Accepted Manuscript o
p p o

CLSEVIER,

Solving Games via Three-Valued Abstraction Refinement Inforn’:‘ation
an

Computation
Luca de Alfaro, Pritam Roy

PIL: S0890-5401(10)00018-0
DOI: 10.1016/j.ic.2009.05.007
Reference: YINCO 3711

To appear in: Information and Computation
Received Date: 19 April 2008

Revised Date: 28 April 2009

Accepted Date: 19 May 2009

Please cite this article as: L. de Alfaro, P. Roy, Solving Games via Three-Valued Abstraction Refinement,
Information and Computation (2010), doi: 10.1016/j.ic.2009.05.007

This is a PDF file of an unedited manuscript that has been accepted for publication. As a service to our customers
we are providing this early version of the manuscript. The manuscript will undergo copyediting, typesetting, and
review of the resulting proof before it is published in its final form. Please note that during the production process
errors may be discovered which could affect the content, and all legal disclaimers that apply to the journal pertain.


http://dx.doi.org/10.1016/j.ic.2009.05.007
http://dx.doi.org/10.1016/j.ic.2009.05.007

Solving Games via Three-Valued
Abstraction Refinemeht

Luca de Alfar@, Pritam Roy

aComputer Science Department, UC Santa Cruz, USA.
bComputer Engineering Department, UC Santa Cruz, USA.

Abstract

Games that model realistic systems can have very largegtates, making their direct
solution difficult. We present a symbolic abstraction-refirent approach to the solution of two-
player games with reachability or safety goals. Given ahrehiity or safety property, an initial
set of states, and a game representation, our approachtstarbnstructing a simple abstraction
of the game, guided by the predicates presentin the progedtjn the initial set. The abstraction
is then refined, until it is possible to either prove, or disfr, the property over the initial states.
Specifically, we evaluate the property on the abstract gartie¢e-valued fashion, computing an
over-approximation (thenaystates), and an under-approximation (theststates), of the states
that satisfy the property. If this computation fails to gi@ certain yes/no answer to the validity
of the property on the initial states, our algorithm refin@s abstraction by splittingncertain
abstract states (states that are may-states, but not tatet)s The approach lends itself to an
efficient symbolic implementation. We discuss the propeztyuired of the abstraction scheme
in order to achieve convergence and termination of our tiecien

Keywords: Abstraction, Refinement, Three Valued, Model Checkinge§aReachability

1. Introduction

Games provide a computational model that is widely used jigations ranging from con-
troller design, to modular verification, to system desigd analysis. The main obstacle to the
practical application of games to design and control proisiéies in very large state space of
games modeling real-life problems. In system verificatame of the main methods for coping
with large-size problems iabstraction.An abstraction is a simplification of the original system
model. The foundations for the use of abstracion in verificelhave been laid in the works on
abstract interpretatiorfl], which has been extended to games in [2].

To be useful, an abstraction should contain sufficient tedaénable the derivation of the
desired system properties, while being succinct enoughidw for efficient analysis. Finding
an abstraction that is simultaneously informative and isutds a difficult task, and the most
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successful approaches rely on the automated construetishgradual refinement, of abstrac-
tions. Given a system and the property, a coarse initiarattin is constructed: this initial
abstraction typically preserves only the information aktbe system that is most immediately
involved in the property, such as the values of the statakbes mentioned in the property. This
initial abstraction is then gradually, and automaticaifined, until the property can be proved
or disproved, in the case of a verification problem, or uthi property can be analyzed to the
desired level of accuracy, in case of a quantitative problem

One of the most successful techniques for automated abstraefinement is the technique
of counterexample-guided refinemeot, CEGAR [3, 4, 5]. According to this technique, given
a system abstraction, we check whether the abstracticsfisatthe property. If the answer is
affirmative, we are done. Otherwise, the check yieldsibstract counterexamplencoding a
set of “suspect” system behaviors. The abstract countarebesis then further analyzed, either
yielding a concrete counterexample (a proof that the ptggeres not hold), or yielding a refined
abstraction, in which that particular abstract countemga is no longer present. The process
continues until either a concrete counterexample is foandntil the property can be shown to
hold (i.e., no abstract counterexamples are left). The @pfeCEGAR lies in the fact that it is
a fully automatic technique, and that the abstraction isiegffion-demand, in a property-driven
fashion, adding just enough detail as is necessary to petfte analysis. The CEGAR technique
has been extended to gamegounterexample-guided contid].

