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Reconstructing Hidden Regulatory Layers by
Network Component Analysis: Theory and

Application
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Abstract

The authors recently introduced a framework, named NetwW@artponent Analysis (NCA), for the
reconstruction of the dynamics of transcriptional requigtctivities from gene expression assays. In this
paper, our goal is to characterize NCA as a general purpds@rieand signal reconstruction technique:
given only the noisy output signals of a multi-dimensioriagéar system and certain a-priori knowledge
about the connectivity among the inputs and the outputsitéghod is capable of reconstructing both
the input signals as well as the unknown connectivity caeffits. In particular, the following aspects of
NCA are investigated: I) The sufficient conditions on therimp connectivity information (required for
successful reconstructions via NCA) are made less stringdlowing easier verification of whether a
network topology is identifiable, as well as extending thasslof identifiable systems. II) We show that
the two-stage least square iterative procedure used in NiEAtifies stationary points of the likelihood
function, under gaussian noise assumption. lll) A framéwfor the simultaneous reconstruction of
multiple regulatory sub-networks is introduced, thus oweming one of the limitations of the original
formulation of the decomposition, occurring for small sdengize data. A set of monte carlo simulations
with synthetic data suggest that the approach is indeedbtaph accurately reconstructing regulatory
signals when these are the input of large-scale networks#tsfy the suggested identifiability criteria,
even under fairly noisy conditions. The sensitivity of theeanstructed signals to inaccuracies in the
hypothesized network topology is also investigated. Theilte obtained in [1] by applying NCA to

experimental gene expression measurements of the bawt&sacherichia coliare extended to the
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reconstruction of multiple regulatory sub-networks witartmlly overlapping sets of transcriptional

regulators.

Index Terms

System identification, Biology and genetics, Network med&lata analysis.

. INTRODUCTION

Recent advances in biotechnology have resulted in the md¢tamh of high-throughput tech-
niques for the measurement of biological signals. An exangdl such technologies is DNA
microarray assays [2], which allow simultaneous monitprari the expression levels of several
thousand genes in an organism. Such increase in the amodataomade available to biologists
has driven a parallel effort aimed at developing informafiwocessing tools required to analyze
such data sets. Accordingly, the last few years have wigteasapid increase in the introduction
of new statistical tools and associated computational ouetlogies for the analysis as well as
modeling of biological systems [3]-[5].

The task of extracting information about the structure aymadhics of intra- and inter-cellular
processes from these large-scale data sets has, howexampo be difficult, and the reasons are
guite apparent: the observed signals are the outputs of @legrstochastic dynamical system
involving a considerable number of hidden factors. The aaghes that have been adopted so
far can be broadly classified into two categories, namely-perametric and parametric. In
the non-parametric case, no generative model for the sigeadssumed, and inferences about
intracellular mechanisms are based on different measficeependencies (or lack thereof) among
the signals themselves. For example, works based on dchgstef genes using their expression
profiles [6] and on extracting regulatory information usiBgyesian statistics [7] fall under this
category. While these methods have been applied succgssfule problem of finding patterns
of co-expression between genes, it is well known that sucthodks are limited in the fact that
they do not provide means for including specific biologicald®aling assumptions that could be
derived from available a-priori knowledge on the systemeaurstudy.

In a parametric approach, on the other hand, an a priori sgeérative models is assumed
and the parameters of these models are estimated from theetaDne such example is provided

in [8], where the experiment design involves measuremdriteeautputs of a targeted pathway in
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response to perturbations in the inputs, and the objectivearns the determination of causative
links among the input and output signals. A linearized sspi@ce model for the underlying
mechanism is assumed and an overall sparsity constrainbhemdnnectivity is imposedyiz.
each output signal is influenced by at méSput of NV perturbed inputs. The inference procedure
is then centered around the issue of selecting a sparse ao#ilyepattern that best fits the data.

In many experiments one does not have the capability of Sedycand precisely perturbing
a significant number of the input signals. Instead, one hasszcto only a subset of the system
output signals measured under different conditions, whiate the overall effect of perturbing
the physiological state of the cells in unidentified ways.DINA microarray experiments, for
example, one can monitor the expression level of genes,hwdie modulated by a hidden set
of transcriptional regulatory mechanisms, including tirgellular and intra-cellular signaling,
co-activation mechanisms, and competitive binding, jostriention a few. It is unclear how
one might infer characteristics of the hidden mechanisnissagnals from only the expression
data. Even if one were to assume a linearized model for thegaotions among the activated
transcription factors and the genes, one will be left withititractable problem of simultaneously
estimating the parameters of the linearized systea the input-output connectivity and the
related strengths), as well as the hidden regulatory ssgiégnce, one needs to impose further
constraints on the linearized model to make the inversel@nolsolvable.

