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Application
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Abstract

The authors recently introduced a framework, named NetworkComponent Analysis (NCA), for the

reconstruction of the dynamics of transcriptional regulators activities from gene expression assays. In this

paper, our goal is to characterize NCA as a general purpose network and signal reconstruction technique:

given only the noisy output signals of a multi-dimensional linear system and certain a-priori knowledge

about the connectivity among the inputs and the outputs, themethod is capable of reconstructing both

the input signals as well as the unknown connectivity coefficients. In particular, the following aspects of

NCA are investigated: I) The sufficient conditions on the a-priori connectivity information (required for

successful reconstructions via NCA) are made less stringent, allowing easier verification of whether a

network topology is identifiable, as well as extending the class of identifiable systems. II) We show that

the two-stage least square iterative procedure used in NCA identifies stationary points of the likelihood

function, under gaussian noise assumption. III) A framework for the simultaneous reconstruction of

multiple regulatory sub-networks is introduced, thus overcoming one of the limitations of the original

formulation of the decomposition, occurring for small sample size data. A set of monte carlo simulations

with synthetic data suggest that the approach is indeed capable of accurately reconstructing regulatory

signals when these are the input of large-scale networks that satisfy the suggested identifiability criteria,

even under fairly noisy conditions. The sensitivity of the reconstructed signals to inaccuracies in the

hypothesized network topology is also investigated. The results obtained in [1] by applying NCA to

experimental gene expression measurements of the bacterium Escherichia coliare extended to the
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reconstruction of multiple regulatory sub-networks with partially overlapping sets of transcriptional

regulators.

Index Terms

System identification, Biology and genetics, Network models, Data analysis.

I. I NTRODUCTION

Recent advances in biotechnology have resulted in the introduction of high-throughput tech-

niques for the measurement of biological signals. An example of such technologies is DNA

microarray assays [2], which allow simultaneous monitoring of the expression levels of several

thousand genes in an organism. Such increase in the amount ofdata made available to biologists

has driven a parallel effort aimed at developing information processing tools required to analyze

such data sets. Accordingly, the last few years have witnessed a rapid increase in the introduction

of new statistical tools and associated computational methodologies for the analysis as well as

modeling of biological systems [3]–[5].

The task of extracting information about the structure and dynamics of intra- and inter-cellular

processes from these large-scale data sets has, however, proven to be difficult, and the reasons are

quite apparent: the observed signals are the outputs of a complex stochastic dynamical system

involving a considerable number of hidden factors. The approaches that have been adopted so

far can be broadly classified into two categories, namely, non-parametric and parametric. In

the non-parametric case, no generative model for the signals is assumed, and inferences about

intracellular mechanisms are based on different measures of dependencies (or lack thereof) among

the signals themselves. For example, works based on clustering of genes using their expression

profiles [6] and on extracting regulatory information usingBayesian statistics [7] fall under this

category. While these methods have been applied successfully to the problem of finding patterns

of co-expression between genes, it is well known that such methods are limited in the fact that

they do not provide means for including specific biological modeling assumptions that could be

derived from available a-priori knowledge on the system under study.

In a parametric approach, on the other hand, an a priori set ofgenerative models is assumed

and the parameters of these models are estimated from the data set. One such example is provided

in [8], where the experiment design involves measurements of the outputs of a targeted pathway in
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response to perturbations in the inputs, and the objective concerns the determination of causative

links among the input and output signals. A linearized state-space model for the underlying

mechanism is assumed and an overall sparsity constraint on the connectivity is imposed,viz.

each output signal is influenced by at mostK out ofN perturbed inputs. The inference procedure

is then centered around the issue of selecting a sparse connectivity pattern that best fits the data.

In many experiments one does not have the capability of selectively and precisely perturbing

a significant number of the input signals. Instead, one has access to only a subset of the system

output signals measured under different conditions, whichhave the overall effect of perturbing

the physiological state of the cells in unidentified ways. InDNA microarray experiments, for

example, one can monitor the expression level of genes, which are modulated by a hidden set

of transcriptional regulatory mechanisms, including inter-cellular and intra-cellular signaling,

co-activation mechanisms, and competitive binding, just to mention a few. It is unclear how

one might infer characteristics of the hidden mechanisms and signals from only the expression

data. Even if one were to assume a linearized model for the interactions among the activated

transcription factors and the genes, one will be left with the intractable problem of simultaneously

estimating the parameters of the linearized system (i.e. the input-output connectivity and the

related strengths), as well as the hidden regulatory signals. Hence, one needs to impose further

constraints on the linearized model to make the inverse problem solvable.