We propose here an alternative technique to CEGAR for refigame abstractions: namely,
we propose to usthree-valuedanalysis [7, 8, 9] in order to guide abstraction refinement fo
games. The technique is suitedréachability gamesyhere the goal is to reach a set of target
states, and tsafety propertieswhere the goal is to stay always in a set of “safe” states. The
technique works as follows. Given a game abstraction, wéyamat in three-valued fashion,
computing the set ahust-winstates, which are known to satisfy the reachability or ggiedp-
erty, and the set afever-winstates, which are known not to satisfy the property; the neimg
states, for which the satisfaction is unknown, are callethiay-winstates. If this three-valued
analysis yields the desired information (for example, shgvthe existence of an initial state
with a given property), the analysis terminates. Otherwige refine the abstraction in a way
that reduces the number ofay-winstates. The abstraction refinement proceeds in a property-
dependent way. For reachability properties, we refine tistrattion at the may-must border,
splitting a may-win abstract state into two parts, one ofalutis known to satisfy the property
(and that will become a must-win state). For the dual case@fy properties, the refinement
occurs at the may-never border.

Our proposed three-valued abstraction refinement tecbnign be implemented in fully
symbolic fashion, and it can be applied to games with bothefiand infinite state spaces. The
technique terminates whenever the game has a fetten algebraa partition of the state space)
that is closed with respect to Boolean and controllablelpcessor operators [10]: this is the
case for many important classes of games, among which tisweeg[11, 12]. Furthermore, we
show that the technique never performs unnecessary refisnte final abstraction is never
finer than a region algebra that suffices for proving the pitgpe

In its aim of reducing the number of may-states, our techmiquelated to the three-valued
abstraction refinement schemes proposed for CTL and ti@msiystems in [7, 8]. Differently
from these approaches, however, we avoid the explicit coctidn of the tree-valued transition
relation of the abstraction, relying instead imayandmustversions of the controllable prede-
cessor operators. Our approach provides precision anieefficbenefits. In fact, to retain full
precision, the must-transitions of a three-valued modetirte be represented as hyper-edges,
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rather than normal edges [8, 9, 13]; in turn, hyper-edgesamgputationally expensive both to
derive and to represent. The may and must predecessor oysaset use provide the same preci-
sion as the hyper-edges, without the associated compuodgapenalty. For a similar reason, we
show that our three-valued abstraction refinement teclenigsuperior to the CEGAR technique
of [6], in the sense that it can prove a given property with bstr@action that never needs to be
finer, and that can often be coarser. Again, the advantageeigadthe fact that [6] represents
player-1 moves in the abstract model via must-edges, réttharmust hyper-edges. A final ben-
efit of avoiding the explicit construction of the abstractdab relying instead on predecessor
operators, is that the resulting technique is simpler tegme and simpler to implement. On the
other side, we remark that the techniques of [6] extendyetsiparity goals, whereas the refine-
ment scheme we propose can be extended, but only at the pdoenbersome bookkeeping.

While we present the technique for games, the techniqueyatds a three-valued abstrac-
tion refinement scheme for the verification of safety and habdity properties of transition
systems.

2. Preliminary Definitions
A two-player game structur@ = (S, \, §) consists of:
e A state spacé.

e Aturn function) : S — {1, 2}, associating with each statec S the playeri(s) whose
turn it is to play at the state. We writel =2, ~2 =1, andweletS; = {s € S| A(s) =
1}andS; = {s € S| A(s) =2}.

e A transition function ;S - 29\ (), associating with every statec S a non-empty set
d(s) C S of possible'successors.

The game takes place over the state spgcand proceeds in an infinite sequence of rounds.
At every round, from the current statec S, playerA(s) € {1,2} chooses a successor state
s’ € §(s), and.the game proceeds ¢b The infinite sequence of rounds gives rise tpadh

s € S¥: precisely, gpathof G is an infinite sequence = sy, s1, s2, . . . Of states inS such that
for all k >0, we haves; 1 € (s;). We denote by the set of all paths.

2.1. Game Objectives

An objective® for a game structur& = (S, )\, ) is a subsetb C S« of the sequences
of states ofG. A game(G,®) consists of a game structu¢etogether with an objectivé for a
player. We consider winning objectives that consist in haédlity and safety conditions. Given a
subsefl” C S of states, theeachabilityobjective(T = {so, 51, s2,-- € S¥ | Ik > 0.5, € T'}
consists of all paths that rea@h the safetyobjectivedT = {so, s1, $2,--- € S¥ | Vk > 0.5; €
T} consists of all paths that stay T forever. Games with reachability or safety objectives are
called reachability and safety games, respectively.

2.2. Strategies and Winning States

A strategyfor playeri € {1,2} inagamez = (S, \, §) is a mappingr; : S* x S; — S that
associates with every nonempty finite sequesna# states ending ity;, representing the past
history of the game, a successor state. We require thatl/lfera S« and alls € S;, we have
mi(os) € 4(s). An initial statesy € S and two strategies,, w2 for players 1 and 2 uniquely
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determine a sequence of sta@stcomesg, 1, m2) = so, s1, S2, - - ., Wwhere fork > 0 we have
Sp+1 = m1(S0, .- ., k) If s € S1, andsg1 = m2(s0, . .., sk) If s € Sa.