In [1], [9] the authors introduced a data decomposition mégine, named Network Component
Analysis (NCA), which uses a certain type of a-priori knovgedabout the connectivity pattern
among the input and output signals, in order to reconstrath Ibhe network input signals
and the strengths of its connections, when only the outuntads are accessible. In the case of
transcriptional regulation, the a-priori knowledge omgeription factor (TF) binding sites affinity
provides information about whether a particular TF-gemgila@ory link is significant or not. For
example, if the activated form of a TF is known not to bind gigantly to the binding sites in the
promoter region of a gene, then one can set the correspopdnagneter in the linearized model
to zero. Data on potential TF-gene interactions (or absthereof) is readily available for several
prokaryotes as well as eukaryotes in the form of publiclyilaisée databases. Thus, the NCA
decomposition technique effectively combines availabdectural data with the measurement of
the outputs of the system (in this case the gene expressiets)ein order to estimate certain

hidden quantities of the regulatory network, namely thevdigtievels of the major transcriptional
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regulators, as well as the relative control strength they@se on different genes. It is worthwhile
to note that while well-known linear decomposition techugg, such as Principal Component
Analysis (PCA) [10] or Independent Component Analysis [11R][have found application in
the analysis of certain gene expression and other biolbdata sets [13]-[15], such methods are
not suitable for the problem of recovering hidden mechasjsas defined in this paper. Rather
than using a priori biological knowledge to make the decositmm problem solvable, these
methods impose mathematical/statistical constraintsherirtput signals\iz., orthogonality for
PCA and statistical independence for ICA) and yield potelgtidense connectivity patterns,
both of which are not representative of the underlying lgadal system.

In this paper, we derive certain novel results on the estomgiroblem associated with NCA
and demonstrate its wide applicability as a generalizedmosition technique. In particular,
we analyze systematically for the first time the performacitaracteristics of the NCA decom-
position as a function of the measurement error as well abeftomplexity of the regulatory
network, in the ideal scenario when the model linearity it wviolated. The results obtained in
a large-scale set of monte carlo simulations demonstraieenh the efficacy of the method even
in those cases when the modeling assumptions are subjeoig®e perturbations.

In Section Ill, we analyze the sufficient conditions for it&ability, i.e., when does one have
enough prior knowledge, in terms of the absences of linkshen rietworks, so that one can
perform the intended decomposition. We derive a new andcestiget of sufficient conditions
for system identifiability. We then establish a statistit@mework for NCA and show that
the iterative method introduced in [9] for estimating thgulatory signals and the connection
strengths from the observed data is equivalent to a paaticchse of Maximum Likelihood
(ML) estimation technique (Section V). In Section V, we yide a systematic study of the
performance of NCA by simulating different types of trangtianal networks with synthetically
generated input data, under various noise levels, in a-scgke settings. Based on the newly
derived set of conditions, we introduce an approach whiofsait overcoming certain limitations
of the original formulation, due to either insufficient sdmize or incomplete connectivity
information. In particular, we demonstrate how from the sasat of data, one can consistently
estimate multiple sub-networks. For example, in [1] we regob the application of NCA to a
single regulatory sub-network involving 11 transcripabfactors and 100 genes of the bacterium

Escherichia Coli(E.coli). Using the same data set, we show how the parameters ofatever
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overlapping subnetworks can be consistently estimatedetbre extending the analysis to several
major transcriptional regulators of the organism undedt{a total of 37 TFs controlling 237

genes).

[l. THE MODEL

For a given biological system, we can describe the non4inglationship between a set éf
unknown input signalgp;,...,p.} and a set ofV measurable output signa{g;,...,ex} as

follows:

en(tm) :J’:(al,...,aK;pl(tm),...,pL(tm)), n=1....N, m=1,...,M, (2)

whereaq, ..., ak is a set of parameters of the non-linear model, and. . , ¢, is a discrete set
of time points for which the system dynamics are assumed tm logiasi steady-statd et us

now consider the following linear approximation of (1):

L
enltm) = aupi(tm) + Yn(tm), n=1,...,N, m=1,..., M, 2)
=1

where~, (t,) is an error term that incorporates both model inaccuracidsn@easurement noise.

Equation (2) can be expressed in a matrix form as follows:

E=AP +T} (3)

where £ = [e,(t,,)] (Size: N x M), A = [a] (Size: N x L), P = [p/(t,)] (size: L x M),
andI’ = [y,(t,)] (size: N x M). A linear model of the type described by equations (3) can be
effectively visualized as a bi-partite network (similarttmse depicted in Fig. 1) where the input
layer is associated to a set of hidden regulatory signalslwhre mapped to the output layer
(the measurable output signals). The strengths of the ctione in the network are measured
by the parameters,,.

This type of linear networks finds application in severaldge.g.telecommunications, signal
processing, statistical learning), where different degref partial knowledge on the network

inputs or parameters might be available. In the special edmse both the input variables and



IEEE TRANS. ON COMPUTATIONAL BIOLOGY AND BIOINFORMATICS 6

the connectivity strengths are unknown, the solution spdd8) becomes infinite dimensional,
unless further constraints are imposed on the estimatioblgm. Principal Component Analysis
(PCA) [10] and Independent Component Analysis [11] provide éwamples of valid solutions to
the problem, by requiring the unknown input signals to bbagbnal or statistically independent,
respectively.