In [1], [9] the authors introduced a data decomposition technique, named Network Component

Analysis (NCA), which uses a certain type of a-priori knowledge about the connectivity pattern

among the input and output signals, in order to reconstruct both the network input signals

and the strengths of its connections, when only the output signals are accessible. In the case of

transcriptional regulation, the a-priori knowledge on transcription factor (TF) binding sites affinity

provides information about whether a particular TF-gene regulatory link is significant or not. For

example, if the activated form of a TF is known not to bind significantly to the binding sites in the

promoter region of a gene, then one can set the correspondingparameter in the linearized model

to zero. Data on potential TF-gene interactions (or absencethereof) is readily available for several

prokaryotes as well as eukaryotes in the form of publicly available databases. Thus, the NCA

decomposition technique effectively combines available structural data with the measurement of

the outputs of the system (in this case the gene expression levels), in order to estimate certain

hidden quantities of the regulatory network, namely the activity levels of the major transcriptional
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regulators, as well as the relative control strength they exercise on different genes. It is worthwhile

to note that while well-known linear decomposition techniques, such as Principal Component

Analysis (PCA) [10] or Independent Component Analysis [11], [12] have found application in

the analysis of certain gene expression and other biological data sets [13]–[15], such methods are

not suitable for the problem of recovering hidden mechanisms, as defined in this paper. Rather

than using a priori biological knowledge to make the decomposition problem solvable, these

methods impose mathematical/statistical constraints on the input signals (viz., orthogonality for

PCA and statistical independence for ICA) and yield potentially dense connectivity patterns,

both of which are not representative of the underlying biological system.

In this paper, we derive certain novel results on the estimation problem associated with NCA

and demonstrate its wide applicability as a generalized decomposition technique. In particular,

we analyze systematically for the first time the performancecharacteristics of the NCA decom-

position as a function of the measurement error as well as of the complexity of the regulatory

network, in the ideal scenario when the model linearity is not violated. The results obtained in

a large-scale set of monte carlo simulations demonstrate indeed the efficacy of the method even

in those cases when the modeling assumptions are subject to noise perturbations.

In Section III, we analyze the sufficient conditions for identifiability, i.e., when does one have

enough prior knowledge, in terms of the absences of links in the networks, so that one can

perform the intended decomposition. We derive a new and reduced set of sufficient conditions

for system identifiability. We then establish a statisticalframework for NCA and show that

the iterative method introduced in [9] for estimating the regulatory signals and the connection

strengths from the observed data is equivalent to a particular case of Maximum Likelihood

(ML) estimation technique (Section IV). In Section V, we provide a systematic study of the

performance of NCA by simulating different types of transcriptional networks with synthetically

generated input data, under various noise levels, in a large-scale settings. Based on the newly

derived set of conditions, we introduce an approach which aims at overcoming certain limitations

of the original formulation, due to either insufficient sample size or incomplete connectivity

information. In particular, we demonstrate how from the same set of data, one can consistently

estimate multiple sub-networks. For example, in [1] we reported the application of NCA to a

single regulatory sub-network involving 11 transcriptional factors and 100 genes of the bacterium

Escherichia Coli(E.coli). Using the same data set, we show how the parameters of several
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overlapping subnetworks can be consistently estimated, therefore extending the analysis to several

major transcriptional regulators of the organism under study (a total of 37 TFs controlling 237

genes).

II. T HE MODEL

For a given biological system, we can describe the non-linear relationship between a set ofL

unknown input signals{p1, . . . , pL} and a set ofN measurable output signals{e1, . . . , eN} as

follows:

en(tm) = F
(

α1, . . . , αK ; p1(tm), . . . , pL(tm)
)

, n = 1, . . . , N, m = 1, . . . ,M, (1)

whereα1, . . . , αK is a set of parameters of the non-linear model, andt1, . . . , tM is a discrete set

of time points for which the system dynamics are assumed to bein quasi steady-state. Let us

now consider the following linear approximation of (1):

en(tm) =
L

∑

l=1

anlpl(tm) + γn(tm), n = 1, . . . , N, m = 1, . . . ,M, (2)

whereγn(tn) is an error term that incorporates both model inaccuracies and measurement noise.

Equation (2) can be expressed in a matrix form as follows:

E = AP + Γ , (3)

where E = [en(tm)] (size: N × M ), A = [anl] (size: N × L), P = [pl(tm)] (size: L × M ),

andΓ = [γn(tm)] (size:N × M ). A linear model of the type described by equations (3) can be

effectively visualized as a bi-partite network (similar tothose depicted in Fig. 1) where the input

layer is associated to a set of hidden regulatory signals which are mapped to the output layer

(the measurable output signals). The strengths of the connections in the network are measured

by the parametersanl.

This type of linear networks finds application in several fields (e.g.telecommunications, signal

processing, statistical learning), where different degrees of partial knowledge on the network

inputs or parameters might be available. In the special casewhere both the input variables and
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the connectivity strengths are unknown, the solution spaceof (3) becomes infinite dimensional,

unless further constraints are imposed on the estimation problem. Principal Component Analysis

(PCA) [10] and Independent Component Analysis [11] provide two examples of valid solutions to

the problem, by requiring the unknown input signals to be orthogonal or statistically independent,

respectively.

The authors recently introduced a framework, named NetworkComponent Analysis (NCA)

[1] [9], for modeling gene transcriptional regulation networks (in quasi-steady state conditions)

through an input-output relationship of the type defined by (3), where the unknown transcriptional

factor activities{p1, . . . , pL} are the hidden nodes in the network, the gene expression levels

{e1, . . . , eN} are the measurable outputs, and the parametersanl measure the control strength of

each regulator protein for each promoter binding site. NCA overcomes a fundamental problem

affecting the applicability of available decomposition frameworks such as PCA or ICA to

biological data,viz. the fact that these are based on specific assumptions on the statistical

properties of the reconstructed signals (orthogonality orstatistical independence), which do not

generally hold for actual regulatory signals, and therefore tend to produce results which are

difficult to interpret from a biological standpoint. Moreover, such techniques do not explicitly

provide means for including information on known regulatory interactions,i.e. constrains on the

connectivity matrixA.