Given an initial states; and a winning objectiv® C S« for playeri € {1, 2}, we say that
states € S is winningfor player: if there is a playet-strategyr; such that, for all player-i
strategiesr..;, we haveOutcomésg, w1, m2) € ®. We denote byi)® C S the set of winning
states for playei for objective® C S“. A result by [14], as well as the determinacy result of
[15], ensures that for alb-regular goal® we have(1)® = S\ (2)—®, where~® = S\ ®. Given
a setd C S of initial states, and a property C S“, we will present algorithms for deciding
whetherd N (i)® # ) or, equivalently, whethet C (i)®, fori € {1,2}.

2.3. Game Abstractions

An abstractionV” of a game structur& = (S, A, §) consists of a set C 22°\? of abstract
states:each abstract state € V' is a non-empty subset C S of concrete states. We require
UV = S. For subset§” C S andU C V, we write:

Ul=Uppu TIW={veV|onT#£0} I ={eV]|vcT} (@)

Thus, for a seU C V of abstract stated/| is the corresponding set of concrete states. For a
setT C S of concrete stated; 17 andT'11/ are the set of abstract states that constitute over and
under-approximations of the concrete $etThe following result follows immediately from the
definitions (1).

Lemma 1. For all setsT' C S, we have:
T STIRy (TRHLCT C (T

We say that the abstractidi of a state-spacé is precisefor a setT” C S of states if
TTy =TTV,

2.4. Controllable Predecessor Operators
Two-player games with reachability, safety,.regular winning conditions are commonly

solved usingontrollable predecessor operatoi/e define th@layer< controllable predecessor
operatorCpre, : 2° — 2% as follows, for allX C S andi € {1,2}:

Cpre(X)={seS;|d(s)NX #D}tU{se S.;|d(s) C X}. (2)

Intuitively, fori € {1, 2}, the set CprgX) consists of the states from which playesan force
the game taX in one step. In order to allow the solution of games on therabsstate spack,

we introduce abstract versions of Cpf2]. As multiple concrete states may correspond to the
same abstract state, we cannot compute, on the abstractgtate, a precise analogous of Cpre
Thus, for player € {1, 2}, we define two abstract operators [9]:

e themayoperator Cpr}é’m : 2V — 2V which constitutes an over-approximation of Cpre

e the mustoperator Cprg™ : 2V - 2V, which constitutes an under-approximation of
Cpre.
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We let, forU C V andi € {1,2}:
Cpre ™ (U) = Cpre (U )17 Cpre ™M (U7) = Cpre (U )1, 3)
By the results of [9], we have the duality
Cpre™ (U) = v\ Cprel"(V\ U). )

The fact that Cpreé™ and Cpré&** are over and under-approximations of the concrete predeces
sor operator is made precise by the following observatidnick/follows directly from Lemma 1:
forallU C V andi € {1, 2}, we have

cpre”™(U)| C Cpré(U|) C Cpre"™(U) | (5)

2.5. p-Calculus

We will express our algorithms for solving games on the agos$tstate space in-calculus
notation [14]. Consider a function: 2V — 2V, monotone wher" is considered as a lattice
with the usual subset ordering. We denotedfiy(Z) (resp.vZ.v(Z)) theleast(resp.greatest
fixpoint of v, that is, the least (resp. greatest) getC V" such thatZ = ~(Z). As is well
known, sinceV is finite, these fixpoints can'be computed via Picard itematioZ.v(Z) =
limy,— 00 ¥"(0) andvZ.y(Z) = lim,—oo v"(V). In the solution of parity games we will make
use of nested fixpoint operators, which can be evaluated sted®icard iteration [14].

3. Reachability and Safety Games

We present our three-valued abstraction refinement teabroy applying it first to the sim-
plest games: reachability and safety games. It is convetogoresent the arguments first for
reachability games; the results for safety games are thiingll by duality.

3.1. Reachability Games

Our three-valued abstraction-refinement scheme for résldigproceeds as follows. We
assume we are given a garie = (S, )\, ), together with an initial sef C S and a final
setT C S, and an abstractiol” for G that is precise fofl’. The question to be decided is:
N {(1)OT =0?