The authors recently introduced a framework, named Netv@wkiponent Analysis (NCA)
[1] [9], for modeling gene transcriptional regulation netks (in quasi-steady state conditions)
through an input-output relationship of the type defined3)y\Where the unknown transcriptional
factor activities{py,...,pr} are the hidden nodes in the network, the gene expressiofs leve
{e1,...,en} are the measurable outputs, and the parameigmneasure the control strength of
each regulator protein for each promoter binding site. NCAroemes a fundamental problem
affecting the applicability of available decompositiorarfreworks such as PCA or ICA to
biological data,viz. the fact that these are based on specific assumptions on ahstical
properties of the reconstructed signals (orthogonalitgtatistical independence), which do not
generally hold for actual regulatory signals, and theeeftand to produce results which are
difficult to interpret from a biological standpoint. Moresy such techniques do not explicitly
provide means for including information on known regulgtoreractionsj.e. constrains on the
connectivity matrixA.

The main idea behind NCA is to derive a biologically meanihgflution of (3) by exploiting
the available a-priori knowledge on known regulatory iatgions (generally available for several
prokaryotes as well as eukaryotes, in the form of trangonpfctor binding affinity to different
promoter regions), avoiding at the same time imposing &rrtonstraints on the estimated time-

courses of the transcriptional factor activities.

[11. NETWORK IDENTIFIABILITY CRITERIA

The available information regarding each transcriptiootda binding affinity to different
promoter regions will translate into a set of constraintstib@ network connectivity matrix
A [9]:
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0 if TF 7 does not regulate gene
a;; =4 + if TF j positively regulates gene (4)
— if TF j negatively regulates gene
The relational constraints defined by (4) impose a specificcgire on the matrixA. The
following definition formalizes this concept:
Definition 1 (Regulatory Pattern)Given a matrixA4, and a setRy, C 22 = {(4,5) : Vi, j},

we say thatA is characterized by theegulatory patternRR, if and only if:

a; =0 for (i,7) ¢ Ro (5)
The identifiability of (3) will, in general, depend on the sgiE regulatory patterriR,. For
example, consider the case whah= L and R, defines the set of diagonal matricds The
resulting system has trivially a unique solution if the miagpte of the elements in the diagonal
of A is assigned. The same conclusion would apply when consglam arbitrary permutation
of a diagonal matrix as regulatory patteRy. In general, it is reasonable to assume that the
larger the number of zero elementsAnthe more likely it is that the set of parameters satisfying
model (3) is uniquely determined.

This intuition can be formalized by showing that the spedase consisting of arbitrary
permutation of diagonal matrices is not the only one wheeesthlution of (3) is unique when
scaling is taken into consideration. In order to generafimeh property, let us introduce the
following additional definitions:

Definition 2 (Scaling Property)Given two matricesA € R, and P, and a matrixI’ = AP
(size: N x M), we will say that the decomposition df given by the paif A, P) is essentially
uniqueif and only if all pairs(A, P), such thatdP = T can be expressed as follows:

A=AX"1,
N (6)
P=XP,

where X is an arbitrary non-singular diagonal matrix.

The definition identifies (without proving its existence histstage) a class of matrix pairs

(A, P), whose product can be decomposed only as scaled versiohg ofiginal matrices.
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The next definition aims at establishing a fundamental ptgpef the connectivity pattern
associated with a given matrit, by identifying a class of regulatory networks for which leac
transcriptional regulator has an independent rodejts regulatory function is unique and cannot
be replaced by a combination of the regulatory effects dubdather transcriptional regulators.

Definition 3 (Non-Redundant Connectivity Patteriven a matrixA € R, (size: N x L,

N > L), the associated connectivity pattern will be referred sman-redundant, if and only
if each matrix obtained from¥ by arbitrarily selecting one of its columns and removingseo
rows corresponding to the non-zero elements of the selextketnn has rank equal tb — 1.

It is straightforward to prove that if a matrix satisfies Definition 3, it is also full column rank.
The following theorem, which was introduced and proved i {@ll be used as a starting point
to demonstrate a fundamental property of the decomposititioh is formulated in Theorem 2:

Theorem 1 (NCA Decompositionziven two matricesA (size: N x L) and P (size: L x M),
define their matrix product & = AP (size: N x M). If the following hypotheses are satisfied:

i) A is characterized by a non-redundant regulatory patiyr{as in Definition 3)

i) P is full row rank.

Then, for any matrice® (size: L x M), A (size: N x L), such thatd € R, and AP = T, it

is always possible to find a diagonal non-singular makfixsize: L x L), s.t:

A = AX!

3

= XP

Therefore, the NCA decomposition éssentially unique.
Theorem 1 can be used to prove the following useful resulichvidentifies a simple set of
sufficient conditions on the topology of the network defingdRy:

Theorem 2 (Generalized Identifiability}Consider a set of linearly independent input signals
p = {p1,...,pr}, and a set ofN output signalsb = Ap obtained through a random mixing
matrix A € R, (size: N x L). If the following hypotheses are satisfied,

i) N>L

i) Each column ofA has at leasf. — 1 zeros,

iii) None of the columns ofA has a set of non-zero entries which is the subset of the nan-ze

entries of any other column,
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then the input signals can be reconstructed up to arbitregying from the output signals
{b1,...,by}. Analogously, the mixing matrixA can be reconstructed up to arbitrary scaling
of its columns.