The main idea behind NCA is to derive a biologically meaningful solution of (3) by exploiting

the available a-priori knowledge on known regulatory interactions (generally available for several

prokaryotes as well as eukaryotes, in the form of transcription factor binding affinity to different

promoter regions), avoiding at the same time imposing further constraints on the estimated time-

courses of the transcriptional factor activities.

III. N ETWORK IDENTIFIABILITY CRITERIA

The available information regarding each transcription factor binding affinity to different

promoter regions will translate into a set of constraints onthe network connectivity matrix

A [9]:
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aij =



















0 if TF j does not regulate genei

+ if TF j positively regulates genei

− if TF j negatively regulates genei

(4)

The relational constraints defined by (4) impose a specific structure on the matrixA. The

following definition formalizes this concept:

Definition 1 (Regulatory Pattern):Given a matrixA, and a setR0 ⊂ Z2 = {(i, j) : ∀i, j},

we say thatA is characterized by theregulatory patternR0 if and only if:

aij ≡ 0 for (i, j) /∈ R0 (5)

The identifiability of (3) will, in general, depend on the specific regulatory patternR0. For

example, consider the case whenN = L andR0 defines the set of diagonal matricesA. The

resulting system has trivially a unique solution if the magnitude of the elements in the diagonal

of A is assigned. The same conclusion would apply when considering an arbitrary permutation

of a diagonal matrix as regulatory patternR0. In general, it is reasonable to assume that the

larger the number of zero elements inA, the more likely it is that the set of parameters satisfying

model (3) is uniquely determined.

This intuition can be formalized by showing that the specialcase consisting of arbitrary

permutation of diagonal matrices is not the only one where the solution of (3) is unique when

scaling is taken into consideration. In order to generalizesuch property, let us introduce the

following additional definitions:

Definition 2 (Scaling Property):Given two matricesA ∈ R0 and P , and a matrixT
△

= AP

(size:N ×M ), we will say that the decomposition ofT given by the pair(A,P ) is essentially

unique if and only if all pairs(Ã, P̃ ), such thatÃP̃ = T can be expressed as follows:

Ã = AX−1,

P̃ = XP,
(6)

whereX is an arbitrary non-singular diagonal matrix.

The definition identifies (without proving its existence at this stage) a class of matrix pairs

(A,P ), whose product can be decomposed only as scaled versions of the original matrices.
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The next definition aims at establishing a fundamental property of the connectivity pattern

associated with a given matrixA, by identifying a class of regulatory networks for which each

transcriptional regulator has an independent role,i.e. its regulatory function is unique and cannot

be replaced by a combination of the regulatory effects due tothe other transcriptional regulators.

Definition 3 (Non-Redundant Connectivity Pattern):Given a matrixA ∈ R0 (size: N × L,

N ≥ L), the associated connectivity pattern will be referred to as non-redundant, if and only

if each matrix obtained fromA by arbitrarily selecting one of its columns and removing those

rows corresponding to the non-zero elements of the selectedcolumn has rank equal toL − 1.

It is straightforward to prove that if a matrixA satisfies Definition 3, it is also full column rank.

The following theorem, which was introduced and proved in [9], will be used as a starting point

to demonstrate a fundamental property of the decompositionwhich is formulated in Theorem 2:

Theorem 1 (NCA Decomposition):Given two matricesA (size:N ×L) andP (size:L×M ),

define their matrix product asT
△

= AP (size:N ×M ). If the following hypotheses are satisfied:

i) A is characterized by a non-redundant regulatory patternR0 (as in Definition 3)

ii) P is full row rank.

Then, for any matrices̃P (size:L × M ), Ã (size:N × L), such thatÃ ∈ R0, and ÃP̃ = T , it

is always possible to find a diagonal non-singular matrixX (size:L × L), s.t.:

Ã = AX−1

P̃ = XP

Therefore, the NCA decomposition isessentially unique.

Theorem 1 can be used to prove the following useful result, which identifies a simple set of

sufficient conditions on the topology of the network defined by R0:

Theorem 2 (Generalized Identifiability):Consider a set ofL linearly independent input signals

p = {p1, . . . , pL}, and a set ofN output signalsb = Ap obtained through a random mixing

matrix A ∈ R0 (size:N × L). If the following hypotheses are satisfied,

i) N ≥ L

ii) Each column ofA has at leastL − 1 zeros,

iii) None of the columns ofA has a set of non-zero entries which is the subset of the non-zero

entries of any other column,
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then the input signals can be reconstructed up to arbitrary scaling from the output signals

{b1, . . . , bN}. Analogously, the mixing matrixA can be reconstructed up to arbitrary scaling

of its columns.

