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ABSTRACT

With the wide application of Hidden Markov Models (HMMs)
in speech recognition, a statistical acoustic confusability met-
ric is of increasing importance to many components of a speech
recognition system. Although distance metrics between HMMs
have been studied in the past, they didn’t include a way of
accounting for speaking rate and durational variations. In or-
der to account for the underlying speech signal’s properties
when computing such a metric between HMMs, we propose a
dynamically-aligned Kullback Leibler (KL) divergence mea-
surement and discuss a cost-efficient implementation of the
metric. The proposed approach outperforms existing metrics
in predicting phonemic confusions.

Index Terms— Hidden Markov Models, Speech recogni-
tion, Statistical acoustic confusability metric

1. INTRODUCTION

With the successful application of HMMs in speech recogni-
tion, it is increasingly important to be able to predict speech
recognition performance without intensive tests which involve
large amounts of testing data in various scenarios. Since auto-
matic speech recognition (ASR) performance in HMM-based
systems is largely determined by acoustic confusability be-
tween HMMs, a statistical acoustic confusability measure-
ment is therefore desired. In addition, such a metric provides
discriminative evaluation information of the system which is
helpful for the development of discriminative training algo-
rithms. The encapsulation of acoustic modeling confusability
information provides compact and valuable input to improve
state-of-the-art pronunciation modeling methods [1].

There are a few studies on developing HMM distance met-
rics [2, 3, 4, 5, 6]. In early studies, the stationary aspect of
HMMs, i.e. the state dependent observation distribution, is
taken into consideration. Various distance metrics, such as
the Mahalanobis [5] and Euclidean distances [4], have been
experimented with. Recently, both stationary and transient
aspects of HMMs have been considered in HMM distance
measurement by extending metrics between probability den-

sity functions to distance metrics between dynamic probabil-
ity density functions [2, 3].

The dynamic characteristics of speech signals warrant that
we normalize them before performing pattern comparison.
Factors that require normalization include speaking rate and
durational variations. Since a statistical acoustic confusabil-
ity metric between HMMs, for example the KL divergence,
computes the ”distance” between two dynamic probabilistic
distributions modeling speech signals, it is important that the
impact of the speech signal’s dynamic characteristics on the
metric is minimized. Moreover, it is also necessary for an
acoustic confusability metric to be computed based on com-
paring entire speech units instead of a partial comparison. In
order to meet these challenges, state alignment is necessary.
We propose a statistical acoustic confusability metric based
on the KL divergence between HMMs as shown in Figure 1.

Fig. 1. Dynamically-Aligned KL Divergence between HMMs

The rest of the paper is organized as follows. We intro-
duce a dynamically-aligned KL divergence metric in Section
2, and the implementation in Section 3. In Section 4, a com-
parative experiment is performed showing that the dynamically-
aligned KL divergence outperforms a state-of-the-art HMM
confusability metric. Section 5 provides a summary.

2. ACOUSTIC CONFUSABILITY METRIC

The computation of the KL divergence between HMMs,λ1

andλ2, for fixed state sequences,S1 andS2, is derived as in
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assuming that the state sequencesS1 andS2 are known and
of the same length.

2.1. HMM State Alignment Constraints

We introduce nonlinear state alignment in order to account for
variations observed in speech signals, and define our statisti-
cal acoustic confusability metric based on it. A dynamically-
aligned KL divergence metric between HMMs is defined as:

Da(λ1, λ2) = ES1,S2(Da(λ1, S1||λ2, S2))
Da(λ1, S1||λ2, S2) = D(λ1, S1||λ2, φ(S2||S1))

whereφ(S2||S1) is an aligned state sequence ofS2 given
S1 andES1,S2 is the expectation over random variablesS1

andS2. For the HMM state alignment to be meaningful in
terms of normalizing duration and speaking rate variation,
these state alignment constraints are necessary:

1. End-pointing non-emitting state alignment constraint:
This eliminates the possibility of aligning a emitting
state with an non-emitting state, therefore guarantees
that only global alignment paths are valid.

2. State transition monotonicity constraint/state transi-
tion probability constraint:This constraint implies that
state alignment needs to satisfy the state transition topol-
ogy of an HMM.

2.2. Dynamically-Aligned KL Divergence Between HMMs

The choice of a state-alignment function reflects the level
of linguistic knowledge we want to include in the acoustic
confusability metric. However, using linguistic knowledge
to quantitatively compare different phonemic units is an un-
solved problem. Hence, a minimum cost criterion has been
a natural choice for many speech pattern comparison tasks.
In our case, we choose the alignment function,φ(S2||S1),
that minimizes the KL divergence between HMMs for a given
state sequence,S1.