The proof is provided in Appendix A. The identifiability catidns of Theorem 2 have the
following straightforward interpretation from a graph ding perspective. First, each node in the
regulatory layer cannot be connected to more than L + 1 nodes in the output layer (where
L and N are the number of nodes in the input and output layer, respggt Moreover, when
considering the set of nodes connected to an arbitrary motleiregulatory layer, this set cannot
be a subset of the children of another regulator node. Elgunttg, when a node in the regulatory
layer is considered, and all the nodes it connects to arewethamone of the remaining nodes
in the network should become disconnected as a result.

The theorem provides a set of sufficient conditions on theleggry patternR, that can be
easily tested for compliance. Fig.1 shows two examplesgflegory patterns characterized by the
same number of nodes as well as by the same number of comee(ttie edges of the network).
The regulatory network shown in Fig.1(a) is not identifiablee to the regulatory pattern of the
transcriptional regulator corresponding to the first calumwhich violates hypothesis (iii). The
network in Fig.1(b), on the other hand satisfies all the idi@bility conditions. Notice that the
adjacency matrices of both networks are full column rans tthowing that set of identifiability

conditions cannot be reduced to more conventional prasedf linear systems.

IV. REGULATORY NETWORK ESTIMATION FRAMEWORK

In [9], the authors proposed a two-step iterative leastisgakgorithm in order to estimate the
unknown parametergA, P), subject to the connectivity constraints. In this sectwe,derive a
maximum likelihood (ML) estimation framework for (3), andevghow that, under gaussian noise
assumptions, the stationary points of the likelihood fiorcimust satisfy the normal equations

of the associated weighted least-square criterion.

A. Maximum Likelihood Estimation

Let us consider the noisy linear model defined in (3), wheeecttimnectivity matrixA defines

a regulatory pattern which satisfies the hypotheses of Eme@:
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Fig. 1. An example of non-identifiable regulatory pattern (on the left) anéxample of an identifiable one (on the right) are
shown. Notice that the system matrices of both networks are full columi ra

E=AP+T, A€R,, ©)

whereI' is a matrix of measurements errors which are assumed to benzegsin gaussian and
independent. Since we are assuming a gaussian indepenuieat anaracteristic, the negative

log-likelihood function [16] associated with (7) has théldwing simplified expression:

N M a(”) ©))2
n= 1 '7"m

1m
(c

wherea!!” is the nth row of the matrixA4, Pm ) is the mth column of the matrixP, and

ol ifi=mandj=n

E [’Yz’j ’an] = . ) 9)
0 otherwise

where~,,, is the (m,n) element of the noise matrik. The quantitiess? ~are assumed to be
known experimentally. When multiple samples are availabtettie measurement da¢a,,; we
can simply considee,,,,, = Ele,n.], i.e. their ergodic averages. The minimum of the negative

likelihood function can be computed by setting its gradiequal to zero:

T
oL oL | _
VL(A,P)_[ S apkq] = 0. (10)
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We have from (8):

R Sk R A 2 11
aal] Z ) ( )

'Yzm

fori=1,...,N,andj =1,..., L. Also:

OL(A, P wi(€ng — a7 Pl
( ) )—_ZZak(qua Pq )7 (12)
8pkq n=1 Tnq
fork=1,...,Landg =1,..., M. The components of the gradient vector have a straightiorwa
interpretation. Notice, in fact, that (far=1,..., N):
[ (=1 ()T
eC!
_— 7 7( nP1
e - 5 =0l P, (13)
m=1 %m j=1,...,.L (r) (mnT '
e 'C”
B ,yiv)pL
M) -1 _(NT
a, ' PC_,,p
M D, a(r)p(c) YO
= — : —a"pc_l PT (14)
1 mer [apeg el
L i
with 07<T> given by:
Cyr = ERNT4M) i=1,...,N, (15)

where 7§” is the ith row of the noise matrid’. The remaining components of the gradient

satisfy (forqg=1,..., M):

c)T 1 (¢
N CP)/(C)
AnkEn Tr—1 c
[Z = ] - ' = AT 4o
n=1 Tna | g=1,..,L c)TC—
| 7(6)

N a kag)p((lc) C C)Ap T ©
PP — : = A C,Y(c> Apy?, 17)
n=1 Yng k=1,...,.L ()T (c

| a C’Y<C)A

with:
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Cryto) = BRSO, g=1,..., M, (18)

where~!” is the gth column of the noise matrik. Hence, it holds that:

OL(A, P . o |
%—0 — al )PC;E)PT:eE )CV%T)PT, i=1...N. (19)
Qg5 ¢ ¢
and:
OL(A, P
% =0 = ATC%/:(I-C)AP((IC) — ATCP—)I%C>el(1c)7 g=1,... M (20)
q p ¢

Equations (19) and (20) show that the gradient of (8) is zememthe pair( A, P) satisfies the
normal equations of the weighted least-squares critendhe case whei® is given, and in the

case whenA is given, respectively.

V. SIMULATION RESULTS

In order to evaluate the performance of the proposed decsitigpg we conducted several
experiments both with synthetic data and with real hybation data measured during whole
genome microarray assays of the bacterigstherichia Coli K12 Furthermore, the sensitivity

of the method to inaccuracies in the hypothesized conngcprattern was also investigated.