The proof is provided in Appendix A. The identifiability conditions of Theorem 2 have the

following straightforward interpretation from a graph theory perspective. First, each node in the

regulatory layer cannot be connected to more thanN − L + 1 nodes in the output layer (where

L andN are the number of nodes in the input and output layer, respectively). Moreover, when

considering the set of nodes connected to an arbitrary node in the regulatory layer, this set cannot

be a subset of the children of another regulator node. Equivalently, when a node in the regulatory

layer is considered, and all the nodes it connects to are removed, none of the remaining nodes

in the network should become disconnected as a result.

The theorem provides a set of sufficient conditions on the regulatory patternR0 that can be

easily tested for compliance. Fig.1 shows two examples of regulatory patterns characterized by the

same number of nodes as well as by the same number of connections (the edges of the network).

The regulatory network shown in Fig.1(a) is not identifiabledue to the regulatory pattern of the

transcriptional regulator corresponding to the first column, which violates hypothesis (iii). The

network in Fig.1(b), on the other hand satisfies all the identifiability conditions. Notice that the

adjacency matrices of both networks are full column rank, thus showing that set of identifiability

conditions cannot be reduced to more conventional properties of linear systems.

IV. REGULATORY NETWORK ESTIMATION FRAMEWORK

In [9], the authors proposed a two-step iterative least square algorithm in order to estimate the

unknown parameters(A,P ), subject to the connectivity constraints. In this section,we derive a

maximum likelihood (ML) estimation framework for (3), and we show that, under gaussian noise

assumptions, the stationary points of the likelihood function must satisfy the normal equations

of the associated weighted least-square criterion.

A. Maximum Likelihood Estimation

Let us consider the noisy linear model defined in (3), where the connectivity matrixA defines

a regulatory pattern which satisfies the hypotheses of Theorem 2:
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(a) - Non-identifiable















1
0
1
0
0
1

1
0
1
0
1
0

0
1
0
1
1
0

1
0
0
1
0
1















(b) - Identifiable

Fig. 1. An example of non-identifiable regulatory pattern (on the left) and an example of an identifiable one (on the right) are

shown. Notice that the system matrices of both networks are full column rank.

E = AP + Γ, A ∈ R0, (7)

whereΓ is a matrix of measurements errors which are assumed to be zero-mean gaussian and

independent. Since we are assuming a gaussian independent noise characteristic, the negative

log-likelihood function [16] associated with (7) has the following simplified expression:

L(A,P ) =
N

∑

n=1

M
∑

m=1

(enm − a
(r)
n p

(c)
m )2

σ2
γnm

, (8)

wherea
(r)
n is thenth row of the matrixA, p

(c)
m is themth column of the matrixP , and

E[γijγmn] =







σ2
γnm

if i = m and j = n

0 otherwise
, (9)

whereγmn is the (m,n) element of the noise matrixΓ. The quantitiesσ2
γnm

are assumed to be

known experimentally. When multiple samples are available for the measurement dataenm,t we

can simply considerenm = E[enm,t], i.e. their ergodic averages. The minimum of the negative

likelihood function can be computed by setting its gradientequal to zero:

∇L(A,P ) =

[

∂L
∂aij

∂L
∂pkq

]T

= 0. (10)
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We have from (8):

∂L(A,P )

∂aij

= −2
M

∑

m=1

pjm(eim − a
(r)
i p

(c)
m )

σ2
γim

, (11)

for i = 1, . . . , N , andj = 1, . . . , L. Also:

∂L(A,P )

∂pkq

= −2
N

∑

n=1

ank(enq − a
(r)
n p

(c)
q )

σ2
γnq

, (12)

for k = 1, . . . , L andq = 1, . . . ,M . The components of the gradient vector have a straightforward

interpretation. Notice, in fact, that (fori = 1, . . . , N ):

[

M
∑

m=1

pjmeim

σ2
γim

]

j=1,...,L

=











e
(r)
i C−1

γ
(r)
i

p
(r)T
1

...

e
(r)
i C−1

γ
(r)
i

p
(r)T
L











T

= e
(r)
i C−1

γ
(r)
i

P T , (13)

[

M
∑

m=1

pjma
(r)
i p

(c)
m

σ2
γim

]

j=1,...,L

=











a
(r)
i PC−1

γ
(r)
i

p
(r)T
1

...

a
(r)
i PC−1

γ
(r)
i

p
(r)T
L











T

= a
(r)
i PC−1

γ
(r)
i

P T , (14)

with C
γ

(r)
i

given by:

C
γ

(r)
i

= E[γ
(r)T
i γ

(r)
i ], i = 1, . . . , N , (15)

where γ
(r)
i is the ith row of the noise matrixΓ. The remaining components of the gradient

satisfy (forq = 1, . . . ,M ):

[

N
∑

n=1

ankenq

σ2
γnq

]

k=1,...,L

=











a
(c)T
1 C−1

γ(c)
q

e
(c)
q

...

a
(c)T
L C−1

γ(c)
q

e
(c)
q











= AT C−1

γ(c)
q

e(c)
q , (16)

[

N
∑

n=1

anka
(r)
n p

(c)
q

σ2
γnq

]

k=1,...,L

=











a
(c)T
1 C−1

γ(c)
q

Ap
(c)
q

...