The algorithm proceeds as follows. Using the may and mustgmessor operators, we com-
pute respectively the s&t/" of may-winningabstract states, and the $&8t" of must-winning
abstract states. W"Nd1} = 0, then the algorithm answers the question NoVif/ N917 # 0,
then the algorithm answers the question Yes. Otherwise,ilvehew later in Lemma 3 that there
is at least one abstract statsuch that:

ve (Wi \ W) ncpre ™ (WM). (6)

Such a state lies at the border betw&Ej andW;". Precisely, such aitis in Cpre]"" (W M),
but outside ofV}¥ = Cpre"™ (W), and it is thus a state i/;" that is just one Cpre™-step
removed fromV M. The algorithm picks such an abstract stasatisfying (6), and splits it into
two abstract states, andv,, where:

vy = v N Cprg (WHM)) vy = v\ Cpre (WY ]).
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Algorithm 1 3-valued Abstraction Refinement for Reachability Games

Input: A concrete game structut@ = (S, A, 0), a set of initial stateg C S, a set of target states
T C S, and an abstractiori C 22°\? that is precise fof".

Output: Yes if6 N (1)0T # 0, and No otherwise.

1. while truedo

WM = pY(T13/ U Cpre ™ (V)

W = pY.(T17} U Cpre ™ (Y))

if Wi N6o1y = 0 thenreturn No

else if WM N 17 # 0 then return Yes

else
choose € (W™ \ WM) n Cpre "™ (WM)
letv; :=v N Cpre (WM |) andvy := v\ vy

. Vi=V\{v})U{v,ve}

10. end if

11. end while

©CoNOO~WDN

As a consequence of (6), we will show that v, # 0. The algorithm is given in detail as
Algorithm 1. We first state the partial correctness of th@dtgm, postponing the analysis of its
termination to Section 3.3.

Lemma 2. After Step 3 of Algorithm 1, we haVEM | C (1)0T C W™ |.

PROOF The result follows from (5), and from the monotonicity oeth-calculus operators
appearing in Steps 2 and 3 of AlgorithmiiL.

Lemma 3. If Step 7 of Algorithm 1 is reached, there is at least one regie (W™ \ W) N
Cprel™™ (W).

PROOFE_First, notice that since the algorithm did not terminat&tgp 4 or Step 5, it must be
WmnTy-#£ 0 andWM N1y = 0, which by the previous lemma impliég C W™, From
the fact that¥’;" is a least fixpoint, we havd/;» = nY.(WM UCpre]""(Y)). Thus, there must
be somey € W \ WM with v € Cpre”™(W}M). 1

Lemma 4. The sets; andvs computed at Step 8 of Algorithm 1 are both non-empty.

PROOF. Consider € W7\ WM with v € Cprg”™ (WM). Forv, = vn Cpre (WM |), we
havev; # (), for otherwisev; ¢ Cpre}/’m(WlM). Furthermore, we have, C v, for else we
would havev € Cpre ™ (W), contradicting the fact thalt’} is the fixpoint computed at

Step 21

Theorem 5. (partial correctness) Algorithm 1 can be executed withatdrs. Moreover:

1. if the algorithm terminates with answer Yes, tifen (1)OT # 0;
2. if the algorithm terminates with answer No, thém (1)0T" = 0.
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Figure 1: Three-Valued Abstraction Refinement in Reaclialiiame

PROOF The only statement that could result in an error in the ettecwf Algorithm 1 is the
choice ofv at Step 7; Lemma 3 ensures that the error never arises. Ifghdgtam terminates at
Step 4, the result follows from Lemma 2. If the algorithm terates at Step 5, the result follows
from the fact thatV* | N 6 # (), together with Lemma A&

Sufficient conditions for the termination of the algorithne @resented later, in Section 3.3

Example. As an example, consider the gam@ellustrated in Figure 1. The state space of the
game isS = {1,2,3,4,5,6, 7}, and the abstract state spac&is= {v,, v, v, v4}, @s indicated

in the figure; the player-2 states afe = {2,3,4}. We conside® = {1} andT = {7}.
After Steps 2 and 3 of Algorithm 1, we haW®]" = {v,, vy, ve,vq}, andWM = {v.,v4}.
Therefore, the algorithm can answer neither No in Steps AYas in Step 5, and proceeds to
refine the abstraction. In Step 7, the only candidate fottsmiis v = v, which is split into

v = v, N Cpre (WM |) = {3}, andvs = v, \ v1 = {2,4}. Itis easy to see that at the next
iteration of the analysis;; andv,, are added t(Wf"f, and the algorithm returns the answer Yes.
|

Discussion. We have assumed that the initial abstraction is precis@&'fdn practice, this is not

a restrictive assumption, since the initial abstractiausisally obtained as one that can represent
preciselythe set of target states. Removing the assumiptif’ is represented precisely in the
initial abstraction invalidates Lemma 3. Thus, Algorithnedn stop withi;» \ WM # (), yet

no regionu as stipulated in Lemma 3 may exist. In this case, the abgiraof the target states

T must be refined by splitting some regionin7* \ 7777 .