A. Synthetic Data with Additive Noise

The goal of this set of simulation experiments is to assessefficacy of the method in
reconstructing the network dynamics in a large-scale ngttiwhen both the model linearity
and identifiability assumptions hold strictly, with the eption that the outputs are perturbed
by additive noise. This test aims at establishing the perémrce characteristics of the NCA
decomposition as a function of the measurement error as agelbf the complexity of the
regulatory network, in the ideal scenario when the modaditty is not violated.

In a first set of simulation experiments, expression levéd elas generated synthetically based
on the model defined in (3). We considered two different eXxampf connectivity topology. The
first (namedNetwork A consists of a network of 321 genes and 25 transcriptiorabfa, with
a fan-in (the number of TFs controlling each gene) rangingvéen 1 and 6, for a total of 661

regulatory interactions. This first example aims at minrmgka real transcriptional regulatory
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Network A fan—in
15 ‘ :

100 1

50 1

Fig. 2. Histogram of the fan-in (number of TFs controlling each geneyeatfvork A

network, where most binding sites are in general assoctatégbs than three regulatory factors.
A histogram plot of the fan-in of the resulting network is simin Fig. 2.

The second exampleNétwork B comprises a similar number of genes and TFs (400 and
25 respectively), but with a larger average network faneiin Kig. 3), resulting in an increased
total number of connections in the network (2,475). In gahdenser connectivity matrices will
result in harder estimation problems, both because thé notaber of variables is larger and
also because of the increase in redundancy in the regulatemhanism.

The synthetic time-courses of the transcriptional faciivdies were generated keeping in
mind one of the key aspect of the proposed decompositianjts capability of reconstructing
the regulatory signals without requiring specific assuonsion their statistics. Therefore, three
different sets of transcriptional factor activities (faah of the two networks) were synthetically
generated, characterized by an increasing degree oftistatidependence between the various
TFs profiles. The first set consists of 25 nearly uncorrelaes@-mean gaussian signals, while
the remaining two sets were generated by linearly mixingitemidl sets of gaussian signals
until a certain pre-specified level of statistical depemyenetween the signals was achieved.

The condition numbek of the signal matrixP (defined as the ratio between its largest

and its smallest singular values) was adopted as an oveedbkune of statistical correlation
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Network B fan—in
80 ‘ ‘ ; ‘ ;

1 2 3 4 5 6 7 8 9 10 11 12 13

Fig. 3. Histogram of the fan-in (humber of TFs controlling each gendYetivork B

between the input signals of the regulatory network. Theditmm number for each set of TFs
profiles is shown in Table I, along with the results that weldamed when attempting the
reconstruction of 1,000 different regulatory networks éach combination of network topology
and set of transcriptional factor activities. Differentdés of additive noise were also considered
for comparison. In all cases, the mean square error was sadn@easure of accuracy in the
reconstruction of both the control strength$) @nd the TF activity profiles®). The accuracy
in the fit of the synthetic expression data matrix is also regab

The results shown in Table | confirm the method’s capabilityezonstructing the network
parameters, even in those cases for which the driving Sgral strongly correlated. In particular,
the reconstruction error becomes arbitrarily small when dtditive noise is zero, in all cases.
Moreover, the reconstruction accuracy appears to slowtgrieate for increasing levels of
measurement noise, as well as for increasing levels of latioe between the regulatory signals,

thus suggesting that the algorithm is robust to moderateeinperturbations.

B. Synthetic Data with Inaccuracies in the Connectivity Toggl

The accuracy of the a-priori knowledge on the regulatorgraxtions between input nodes

and output nodes in the network plays a key role in NCA. The eotwity topology for



IEEE TRANS. ON COMPUTATIONAL BIOLOGY AND BIOINFORMATICS 15

TABLE |
RESULTS OBTAINED BY APPLYINGNCA TO TWO SYNTHETIC TRANSCRIPTIONAL REGULATORY NETWORK ARCHTECTURES
(EACH SIMULATED 1,000TIMES WITH DIFFERENT PARAMETERS. THE SIMULATION EXPERIMENTS INCLUDED THREE
DIFFERENT SETS OF TRANSCRIPTIONAL REGULATOR ACTIVITY PROEES, CHARACTERIZED BY VARIOUS DEGREES OF
MUTUAL STATISTICAL DEPENDENCE (HERE COLLECTIVELY DESCRIBED BY THE CONDITION NUMBERE OF THE MATRIX P).
DIFFERENT LEVELS OF ADDITIVE GAUSSIAN NOISE WERE ALSO CONSIBRED. THE RESULTS ARE SHOWN IN TERMS OF
MEDIAN MEAN -SQUARE-ERROR(MSE), AND 90-PERCENTILE OF THE MSE(i.€. IN 90% OF THE SIMULATIONS, A MSE

SMALLER THAN THE ONE REPORTED WAS OBSERVEp

Noise A mse P mse Data fit ‘
Dataset - - -
Level medlan‘ 90% medlan‘ 90% medlan‘ 90%
Network A