a
(c)T
L C−1

γ(c)
q

Ap
(c)
q











= AT C−1

γ(c)
q

Ap(c)
q , (17)

with:
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Cγ(c)
q

= E[γ(c)
q γ

(c)T
q ], q = 1, . . . ,M , (18)

whereγ
(c)
q is theqth column of the noise matrixΓ. Hence, it holds that:

∂L(A,P )

∂aij

= 0 =⇒ a
(r)
i PC−1

γ
(r)
i

P T = e
(r)
i C−1

γ
(r)
i

P T , i = 1, . . . , N , (19)

and:

∂L(A,P )

∂pkq

= 0 =⇒ AT C−1

γ(c)
q

Ap(c)
q = AT C−1

γ(c)
q

e(c)
q , q = 1, . . . ,M . (20)

Equations (19) and (20) show that the gradient of (8) is zero when the pair(A,P ) satisfies the

normal equations of the weighted least-squares criterion in the case whenP is given, and in the

case whenA is given, respectively.

V. SIMULATION RESULTS

In order to evaluate the performance of the proposed decomposition, we conducted several

experiments both with synthetic data and with real hybridization data measured during whole

genome microarray assays of the bacteriumEscherichia Coli K12. Furthermore, the sensitivity

of the method to inaccuracies in the hypothesized connectivity pattern was also investigated.

A. Synthetic Data with Additive Noise

The goal of this set of simulation experiments is to assess the efficacy of the method in

reconstructing the network dynamics in a large-scale settings when both the model linearity

and identifiability assumptions hold strictly, with the exception that the outputs are perturbed

by additive noise. This test aims at establishing the performance characteristics of the NCA

decomposition as a function of the measurement error as wellas of the complexity of the

regulatory network, in the ideal scenario when the model linearity is not violated.

In a first set of simulation experiments, expression level data was generated synthetically based

on the model defined in (3). We considered two different examples of connectivity topology. The

first (namedNetwork A) consists of a network of 321 genes and 25 transcriptional factors, with

a fan-in (the number of TFs controlling each gene) ranging between 1 and 6, for a total of 661

regulatory interactions. This first example aims at mimicking a real transcriptional regulatory
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Fig. 2. Histogram of the fan-in (number of TFs controlling each gene) ofNetwork A

network, where most binding sites are in general associatedto less than three regulatory factors.

A histogram plot of the fan-in of the resulting network is shown in Fig. 2.

The second example (Network B) comprises a similar number of genes and TFs (400 and

25 respectively), but with a larger average network fan-in (cf. Fig. 3), resulting in an increased

total number of connections in the network (2,475). In general denser connectivity matrices will

result in harder estimation problems, both because the total number of variables is larger and

also because of the increase in redundancy in the regulationmechanism.

The synthetic time-courses of the transcriptional factor activities were generated keeping in

mind one of the key aspect of the proposed decomposition,viz. its capability of reconstructing

the regulatory signals without requiring specific assumptions on their statistics. Therefore, three

different sets of transcriptional factor activities (for each of the two networks) were synthetically

generated, characterized by an increasing degree of statistical dependence between the various

TFs profiles. The first set consists of 25 nearly uncorrelatedzero-mean gaussian signals, while

the remaining two sets were generated by linearly mixing additional sets of gaussian signals

until a certain pre-specified level of statistical dependency between the signals was achieved.

The condition numberξ of the signal matrixP (defined as the ratio between its largest

and its smallest singular values) was adopted as an overall measure of statistical correlation
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Fig. 3. Histogram of the fan-in (number of TFs controlling each gene) ofNetwork B

between the input signals of the regulatory network. The condition number for each set of TFs

profiles is shown in Table I, along with the results that were obtained when attempting the

reconstruction of 1,000 different regulatory networks foreach combination of network topology

and set of transcriptional factor activities. Different levels of additive noise were also considered

for comparison. In all cases, the mean square error was used as a measure of accuracy in the

reconstruction of both the control strengths (A) and the TF activity profiles (P ). The accuracy

in the fit of the synthetic expression data matrix is also reported.

The results shown in Table I confirm the method’s capability of reconstructing the network

parameters, even in those cases for which the driving signals are strongly correlated. In particular,

the reconstruction error becomes arbitrarily small when the additive noise is zero, in all cases.

Moreover, the reconstruction accuracy appears to slowly deteriorate for increasing levels of

measurement noise, as well as for increasing levels of correlation between the regulatory signals,

thus suggesting that the algorithm is robust to moderate model perturbations.

B. Synthetic Data with Inaccuracies in the Connectivity Topology

The accuracy of the a-priori knowledge on the regulatory interactions between input nodes

and output nodes in the network plays a key role in NCA. The connectivity topology for
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TABLE I

RESULTS OBTAINED BY APPLYINGNCA TO TWO SYNTHETIC TRANSCRIPTIONAL REGULATORY NETWORK ARCHITECTURES

(EACH SIMULATED 1,000TIMES WITH DIFFERENT PARAMETERS). THE SIMULATION EXPERIMENTS INCLUDED THREE

DIFFERENT SETS OF TRANSCRIPTIONAL REGULATOR ACTIVITY PROFILES, CHARACTERIZED BY VARIOUS DEGREES OF

MUTUAL STATISTICAL DEPENDENCE (HERE COLLECTIVELY DESCRIBED BY THE CONDITION NUMBERξ OF THE MATRIX P ).