An‘improved algorithm for reachabilityAlgorithm 1 can be improved by avoiding the full re-
computation of the setd’;*! andW;™ at each abstraction refinement. Once we obtaianduv,
as in Step 8, we can s&t := W U {v;}, and we can compute for the next iteration:

WM .= Y. (W U Cpre/ M (Y)) W™ := pY.(W U Cpre "™ (Y))
The resulting algorithm is presented as Algorithm 2.

3.2. Safety Games

We next consider a safety game specified by a targets, together with an initial condition
6 C S. Given an abstractiol that is precise fof’, the goal is to answer the question of whether
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Algorithm 2 Improved 3-valued Abstraction Refinement for Reachab@igmes

Input: A concrete game structut@ = (S, A, 0), a set of initial stateg C S, a set of target states
T C S, and an abstractiori C 22°\? that is precise fof".

Output: Yes if6 N (1)0T # 0, and No otherwise.

1. W:=1T1

2. while truedo

3 WM .= puy.(W U Cpre ™ (Y))

4, Wi .= uY.(W U Cpre ™(Y))

5. if Wi™ N 617 = 0 then return No

6 else if WM N 617 # 0 then return Yes

7 else

8. choose e (W™ \ WM) N Cpre"™(WM)
9. letv; :=v N Cpre (WM |) andvy := v\ vy
10. Vi=V\{v})U{v,ve}

11. W =W U {v}

12. end if

13. end while

6N{(1)OT = (. We note that the objectivesT and(—T are dual, so that due to the determinacy
of such games, we havé)OT = S\ (2)¢—T.

As for reachability games, in safety games we begin by comguhe setiV]" of may-
winning states, and the sBtM of must-winning states. Again, iV'{" N 677 = 0, we answer
No, and ifWM N 917 +# 0, we answer Yes. In safety games, unlike in reachability game
cannot split abstract states at the may-must boundary. de@hebility games, a may-state can
only win by reaching the godr’, which is contained il |: hence, we refine the may-must
border. In a safety game with objectiv&l’, on the other hand, we haw&;*| C T, and a
state inWW{ | can be winning even if it never reachB§" | (which indeed can be empty if the
abstraction.is too coarse). To choose the location wherglito we exploit the duality between
the safety goalJ7" and reachability goap—7". In the game with goap—T', splitting occurs at
the may-must boundary fde)¢—T", which is also the may-losing boundafy(07T". Hence, in
safety games the splitting occurs at the may-losing boynddis yields Algorithm 3.

Theorem 6. (partial correctness) Algorithm 3 can be executed withatdrs. Moreover:
1. if the algorithm terminates with answer Yes, tifen (1)00T" # 0;
2. if the algorithm terminates with answer No, thém (1)0OT = 0.

PrROOF The theorem can be proved by noting that the go@lisand (—7" are dual, and by
noting that from (4) we have:

vY(T1Y nCpre™ (V) =V \ w¥o((S\ T)1} U Cpre M (1))
VY.(TT7 N Cpre ™ (Y)) = V \ uY.((S\ T)17 U Cpre ™ (Y)) .

Thus, the Algorithm 3 is the dual of Algorithm 1, and its catreess can be proved in analogous
fashion.m
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Algorithm 3 3-valued Abstraction Refinement for Safety Games

Input: A concrete game structut@ = (S, A, 0), a set of initial stateg C S, a set of target states
T C S, and an abstractiori C 22°\? that is precise fof".

Output: Yes if N (1)OT # 0, and No otherwise.

1. while truedo

2. WM .= vy (T1¥ ncprd™(v))

3. Wi .= vY.(T15% N Cpre ™ (Y))

4. if W™ n o1y = 0 then return No

5. else if WM N O17 # 0 then return Yes

6. else

7. choose € (W™ \ WM) N Cpre ™ (V \ W™)
8. letv; :==v N Cpre(S\ (W{"])) andvg :=v \ vy
9. letV := (V\ {v}) U{v1,va}

10. end if

11. end while

We note that it is possible to obtain a-more efficient versibAlgorithm 3 by performing
a dual transformation to the one that yielded Algorithm 2ediely, before Step 1, we let
W := (T1%); the fixpoints at Steps 2 and 3 are computedii#’ := vY.(W N Cpre ™ (Y))
andW/™ := vY.(W N Cpre "™ (Y)); and after Step 8 we s&¥ := W\ {v;}.