Dmin−a(λ1, S1||λ2, S2) = minφD(λ1, S1||λ2, φ(S2||S1))

Using this alignment scheme, the dynamically-aligned KL di-
vergence between HMMsλ1 andλ2 is defined as

Dmin−a(λ1, λ2) = ES1,S2(minφD(λ1, S1||λ2, φ(S2||S1)))

In the rest of the paper, the dynamically-aligned KL diver-
gence between HMMs with a minimum cost alignment scheme,
i.e. Dmin−a(λ1, λ2), is used.

The minimum cost alignment function guarantees that the
dynamically-aligned KL divergence between identical HMM
models is always zero. Furthermore, for HMMs with almost
identical observation distributions sequentially but different
state transitions, the dynamically-aligned KL divergence is
very close to zero, indicating that the acoustic confusability
between the models is high after normalizing variations in
dynamic characteristics. Finally, when HMMsλ1 andλ2 are
models of different phonemic units, the minimum cost state
alignment function implies that the valid dynamic probabilis-
tic distribution space,φ(S2||S1), is searched and the mini-
mum KL distance is selected.

Figure 2 illustrates the concept.Dmin−a(λ1, λ2) is the
minimum distance from(λ1, S1) to the set(λ2, φ(S2||S1)).
As shown, the dynamic probability distribution(λ2, S2) may
not be a valid dynamic probability distribution for searching
the minimum distance, i.e.((λ2, S2) 6∈ (λ2, φ(S2||S1)) can
happen.

Fig. 2. Dynamically-aligned KL divergence illustration

It is easy to show that the minimum cost state-alignment
functionminφD(λ1, S1||λ2, φ(S2||S1)) is independent ofS2.
Therefore, the definition of dynamically-aligned KL diver-
gence can be further simplified as

Dmin−a(λ1, λ2) = ES1(minXD(λ1, S1||λ2, X))

whereminXD(λ1, S1||λ2, X) is the minimum KL distance
between the dynamic probabilistic distribution generated by
HMM λ1 with S1 as state sequence and the dynamic proba-
bilistic distribution set that can be generated with HMMλ2

using state sequence setX.
The mapping fromS2 to the state sequence that achieves

the minimum KL distance is a nonlinear state-alignment func-
tion which minimizes the KL divergences between HMMs
given current state sequences and hence minimizes the effects
of dynamic behavior variations on the metric.



Dmin−a(λ1, λ2) is the average minimum KL distance be-
tween the models, which is averaged over the state transi-
tion automaton of HMMλ1. Therefore, the dynamically-
aligned KL divergence,Dmin−a(λ1, λ2), is an asymmetric
divergence metric.

Compared with the average divergence distance metric
(ADD) [2], Dmin−a(λ1, λ2) applies minimum cost nonlinear
state alignment concept to normalize the speech signal’s vari-
ations due to dynamic characteristics. Moreover, we enforce
two state-alignment constraints so that speech unit distance
computation is based on comparing the whole unit. This elim-
inates the possibility of partial comparison which may occur
when computing the ADD metric. A speech unit could be a
phoneme, triphone, word, etc.

3. IMPLEMENTATION

Assume HMMλ1 hasM states, HMMλ2 hasN states, the
KL divergence between non-emitting and emitting states is in-
finite, and the KL divergence between two non-emitting states
is zero. With these assumptions, dynamic programming is ap-
plied to implement the search problem in two steps.

Initialization step: ComputeD(λ1, s1
i ||λ2, s2

j ) for s1
i =

1, ..., M and s2
j = 1, ..., N . The KL divergence between

Gaussian mixture models can be analytically approximated
using the method proposed in [7]. Represented in vector ma-
trix form, we define the state divergence matrixV , anMxN
matrix, asV (s1

i , s
2
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j ). The DP update of
node cost and path cost is

Nc(i, s2
j ) = D(λ1, s

1
i ||λ2, s

2
j ) = V (s1

i , s
2
j )

For emitting node(i, s2
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For non-emitting node(i, s2
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Therefore,

minXD(λ1, S1||λ2, X) = Pc(L,N)

Finally, Dmin−a(λ1, λ2) is numerically approximated by av-
eraging over a sample set which is generated by a Monte-
Carlo simulation using a sample set of200.