DIFFERENT LEVELS OF ADDITIVE GAUSSIAN NOISE WERE ALSO CONSIDERED. THE RESULTS ARE SHOWN IN TERMS OF

MEDIAN MEAN -SQUARE-ERROR(MSE), AND 90-PERCENTILE OF THE MSE(i.e. IN 90% OF THE SIMULATIONS, A MSE

SMALLER THAN THE ONE REPORTED WAS OBSERVED).

Dataset
Noise A mse P mse Data fit

Level median 90% median 90% median 90%

Network A
0% <1e-10 <1e-9 <1e-9 <1e-9 <1e-010 <1e-9

ξ = 5.713 5% 0.0252 0.0266 0.0651 0.0679 0.0497 0.0521

(uncorrelated) 10% 0.0357 0.0378 0.0925 0.0962 0.0708 0.0740

20% 0.0508 0.0540 0.1311 0.1364 0.1004 0.1054

0% <1e-10 <1e-9 <1e-9 <1e-9 <1e-10 <1e-9
ξ = 187.28

5% 0.0260 0.0278 0.0661 0.0690 0.0504 0.0530
(moderately

10% 0.0371 0.0394 0.0937 0.0977 0.0717 0.0750
correlated)

20% 0.0529 0.0563 0.1329 0.1387 0.1019 0.1065

0% <1e-9 <1e-9 <1e-9 <1e-8 <1e-9 <1e-9
ξ = 2, 639.4

5% 0.0289 0.0309 0.0851 0.0891 0.0649 0.0682
(strongly

10% 0.0411 0.0441 0.1208 0.1265 0.0921 0.0965
correlated)

20% 0.0588 0.0629 0.1713 0.1796 0.1310 0.1376

Network B
0% 2.2e-10 3.6e-10 4.6e-10 7.4e-10 3.3e-10 5.1e-10

ξ = 4.735 5% 0.0454 0.0467 0.0500 0.0515 0.0943 0.0968

(uncorrelated) 10% 0.0644 0.0661 0.0710 0.0732 0.1338 0.1371

20% 0.0917 0.0942 0.1016 0.1047 0.1910 0.1956

0% 8.5e-10 1.3e-9 7.4e-10 1.2e-9 4.0e-10 6.3e-10
ξ = 211.19

5% 0.0563 0.0583 0.0251 0.0259 0.0459 0.0472
(moderately

10% 0.0805 0.0831 0.0358 0.0370 0.0654 0.0672
correlated)

20% 0.1154 0.1194 0.0514 0.0534 0.0936 0.0962

0% 9.9e-10 1.8e-9 2.1e-9 3.6e-9 9.3e-10 1.7e-9
ξ = 1, 574.0

5% 0.0725 0.0762 0.0740 0.0774 0.1322 0.1365
(strongly

10% 0.1041 0.1095 0.1061 0.1101 0.1887 0.1942
correlated)

20% 0.1534 0.1625 0.1542 0.1616 0.2717 0.2806
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TABLE II

RECONSTRUCTION ACCURACY FOR DIFFERENT LEVELS OF INACCURACYIN THE DESCRIPTION OF THE NETWORK

TOPOLOGY

Connectivity A mse P mse Data fit

Errors median 90% median 90% median 90%

2% 0.0938 0.1299 0.0889 0.0914 0.1750 0.2020

5% 0.1138 0.1998 0.0897 0.1096 0.1891 0.2446

10% 0.1473 0.2289 0.0925 0.1551 0.2145 0.2687

actual biological regulatory networks is conventionally built from different sources of a-priori

information on the interaction between different chemicalspecies. For example, in the case of

transcriptional networks this kind of information is largely available in the literature for several

organisms, and it is often accessible through publicly available databases. Nonetheless, one

must take into account the fact that experimentally derivedinteraction patterns are often prone

to errors.

In this second simulation experiment, we considered the connectivity architecture ofNetwork

A from the previous set of simulations, and we evaluated the effect of introducing arbitrary errors

in the hypothesized connectivity topology. Once the synthetic data was generated according to

the true network connectivity pattern (with 10% additive gaussian noise), we systematically

introduced random errors in the connectivity matrix initial guess, by randomly selecting a subset

of gene-TF pairs and adding a connection if one was not present, or otherwise removing it if

one was present. The procedure was selectively applied to 2%, 5% and 10% of the connections

in the network1.

The results we obtained are shown in Table II. The measured mean square error in the

reconstruction of the connectivity matrixA is clearly larger than in the case when the correct

topology was considered, and tends to increase monotonically with the percentage of wrong con-

nectivity assumptions. However, the reconstructed profiles of the transcriptional factor activities

are in general less affected by the errors in the topology, even though the consistency of the

1Notice that the percentages are expressed in terms of the number of connections in the network, not in term of the total

number of elements in theA matrix.
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(a) (b)

Fig. 4. The figure shows an example of non-NCA-compliant topology (a), as well as the selection of an identifiable sub-network

(b), obtained by removing TF5 and the genes that are associated to it.

reconstruction worsens as witnessed by the larger values ofthe 90% percentile. This phenomenon

is easily explained by considering that the profile of a giventranscriptional regulator is estimated

from a large set of gene expression level time-courses: the least-squares criterion tends to favor

the regulatory interactions that better explain the data, thus discarding misleading connections

in the regulatory pattern.