0% <le-10| <1e-9 <le-9 | <le-9 || <1le-010| <le-9

£=5.713 5% 0.0252 | 0.0266 | 0.0651 | 0.0679 | 0.0497 | 0.0521
(uncorrelated)| 10% || 0.0357 | 0.0378 | 0.0925 | 0.0962 | 0.0708 | 0.0740
20% || 0.0508 | 0.0540 || 0.1311 | 0.1364 || 0.1004 | 0.1054

0% <le-10| <1e-9 <le-9 | <le-9 <le-10 | <1e-9
5% 0.0260 | 0.0278 || 0.0661 | 0.0690 0.0504 | 0.0530
10% 0.0371 | 0.0394 || 0.0937 | 0.0977 0.0717 | 0.0750
20% || 0.0529 | 0.0563 || 0.1329 | 0.1387 || 0.1019 | 0.1065

€ =187.28

(moderately

correlated)

0% <le-9 | <le-9 <le-9 | <le-8 <le-9 <le-9
5% 0.0289 | 0.0309 || 0.0851 | 0.0891 || 0.0649 | 0.0682
10% || 0.0411 | 0.0441 | 0.1208 | 0.1265 | 0.0921 | 0.0965
20% 0.0588 | 0.0629 || 0.1713 | 0.1796 0.1310 | 0.1376

Network B
0% 2.2e-10| 3.6e-10|| 4.6e-10| 7.4e-10| 3.3e-10 | 5.1e-10

& =4.735 5% 0.0454 | 0.0467 || 0.0500 | 0.0515 0.0943 | 0.0968
(uncorrelated)| 10% 0.0644 | 0.0661 || 0.0710 | 0.0732 0.1338 | 0.1371
20% 0.0917 | 0.0942 || 0.1016 | 0.1047 0.1910 | 0.1956

£€=2,639.4

(strongly

correlated)

0% 8.5e-10| 1.3e-9 || 7.4e-10| 1.2e-9 || 4.0e-10 | 6.3e-10
5% 0.0563 | 0.0583 | 0.0251 | 0.0259 | 0.0459 | 0.0472
10% || 0.0805 | 0.0831 | 0.0358 | 0.0370 || 0.0654 | 0.0672
20% || 0.1154 | 0.1194 || 0.0514 | 0.0534 || 0.0936 | 0.0962

£€=1211.19

(moderately

correlated)

0% 9.9e-10| 1.8e-9 || 2.1e-9 | 3.6e-9 || 9.3e-10 | 1.7e-9
5% 0.0725 | 0.0762 || 0.0740 | 0.0774 0.1322 | 0.1365
10% 0.1041 | 0.1095 || 0.1061 | 0.1101 0.1887 | 0.1942
20% 0.1534 | 0.1625 || 0.1542 | 0.1616 0.2717 | 0.2806

€=1,574.0

(strongly

correlated)
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TABLE Il

RECONSTRUCTION ACCURACY FOR DIFFERENT LEVELS OF INACCURACMW THE DESCRIPTION OF THE NETWORK

TOPOLOGY

Connectivity

Errors

A mse

P mse

Data fit

median

90%

median

90%

median

90%

2%

0.0938

0.1299

0.0889

0.0914

0.1750

0.2020

5%

0.1138

0.1998

0.0897

0.1096

0.1891

0.2446

10%

0.1473

0.2289

0.0925

0.1551

0.2145

0.2687

actual biological regulatory networks is conventionallyilbfrom different sources of a-priori
information on the interaction between different chemigaécies. For example, in the case of
transcriptional networks this kind of information is latg@vailable in the literature for several
organisms, and it is often accessible through publicly lalsée databases. Nonetheless, one
must take into account the fact that experimentally derivéeraction patterns are often prone
to errors.

In this second simulation experiment, we considered the@eciivity architecture oNetwork
A from the previous set of simulations, and we evaluated tfeetedf introducing arbitrary errors
in the hypothesized connectivity topology. Once the syinth#ata was generated according to
the true network connectivity pattern (with 10% additiveugsian noise), we systematically
introduced random errors in the connectivity matrix iliggaess, by randomly selecting a subset
of gene-TF pairs and adding a connection if one was not ptesemtherwise removing it if
one was present. The procedure was selectively applied 1&628and 10% of the connections
in the network.

The results we obtained are shown in Table Il. The measureahnsguare error in the
reconstruction of the connectivity matriA is clearly larger than in the case when the correct
topology was considered, and tends to increase monotgnwiih the percentage of wrong con-
nectivity assumptions. However, the reconstructed psofilethe transcriptional factor activities

are in general less affected by the errors in the topologgn déhiough the consistency of the

INotice that the percentages are expressed in terms of the number regctions in the network, not in term of the total

number of elements in thd matrix.



IEEE TRA

(a) (b)

Fig. 4. The figure shows an example of non-NCA-compliant topologlya@well as the selection of an identifiable sub-network

(b), obtained by removing TFand the genes that are associated to it.

reconstruction worsens as witnessed by the larger valug®e &0% percentile. This phenomenon
is easily explained by considering that the profile of a gitranscriptional regulator is estimated
from a large set of gene expression level time-courses:e@tlsquares criterion tends to favor
the regulatory interactions that better explain the ddtas tdiscarding misleading connections
in the regulatory pattern.