3.3. Termination

We present a condition that ensures termination of Algor#li and 3 (and thus also Algo-
rithm 2). The condition states that, if there is a finite algetf regions (sets of concrete states)
that is closed under Boolean operations and controllalddgmessor operators, and that is pre-
cise for the set of target states, then (i) Algorithms 1 aret@inate, and (ii) the algorithms never
produce abstract states that are finer than the regions afdgkbra (guaranteeing that the algo-
rithms do_not perform unnecessary work). Formallgegion algebrafor a gameG = (S, A, 0)
is an abstractiol/ such that:

e U is closed under Boolean operations: foraflus € U, we haveu; Uus € U and
S \ up € U.

e U is closed under controllable predecessor operators: ffar alU, we have Cprg(u) €
U and Cprg(u) € U.

Theorem 7. (termination) Consider a gamé& with a finite region algebra/. Assume that
Algorithm 1 or 3 are called with argumends, 9, T', with T € U, and with an initial abstraction
V C U. Then, the following assertions hold for both algorithms:

1. The algorithms, during their executions, produce abstsiates that are all members of
the algebral.
2. The algorithms terminate.
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PrROOF Let us prove the theorem for the reachability game. Theffaysafety game can be
easily obtained by duality.

First, note that due to the closure properties of the redigelbaal/, the algorithm computes
entirely with regions inJ: precisely, variables are only assigned region& ofThis yields the
first assertion of the theorem.

The termination of Algorithm 1 can be proved by the followargument. At each refinement
loop, the algorithm decreases the size of the uncertaimfipméV;™ \ W, since the set;
computed in Step 8 will belong té#/ in the following iteration. As the region algebta
is finite, within a finite number of refinements the uncertairggion will be empty, and the
algorithm will return either Yes or Ndi

Many games, including timed games, have the finite regiosebalgs mentioned in the above
theorem [11, 10, 12].

3.4. Approximate Abstraction Refinement Schemes

While the abstraction refinement scheme above is fairly iggnie makes two assumptions
that may not hold in a practical implementation:

e it assumes that we can compute be?band Cpré/’M of (3) precisely;

e it assumes that, once we pick an abstract statie split, we can split it intov; andw,
precisely, as outlined in Algorithms 1 and 3.

In fact, both assumptions can be relaxed, yielding a morelyidpplicable abstraction refine-
ment algorithm for two-player.games: We present the mod#igdrithm for the reachability
case only; the results can be easily extended to the dualodasety objectives. Our start-
ing point consists in approximate versions Qfﬂéﬂ Cpqu’M‘ : 2V — 2V of the operators

Cprqv’m, Cprqv’l"{, fori € {1,2}. We require that, for al C V andi € {1, 2}, we have:
Cpre*™(U) C Cpre™™*(U)  Cpre™"'~(U) C Cprg (V) . @

With these operators, we can phrase a new, approximateaatisir scheme for reachability,
given in Algorithm 4. The use of the approximate operatoramsethat, in Step 8, we can be
no longer sure that botty # () andv \ vy # (. If the “precise” split of Step 8 fails, we resort
instead to an arbitrary split (Step 10). The following thexarstates that the algorithm essentially
enjoys the same properties of the “precise” Algorithms 1znd

Lemma 8. At Step 4 of Algorithm 4, we hav& | C (1)oT € W™ |.

PROOF. From Equation 7, we have : Cgr& (U) C Cpre ™" (U) and Cpr¢'"~(U) C
Cprqv"M(U) forall U C V andi € {1,2}. For reachability game the approximate and ac-
curate must winning set is obtained by the respective fixgommulasWW;" ~ = uY.(TTy U
Cprd ™M~ (Y)andWM = py.(T1¥ uCpre ™ (Y). Since we start with the same intial set and
in each iteration Cpre™ ~(Y') C Cpre”* () holds, it is obvious thatV’~ C WM. Similar
arguments will prove that/;» C W/"*. After we combine these two results with Lemma 2, we
obtainW;¥~| C (1)oT C W/ |. &

Theorem 9. The following assertions hold.
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Algorithm 4 Approximate 3-valued Abstraction Refinement for Reaclitgtiames

Input: A concrete game structut@ = (S, A, 0), a set of initial stateg C S, a set of target states
T C S, and an abstractiori C 22°\? that is precise fof".

Output: Yes if6 N (1)0T # 0, and No otherwise.