In general, the behavior of the proposed decomposition in those situations when erroneous

connectivity assumptions are made cannot be fully predicted in advance. Factors that will

influence its performance are, for example, the noise in the measurement data, the number

of wrong connectivity assumptions, as well as their location, and the degree of correlation

between the regulatory signals. However, for a given network topology, and a set of measurement

data characterized by a known noise level, one can attempt toestablish the sensitivity of the

reconstructed network dynamics by conducting a series of simulation experiments of the type

described in this section, therefore assessing the consistency of the results when different patterns

of error in the hypothesized network architecture are introduced.

C. Selection of Identifiable Regulatory Sub-networks inE.coli

When networks of the type described by model (3) are built uponavailable biological con-

nectivity information, a fundamental problem may arise dueto the fact that the identifiability

conditions described in Theorem 2 are not always satisfied. This might be due to either an

insufficient number of data samples collected during the experimental stage (whenM < L

the linear independence of the input signals is necessarilyviolated), or to the topology of the

regulatory network not satisfying the hypotheses of Theorem 2. A straightforward solution to
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Fig. 5. The figure shows the three regulatory subnetworks ofE.coli analyzed with NCA. The three subnetworks are characterized

by partially overlapping sets of transcriptional regulators.

the problem is obtained by increasing the number of sample points collected or the number of

genes assayed, respectively, until the conditions are satisfied.

When such solution is not viable, one can still select a subsetof the factors involved in

the regulation of the genes assayed in the experiment. The genes affected by the transcriptional

regulators that have been excluded must be pruned accordingly. Consider for example the network

in Fig.4(a): it is easy to verify that the topology of this network violates the hypotheses of

Theorem 2. Therefore, although the complete system is not identifiable, it is nonetheless possible

to focus on the transcriptional regulatorsTF1 to TF4 and build an identifiable subnetwork by

selecting the subset of genes which are not regulated byTF5.

The primary challenge, when applying NCA to real data is therefore to identify a suitable set

of active genes and transcriptional regulators, which not only are significant from a biological

standpoint, but also satisfy the identifiability criteria required by the decomposition. The con-

nectivity information in the case of the bacteriumE.coli was derived from the publicly available

binding site affinity information provided in the RegulonDB [17] database which included 120
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Fig. 6. Transcription factor activities of the bacteriumE.coli during growth in a medium transition, estimated from three

regulatory subnetworks by NCA analysis. Each color (red, green or blue) is associated to one of the three sub-networks. The

time axis is expressed in hours.

regulatory proteins and 833 genes.

In [1], a microarray assay experiment is described during which a total of 25 time-points were

collected during the growth of the organism in a medium transition (from glucose to acetate). In

this experiment, the sample size represented the critical factor in determining the largest possible

identifiable transcriptional sub-network. The analysis ofthe dataset with NCA resulted in the

reconstruction of a single regulatory subnetwork including 16 key transcriptional factors whose

activity profiles were reconstructed along with their control strength on a total of 100 genes.

The problem of finding all possible subsets of transcriptional regulators that are NCA esti-

mation compliant can be shown to be a combinatorial NP-hard problem. However, by taking

advantage of the formulation of the identifiability conditions given in Theorem 2, we devised a
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Fig. 7. Transcription factor activities of the bacteriumE.coli during growth in a medium transition, estimated from three

regulatory subnetworks by NCA analysis. Each color (red, green or blue) is associated to one of the three sub-networks. The

time axis is expressed in hours.

simple heuristic which provides an efficient and reliable alternative to the combinatorial approach.

In general, for large regulatory networks it is the violation of hypothesis (iii) together with

the limited sample size (M ≥ L is required to ensure the linear independency between the

regulatory signals) that prevents the applicability of NCA.Therefore, one can start by randomly

selectingK ≤ M out of theL regulatory nodes and check whether hypothesis (iii) is satisfied

by the subnetwork obtained by considering the selected regulatory nodes as well as all the genes

connected to them but not connected to any one of the pruned regulators. When such initial

choice violates the identifiability conditions, the TFs selection is updated iteratively according to

the following heuristics. Among the pruned TFs the one with the largest out-degree connectivity
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Fig. 8. Transcription factor activities of the bacteriumE.coli during growth in a medium transition, estimated from three

regulatory subnetworks by NCA analysis. Each color (red, green or blue) is associated to one of the three sub-networks. The

time axis is expressed in hours.

is selected to replace one of the regulators responsible forthe violation of hypothesis (iii) in

the current selection. The latter can be either chosen at random or according to its out-degree

connectivity. Simulation experiments show that the approach is in general capable of identifying

a suitable subnetwork within a few iterations (in general less than 10).