In general, the behavior of the proposed decomposition asehsituations when erroneous
connectivity assumptions are made cannot be fully predidcte advance. Factors that will
influence its performance are, for example, the noise in tleaswrement data, the number
of wrong connectivity assumptions, as well as their loggtiand the degree of correlation
between the regulatory signals. However, for a given nétwapology, and a set of measurement
data characterized by a known noise level, one can attemesttblish the sensitivity of the
reconstructed network dynamics by conducting a seriesmfilation experiments of the type
described in this section, therefore assessing the censisbf the results when different patterns

of error in the hypothesized network architecture are thiced.

C. Selection of Identifiable Regulatory Sub-network& iooli

When networks of the type described by model (3) are built upeailable biological con-
nectivity information, a fundamental problem may arise doi¢he fact that the identifiability
conditions described in Theorem 2 are not always satisfiéis might be due to either an
insufficient number of data samples collected during theeerpental stage (whed/ < L
the linear independence of the input signals is necessaolgted), or to the topology of the

regulatory network not satisfying the hypotheses of Theo& A straightforward solution to
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Sub-Network I Sub-Network II
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Atoc BirA OsdC
MetR ModE
RpoH

Sub-Network III

Fig. 5. The figure shows the three regulatory subnetworl& abli analyzed with NCA. The three subnetworks are characterized

by partially overlapping sets of transcriptional regulators.

the problem is obtained by increasing the number of sampiletgoollected or the number of
genes assayed, respectively, until the conditions arsfigati

When such solution is not viable, one can still select a subsehe factors involved in
the regulation of the genes assayed in the experiment. Tiesgafected by the transcriptional
regulators that have been excluded must be pruned acctyddansider for example the network
in Fig.4(a): it is easy to verify that the topology of this wetk violates the hypotheses of
Theorem 2. Therefore, although the complete system is eatiithble, it is nonetheless possible
to focus on the transcriptional regulatdéf¥; to TF, and build an identifiable subnetwork by
selecting the subset of genes which are not regulated By

The primary challenge, when applying NCA to real data is tfogecto identify a suitable set
of active genes and transcriptional regulators, which mdy are significant from a biological
standpoint, but also satisfy the identifiability criteriaquired by the decomposition. The con-
nectivity information in the case of the bacteridrcoli was derived from the publicly available
binding site affinity information provided in the RegulonDB7]] database which included 120
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Fig. 6. Transcription factor activities of the bacteritncoli during growth in a medium transition, estimated from three
regulatory subnetworks by NCA analysis. Each color (red, greedum) lis associated to one of the three sub-networks. The

time axis is expressed in hours.

regulatory proteins and 833 genes.

In [1], a microarray assay experiment is described duringlwh total of 25 time-points were
collected during the growth of the organism in a medium titaors (from glucose to acetate). In
this experiment, the sample size represented the criacabif in determining the largest possible
identifiable transcriptional sub-network. The analysistieé dataset with NCA resulted in the
reconstruction of a single regulatory subnetwork inclgdi® key transcriptional factors whose
activity profiles were reconstructed along with their cohstrength on a total of 100 genes.

The problem of finding all possible subsets of transcri@laregulators that are NCA esti-
mation compliant can be shown to be a combinatorial NP-haothlem. However, by taking

advantage of the formulation of the identifiability condrs given in Theorem 2, we devised a
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Fig. 7. Transcription factor activities of the bacteritEncoli during growth in a medium transition, estimated from three
regulatory subnetworks by NCA analysis. Each color (red, greerum) tis associated to one of the three sub-networks. The

time axis is expressed in hours.

simple heuristic which provides an efficient and reliabteraative to the combinatorial approach.

In general, for large regulatory networks it is the violatiof hypothesis (iii) together with
the limited sample sizeM > L is required to ensure the linear independency between the
regulatory signals) that prevents the applicability of NOAerefore, one can start by randomly
selectingK’ < M out of the L regulatory nodes and check whether hypothesis (iii) issBad

by the subnetwork obtained by considering the selectedatayy nodes as well as all the genes
connected to them but not connected to any one of the prurgedaters. When such initial
choice violates the identifiability conditions, the TFsesion is updated iteratively according to

the following heuristics. Among the pruned TFs the one wlith largest out-degree connectivity
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Fig. 8. Transcription factor activities of the bacteritEncoli during growth in a medium transition, estimated from three
regulatory subnetworks by NCA analysis. Each color (red, greerum) tis associated to one of the three sub-networks. The

time axis is expressed in hours.

is selected to replace one of the regulators responsibléh#owiolation of hypothesis (iii) in
the current selection. The latter can be either chosen aoraror according to its out-degree
connectivity. Simulation experiments show that the apginda in general capable of identifying
a suitable subnetwork within a few iterations (in generakléhan 10).

For the dataset described in [1], and by following the proceddescribed above, three
significant transcriptional sub-networks were identifienl & total of 37 unique TFs (shown
in Fig.5) and 237 genes. The reconstructed time-coursdseafegulators are shown in Fig. 6,7,
and 8. These results show a significant consistency in thenagn of the transcriptional

factor activities across different sets, thus demonsigathe applicability of a simultaneous
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reconstruction of overlapping regulatory sub-networkspérticular, the activities of additional
major regulators such as FIS, FNR and IHF were reconstruted providing further insight
on key regulation pathways iB.col.