1. while truedo

2 WM= .= uy. (T U cpre M (Y))

3 W = pY.(T17 U Cpre ™ (Y))

4. if Wi N 617 = 0 then return No

5. else ifWM~ N 617" # 0 then return Yes

6 else

7 choose € (W™ \ WM~)n Cpre ™ (W}~)
8 letv, := v N Cpre (WY~ ])

9 ifvi=00rv, =v

10. then split v arbitrarily into non-empty; andw,
11. elseve = v\ v;

12. end if

13. letV := (V\ {v}) U {v1,v2}

14. end if

15. end while

1. Correctnesdf Algorithm 4 terminates, it returns the correct answer.

2. Termination. Assume- that Algorithm 4 is given as input a gafevith a finite region
algebraU, and argument®,7 € U, as well as with an initial abstractio’’ C U.
Assume also that the region algehrais closed with respect to the operators CXJ%’
and Cpre}"”*, for i € {1, 2}, and that Step 10 of Algorithm 4 splits the abstract states in
regions inU. Then, (a) Algorithm 4 produces only abstract state& im the course of its
execution and (b) it terminates within finite number of refieats.

PROOF

1. The correctness can be proved as in Theorem 5, using Lemma 8

2. (a) The fact that Algorithm 4 produces only regiondjirfollows from the closure ot/,
and by inspection of the operations performed by the algarit (b) The termination of
Algorithm 4 follows again from the finiteness &f, and from the fact that at each iteration,
the uncertainty region shrinka.

3.5. Comparision with Counterexample-Guided Control

It is instructive to compare our three-valued refinementaagh with thecounterexample-
guided controlapproach of [6]. In [6], an abstact game structure is conttliand analyzed.
The abstract game contaimaisttransitions for player 1, anthaytransitions for player 2. Every
counterexample to the property (spoiling strategy for eta®) found in the abstract game is
analyzed in the concrete game. If the counterexample is tlealproperty is disproved,; If the
counterexample is spurious, it is ruled out by refining th&ti@lztion. The process continues until
either the property is disproved, or no abstract countengies is found, proving the property.
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Figure 2: Safety game, with objectivgl for T' = {1, 2, 3,4}.

The main advantage of our proposed three-valued approaamhomunterexample-guided
control is, somewhat paradoxically, that we do not expjiaitonstruct the abstract game. It
was shown in [8, 9] that, for a game abstraction to be fullcfe® themusttransitions should
be represented as hyper-edges (an expensive represergpice-wise). In the counterexample-
guided approach, instead, normalistedges are used: the abstract game representation incurs a
loss of precision, and more abstraction refinement stepshmageded than with our proposed
three-valued approach. This is best illustrated with amgta.

Example. Consider the game structure depicted in Figure 2. The statrces is
S =1{1,2,3,4,5,6}, with S; = {1,2,3,4} andSy = {5, 6}; the initial states aré = {1, 2}.
We consider the safety objectivel” for T = {1,2,3,4}. We construct the abstractidn =
{va, v, v} precise ford andT', as depicted. In the counterexample-guided control abroa
[6], hyper-must transitions are not considered in the gontibn of the abstract model, and the
transitions between, andv, are lost: the only transitions from, andv, lead tov.. Therefore,
there is a spurious abstract counterexampledgee» v.; ruling it out requires splitting, into
its constituent states and2. Once this is done, there is another spurious abstract emat
ample2 — v, — wv.;ruling it out requires splitting, in its constituent states. In contrast, in
our approach we have immediaté = {v,,v,} andv,, v, € Cpre}/*M({va,vb}), so that no
abstraction refinement is requirdd.

The above example illustrates the fact that the counterpbeaguided control approach of
[6] may require a finer abstraction than our three-valuedegfient approach, to prove a given
property. On the other hand, it is easy to see that if an atigirasuffices to prove a property in
the counterexample-guided control approach, it also ®sfie our three-valued approach: the
absence of abstract counterexamples translates diradteifact that the states of interest are
must-winning.

4. Symbolic Implementation

We now present a concrete symbolic implementation of outrattton scheme. We chose a
simple symbolic representation for two-player games; atiie symbolic game representations
encountered in real verification systems (see, e.g.,[1]p,at& usually more complex, the same
principles apply.

4.1. Symbolic Game Structures

To simplify the presentation, we assume that all variable®aolean. For a set of Boolean
variables, we denote h¥ (X)) the set of propositional formulas constructed from thealaes
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in X, the constantsrue andfalse and the propositional connectivesA, vV, —. We denote
with ¢[v /x| the result of replacing all occurrences of the variabia ¢ with a formulay. For
¢ € F(X)andz € X, we write {I}2.¢ for ¢[true/z]{ } ¢[false/z]. We extend this notation
to setsY” = {y1,y2, ..., yn } Of variables, writingvY.¢ for Vy; .Vys. - - - Vy,,.¢, and similarly.for
3Y.¢. For a setX of variables, we also denote By’ = {2’ | z € X} the corresponding set of
primedvariables; forp € F(X), we denotey’ the formula obtained by replacing everye X
with z’.