For the dataset described in [1], and by following the procedure described above, three

significant transcriptional sub-networks were identified for a total of 37 unique TFs (shown

in Fig.5) and 237 genes. The reconstructed time-courses of the regulators are shown in Fig. 6,7,

and 8. These results show a significant consistency in the estimation of the transcriptional

factor activities across different sets, thus demonstrating the applicability of a simultaneous
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reconstruction of overlapping regulatory sub-networks. In particular, the activities of additional

major regulators such as FIS, FNR and IHF were reconstructed, thus providing further insight

on key regulation pathways inE.coli.

For example, the estimated activity profile (cfr. fig. 7) of FIS (a DNA binding protein involved

in DNA replication specific processes) confirms previous experimental evidence [18] that the

activity of FIS rapidly increases within 15-30 minutes of a nutritional upshift and then slowly

levels off when cells begin to grow.

VI. D ISCUSSION

The results presented in Section V demonstrate that NCA is indeed capable of accurately recon-

structing regulatory signals when these are the input of networks that satisfy certain topological

criteria, even under fairly noisy conditions. In particular, the method succeeds in separating

the input signals even when these are highly-correlated, thus overcoming a major limitation of

standard exploratory techniques such as PCA or ICA. Moreover,when investigating the sensitivity

of the algorithm to inaccuracies in the hypothesized network topology, we observed that the

method is still capable of providing a faithful reconstruction of the input signals, as long as

the relative number of inaccurate connections is small whencompared to the total number of

connections. This result is of particular interest, since the a-priori knowledge on the network

topology is often derived from experimental data which is prone to errors.

The simplified set of identifiability conditions derived in Theorem 2, provide not only a

straightforward method for testing a network topology for NCA compliance, but also sug-

gest a strategy for selecting candidate identifiable sub-networks from the overall topology. We

demonstrated the applicability of the sub-network selection method in Section V. Starting from

regulatory protein binding site affinity information for the bacteriumE.coli, we built a diagram

of the overall connectivity topology which relates promoter regions to transcriptional regulators.

The identifiability of such initial network is unattainableboth because of the limited sample size

available in the experimental data and also because severalregulators violate hypothesis (iii) of

Theorem 2. By applying the approach discussed in Section V, wewere able to identify three

NCA compliant sub-networks, with overlapping sets of transcriptional regulators. For such set

of regulators, the consistency in the profiles reconstructed starting from different sub-networks

provided compelling preliminary evidence that the parallel reconstruction of the profiles of the
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regulators across different transcriptional sub-networks is viable.

APPENDIX

A. Proof of Theorem 2

Theorem 2 can be demonstrated by showing that its hypothesesare equivalent to those of

Theorem 1 with probability that goes to one, when the matrixA is a random matrix constrained

by the regulatory patternR0. From the linear independence assumption of the input signals

{p1, . . . , pL}, derives that the second hypothesis of of Theorem 2 is necessarily satisfied.

Hypotheses (i) and (ii) of the theorem are necessary conditions in order for the regulatory

patternR0 to be non-redundant. In fact, when they are violated, then there must be at least

one column ofA for which the matrix obtained by removing all the rows corresponding to its

non-zero entries will have less thanL − 1 rows, thus violating the rank condition of Def. 3.

We can therefore proceed by showing that when hypothesis (iii) of the theorem is also satisfied,

the identifiability conditions of Theorem 1 are satisfied with probability one over the set of all

possible values assumed by the non-zero entries of the matrix A. Select an arbitrary columnr

of A, and in order to simplify the notation, consider a permutation of the rows ofA such that

the firstN −K entries of columnr are arbitrary non-zero real numbers, and the lastK entries

are all zeros (see figure 9).K must be greater or equal thanL − 1 because of hypotheses (i)

and (ii). The resultingK × (L − 1) sub-matrix consisting of the lastK rows of A and all of

its columns but the selected one, must be full column rank in order to satisfy the property of

Definition 3. When the entriesaij /∈ R0, (i = N −K +1, . . . , N , j = 1, . . . , L, j 6= r) are

samples drawn independently from the continuous distribution of a random variable, this sub-

matrix is full column rank with probability one, as long as none of its columns has all zero

entries induced by the connectivity pattern. The only case in which such condition is violated is

when the non-zero entry pattern of one or more columns ofA is a sub-set of the non-zero entry

pattern of another column ofA. Such case would indeed violate hypothesis (iii), thus proving

the theorem.

B. Properties of the ML Estimator

In this section, we demonstrate certain properties of the MLestimate, defined as the optimum

of the cost function (8). In particular, we will show that thebiases of the estimates ofA andP
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are mutually related.

From (19), the ML estimate of theith row of A is given by:

ã
(r)
i = e

(r)
i C−1

γ
(r)
i

P̃ T
(

P̃C−1

γ
(r)
i

P̃ T
)

−1

, i = 1, . . . , N, (21)

whereP̃ is the ML estimate ofP , whose columns can be computed as:
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q =

(
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γ(c)
q

Ã
)

−1

ÃT C−1
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q

e(c)
q , q = 1, . . . ,M. (22)

Given that:
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Similarly, since:

e(c)
q = Ap(c)

q + γ
(c)
q , E[γ(c)

q ] = 0, q = 1, . . . ,M, (25)

it holds that:
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ÃT C−1

γ(c)
q

Ã
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Therefore:

E
[
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(r)
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[

p̃(c)
q

]

→ p(c)
q . (27)
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