshold graphs are a rich model with the possibility of controlling struc-
tural properties by choosing specific weight distributions and tuning threshold values.
The model is a versatile one and can be used not only for the generation and analysis
of web-graphs or large complex networks, but more generally for relation graphs in a
large data set. If the data have a metric and can be mapped to nodes in Euclidean space,
much of the foregoing analysis applies: one may hope to control structural properties
of the data set by studying itas a GTG.

In this paper we have analyzed some of the structural properties. Given a node
weight distributionf (w) and threshold®,, the degree distribution can be easily calcu-
lated. We have shown the results on the absence and existence of the giant component by
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giving a bound on the thresho@. In Section 5 we presented upper and lower bounds
for the constant in the connectivity threshol@, = cn/logn. Finally (Section 7) we

have derived a formula for the clustering coefficient in terms of the weight distribution
and threshold, as well as discussed the general clustering coefficient, and evaluated it
numerically. We also have provided an upper bound on the diameter of GTG. For our
analysis we used the additive threshold functien-+w;)/r2 > 8, for the connectiv-

ity relation, but our techniques may be generalized to other cases in a straightforward
manner.
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