A states over a setX of variables is a truth-assignment X — {T, F} for the variables in
X; we denote withS[X] the set of all such truth assignments. Giver F(X) ands € S[X],
we writes = ¢ if ¢ holds when the variables i are interpreted as prescribed fyand we let
[9lx = {s € S[X] | s = ¢}. Giveng € F(X UX') ands,t € S[X], wewrite(s,t) = ¢ if
¢ holds whenr € X has values(z), andz’ € X’ has valug(z). WhenX, and thus the state
spaceS[X], are clear from the context, we equate informally formulad sets of states. These
formulas, or sets of states, can be manipulated with thedfedpmbolic representations such as
BDDs [18]. Asymbolic game structu®s = (X, A1, A) consists of the following components:

e A set of Boolean variableX.
e A predicateA; € F(X) defining when it is player 1's turn to play. We defihe = —A;.

e Atransition functionA € F(X U X’),.such that for alk € S[X], there is some € S[X]
such thafi(s,t) = A.

A symbolic game structur€'s = (X;A1;A) induces a (concrete) game structaGre= (S, A, 6)
via S = S[X], and fors,t € S, X(s) = 1iff s = Ay, andt € §(s) iff (s,t) = A. Given a
formulag € F(X), we have

Cpre ([¢]x) = [(Ay A IX' (A A gb’)) V (=A1 A VX (A — ¢’))]]X.

4.2. Symbolic Abstractions

We specify-an abstraction for a symbolic game structilge = (X, A1, A) via a subset
X®* C X of.its variables: the idea is that the abstraction keepktoamty of the values of the
variables inX?; we denote byX¢ = X \ X“ the concrete-only variables. We assume that
Ay € F(X*), s0 that in each abstract state, only one of the two playersycave (in other
words, we consideurn-preservingabstractions [9]). With slight abuse of notation, we idinti
the ‘abstract state spaté with S[X*], where, fors € S[X] andv € V, we lets € v iff

s(z).= v(z) for all z € X . On this abstract state space, the operators (Cprand Cprg™"’
can be computed symbolically via the corresponding opesaﬁpré”m and SCpr{é’M, defined
as follows. Forp € F(X?),

SCprd ™ (6) = 3X°. (A1 A X" (AAG)) V (A2 AVX'(A = ¢)) ) 8)
SCprd™(9) = VX°.((A AIX(ANG)) V (A2 AVX'(A = @) )

The above operators correspond exactly to (3). Alternlgtiwge can abstract the transition
formulaA, defining:

m,=3X°3x.A  AY, =vXxe3Ixd A
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These abstract transition relations can be used to comppteximate versions SCp}fé”+ and
SCpré/’M’ of the controllable predecessor operators of (8), (9):

SCprg™™ " (¢) = ((Al AIXY (A% APV (Ao AVX Y (AM, — ¢')))
sCprd ™™ (¢) = (A A3X (AN, A 6)) V (A2 AVXY (A% — )

These operators, while approximate, satisfy the condit{@jy and can thus be used to implement
symbolically Algorithm 4.

4.3. Symbolic Abstraction Refinement

We replace the abstraction refinement step of Algorithms &n@ 4 with a step that adds a
variablexr € X¢ to the setX * of variables present in the abstraction. The challengeéboose
a variabler that increases the precision of the abstraction in a usefyl o this end, we follow
an approach inspired directly by [4].

Denote byv € S[X*] the abstract state that Algorithms 4 chooses for splittirstep 7, and
let )~ € F(X?) be the formula defining the s&F}*’~ in the same algorithm. We choose
x € X°¢ so that there are at least two statesse € w that differ only for the value of, and
such that; = SCpré"™" (¢} =) ands, - SCprg ™" (™). Thus, the symbolic abstraction
refinement algorithm first searches for a variabke X © for which the following formula is true:

300 ) (1o = (o = SCPZET)) v (1o = (o SO (117))) ),
wherey, is thecharacteristic formulaf v:
xo =Nz lzeXv(z) =T} A N{~z|ze€ Xv(z)=F}.

If no such variable can be found, due to the approximate coatipn of SCpré”m+ and

Scprd"™~, thenz € X* is chosen arbitrarily. The choice of variable for AlgorittBrcan
be obtained by reasoning in dual fashion.

5. Conclusions

We have presented a technique for the verification of gamesepties based on the construc-
tion, three-valued analysis, and refinement of game abtnsc The approach is suitable for
symbolic implementation, and can be implemented in a kaBtistraightforward manner. The
key insight of the approach consists on relying on threea@lversions of the usual predeces-
sor operators to analyze a system, avoiding the construcfia three-valued transition relation,
which would require an exponential blow-up in the size ofdhstract system to achieve com-
parable precision. The method, presented here for gameguély suited to transition systems,
where it constitutes an alternative to the classical caertample-guided refinement technique
of CEGAR [3, 4, 5].
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