4. EXPERIMENTS

The dynamically-aligned KL divergence between HMMs is
experimented with using monophone HMMs trained and tested
with the TIMIT database. Front-end speech features are Mel

frequency cepstral coefficients and their first and second deriv-
atives. 40 English monophones are trained using the training
set of TIMIT. A left-to-right HMM topology is employed to
model monophones with 2 non-emission states and 3 emis-
sion states for each model. There are three Gaussian mixtures
in each state observation distribution. All the Gaussian mix-
tures have diagonal covariance matrices. Monophone recog-
nition experiment is performed using the testing set of TIMIT,
which generates the ASR monophone confusion matrix used
in the following comparison.

We compute the dynamically-aligned KL divergences be-
tween monophone HMM pairs as shown by the gray scale
image in Figure 3, and used them to test the metric’s ability to
predict phoneme confusion pattern and confusion likelihood.
As a comparison baseline, we compute a state-of-the-art sta-
tistical acoustic confusability metric, the ADD metric[2], be-
tween HMMs in the same manner.
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Fig. 3. Dynamically-aligned KL divergence measurements
between monophone HMM pairs in gray scale

Cross correlations between the metric confusability val-
ues and the actual confusion matrix values are computed. The
average cross correlation is computed by cross correlating
each row of the confusion matrix with each row of a confus-
ability measurement, and averaging over the row-wise cross
correlation results. A smaller HMM-based distance metric,
such as the dynamically-aligned KL divergence or the ADD
measurement, corresponds to more acoustic confusability be-
tween two speech units. In these situations, it is more likely
to observe a higher confusion likelihood for the correspond-
ing entry in the confusion matrix. Therefore, the normalized
cross-correlation is usually negative, and a value closer to
−1 indicates a better prediction ability of the HMM-based
acoustic distance metric.

In addition, a simple segmental linear function is used,
shown by Figure 4, to first process the computed acoustic con-
fusability measurement. The motivation of such a function is
to adjust a two-class comparison measurement to predict a
multi-class classification task. For the segmental linear func-
tion used, the parameterC is the size of the most confusable



Fig. 4. Processing function

set. When applying any acoustic confusability metric to re-
lated ASR areas, such as pronunciation modeling, a process-
ing function as the one used here is also necessary.
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Fig. 5. Cross-correlation values between a HMM distance
metric and the ASR phone recognition confusion pattern with
processing functionC = 5. Dotted line: ADD metric. Solid
line: Dynamically-aligned KL divergence metric.

Table 1. Average cross-correlation values between HMM di-
vergence metrics and phoneme confusion scores

Cross-correlation C=40 C = 10 C = 5 C = 2
ADD -0.2833 -0.6559 -0.7357 -0.7641

Proposed metric -0.3848 -0.8122 -0.9266 -0.9833

In Figure 5, cross-correlations between the processed con-
fusability metric and phone confusion pattern for each phoneme
are shown. Peaks in the cross correlation curve correspond to
less accurate predictions of phoneme confusions. It is inter-
esting to note that the top 4 peaks of the ADD metric corre-
spond to the vowels oy, aw, aa, and ey. Three of these are
dipthongs with dynamic characteristics which may have re-
sulted in the higher values. For the majority of phonemes, we
observe improved phone confusion pattern prediction of the
proposed metric over the ADD metric. In addition, we show
in Table 1 the average cross-correlation coefficients obtained
by the dynamically-aligned KL divergence and the ADD met-
ric. Improvement in predicting the confusion pattern and con-
fusion likelihood using the dynamically-aligned KL divergence
measurement is observed, which tends to monotonically in-
crease as the parameter of the processing function decreases.

5. SUMMARY

We propose a dynamically-aligned KL divergence metric be-
tween HMMs. Dynamic state alignment is necessary for com-
puting HMM distance measurement due to the dynamic char-
acteristics of speech signals. When compared with the ADD
metric[2], the dynamically-aligned KL divergence can indi-
cate the confusability between HMMs in a more accurate way.
Key differences between the proposed metric and the ADD
metric[2] are: First, the speech signal’s duration and speak-
ing rate variations are minimized with a nonlinear state align-
ment scheme. Second, a minimum cost state alignment is ap-
plied to reduce the computational cost fromO(N2) to O(N),
whereN is the size of the sample set. Finally, our experiment
implies that using a processing function for the divergence
measurement is necessary for it to be successfully applied in
several applications, such as pronunciation modeling.
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