For example, the estimated activity profildr(fig. 7) of FIS (a DNA binding protein involved
in DNA replication specific processes) confirms previouseeixpental evidence [18] that the
activity of FIS rapidly increases within 15-30 minutes of atntional upshift and then slowly

levels off when cells begin to grow.

VI. DISCUSSION

The results presented in Section V demonstrate that NCA eeitidapable of accurately recon-
structing regulatory signals when these are the input ofords that satisfy certain topological
criteria, even under fairly noisy conditions. In partiauléhe method succeeds in separating
the input signals even when these are highly-correlatads ttvercoming a major limitation of
standard exploratory techniques such as PCA or ICA. Moreaxen investigating the sensitivity
of the algorithm to inaccuracies in the hypothesized ndtwopology, we observed that the
method is still capable of providing a faithful reconstiant of the input signals, as long as
the relative number of inaccurate connections is small wé@npared to the total number of
connections. This result is of particular interest, since &-priori knowledge on the network
topology is often derived from experimental data which isna@ to errors.

The simplified set of identifiability conditions derived inhd@orem 2, provide not only a
straightforward method for testing a network topology fo€A compliance, but also sug-
gest a strategy for selecting candidate identifiable sulear&s from the overall topology. We
demonstrated the applicability of the sub-network sebtectnethod in Section V. Starting from
regulatory protein binding site affinity information forettbacteriumk.coli, we built a diagram
of the overall connectivity topology which relates pronrategions to transcriptional regulators.
The identifiability of such initial network is unattainalid®th because of the limited sample size
available in the experimental data and also because saegrahtors violate hypothesis (iii) of
Theorem 2. By applying the approach discussed in Section Vwere able to identify three
NCA compliant sub-networks, with overlapping sets of traimtional regulators. For such set
of regulators, the consistency in the profiles reconstdustarting from different sub-networks

provided compelling preliminary evidence that the patakeonstruction of the profiles of the
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regulators across different transcriptional sub-netwaskviable.

APPENDIX
A. Proof of Theorem 2

Theorem 2 can be demonstrated by showing that its hypotresesquivalent to those of
Theorem 1 with probability that goes to one, when the matris a random matrix constrained
by the regulatory patterRy,. From the linear independence assumption of the input Egna
{p1,...,pr}, derives that the second hypothesis of of Theorem 2 is naglyssatisfied.

Hypotheses (i) and (ii) of the theorem are necessary camditin order for the regulatory
patternR, to be non-redundant. In fact, when they are violated, themettmust be at least
one column ofA for which the matrix obtained by removing all the rows cop@sding to its
non-zero entries will have less thdn— 1 rows, thus violating the rank condition of Def. 3.

We can therefore proceed by showing that when hypothesisf(ihe theorem is also satisfied,
the identifiability conditions of Theorem 1 are satisfiedhmirobability one over the set of all
possible values assumed by the non-zero entries of thexmétrEelect an arbitrary column
of A, and in order to simplify the notation, consider a permotatf the rows ofA such that
the first NV — K entries of column- are arbitrary non-zero real numbers, and the Iastntries
are all zeros (see figure 9K must be greater or equal thdn— 1 because of hypotheses (i)
and (ii). The resultingk’ x (L — 1) sub-matrix consisting of the lagt’ rows of A and all of
its columns but the selected one, must be full column rankrdermto satisfy the property of
Definition 3. When the entries;; ¢ Ry, ( = N—K+1,...,N,j=1,...,L, j # r) are
samples drawn independently from the continuous disiohubf a random variable, this sub-
matrix is full column rank with probability one, as long asneoof its columns has all zero
entries induced by the connectivity pattern. The only cas&hich such condition is violated is
when the non-zero entry pattern of one or more columnd &f a sub-set of the non-zero entry
pattern of another column of. Such case would indeed violate hypothesis (iii), thus gV

the theorem.

B. Properties of the ML Estimator

In this section, we demonstrate certain properties of thedgiimate, defined as the optimum

of the cost function (8). In particular, we will show that thiases of the estimates df and P
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N-K+1

Fig. 9. The figure shows how to build from the K x (L—1) sub-matrix (in blue), whose rank must satisfy Def.3, for a given

columnr.

are mutually related.
From (19), the ML estimate of th&h row of A is given by:

~ ~ - —1
a) =el"o L PT(PC_LPT) | i=1,...,N, (21)

where P is the ML estimate ofP, whose columns can be computed as:

-1 .
p = (ATC’y<c) A) ATO’;’EC) el(JC)7 g=1,...,M. (22)
Given that:
o) =al P+, B =0, i=1,...,N, (23)
Thus, we have:
- ~ - -1
Blal’] = al B[Pl P (PO PT) @)
Similarly, since:
e(c AP(C ’Y(C)? E[’Yt(;)] = O? q = 17 to 7M7 (25)

it holds that:

E[pY] = [(ATC A) Arc)! A] . (26)
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Therefore:

(1]

(2]

(3]

(4]

(5]

(6]
(7]

(8]

9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]
[17]

[18]

E[a"] —a” < E[p] - p. 27)
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