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Abstract— A recent trend in the control systems community
is the study of appropriate symbolic abstractions capturing
the behavior of continuous and hybrid systems. This approach
provides a common mathematical language to describe physical
systems as well as software and hardware, and is therefore
particularly appealing when dealing with the design of em-
bedded systems. In this paper we address the construction of
symbolic models for the class of linear control systems with
politopically bounded states and disturbances. We show that
under an asymptotic stabilizability assumption, it is always
possible to construct a symbolic model that approximates the
control system with a precision that is chosen a priori, as a
design parameter. While in previous approaches in the existing
literature, the construction of symbolic models relied on a
(arbitrary) choice of a finite number of control signals, the
symbolic model that we propose, captures any (control and dis-
turbance) input. Therefore, the proposed model provides a finer
description of the continuous model than the existing ones and
this feature translates into a more efficient controller synthesis
process. Furthermore, the computation of the symbolic model
can be performed by resorting to linear matrix inequalities.

keywords: symbolic models, quantized systems, approx-
imate simulation, alternating simulation, linear control sys-
tems.

I. INTRODUCTION

Symbolic models have been recently proposed as a tool
for the analysis and synthesis of complex control systems
[1]. In particular, they enable a correct–by–design approach
to the synthesis of embedded control software [2], [3]. The
key idea in this approach is to regard the synthesis of
software as a control problem to be solved in conjunction
with the synthesis of the control algorithms. The heart of this
approach is the definition of a symbolic model that approx-
imates the continuous control system. Since these symbolic
models are of the same nature of the models describing
software and hardware, they provide a unified framework
to study controller synthesis problems characterized by the
interaction of the physical layer with software and hardware.
Moreover, the use of symbolic models allows one to leverage
standard techniques in the context of supervisory control
[4] and of game theory [5], [6]. Previous work by the
authors [3] addressed the construction of symbolic models
by choosing a finite set of control signals. However, if the
chosen control signals are “not enough”, it may happen
that a controller fails to exist for the finite abstraction. In
this case, a finer choice of control signals is required and
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consequently the construction of a new finite abstraction is
needed. In the context of quantized control systems [7], [8]
similar approaches have been exploited for obtaining a lattice
structure on the reachable sets of the finite abstractions; this
lattice structure has been used to obtain efficient motion
planning algorithms.
In this paper we focus on alternative ways of constructing
symbolic models, where all (control and disturbance) in-
puts are captured. We consider the class of linear control
systems with polytopically bounded states and disturbances.
We show that if the linear control system is asymptotically
stabilizable, there exists a symbolic model that approximates
the system with a precision that is chosen a priori, as a
design parameter. The proposed symbolic model captures
any piecewise–constant control input and any measurable
disturbance input. Furthermore, we show that this symbolic
model can be constructed in a finite number of steps, by
using standard techniques in the context of linear matrix
inequalities [9]. At the technical level, we formalize a notion
of simulation [10], [11] by merging the new notion of
approximate simulation, introduced by Girard and Pappas
in [12] with the classical one of alternating simulation,
introduced by Alur and co–workers in [13]. Furthermore,
the construction of the symbolic model relies on polytopic
approximations of reachable sets (e.g. [14], [15]).

Notation. Given a set A, card(A) denotes the cardinality
of A. The identity map on a set A is denoted by 1A.
If A is a subset of B we denote by ιA : A ↪→ B or
simply by ι the natural inclusion map taking any a ∈ A
to ι(a) = a ∈ B. Given a ∈ R, the symbol |a| de-
notes the absolute value of a. Given a vector x ∈ Rn

we denote by xi the i–th element of x and by ‖x‖ the
infinity norm of x; we recall that ‖x‖ = max1≤i≤n |xi|.
Given a matrix M , the symbols M ′, Im(M) and ‖M‖
denote respectively the transpose, the image and the infin-
ity norm of M ; if M = {mij}i=1...n,j=1...m ∈ Rn×m,
we recall that ‖M‖ = max1≤i≤m

∑n
j=1|mij |. The closed

ball centered at x ∈ Rn with radius ε is defined by
Bε(x) = {y ∈ Rn : ‖x− y‖ ≤ ε}. For any A ⊆ Rn and
µ ∈ R set [A]µ = {a ∈ A | ai = kiµ,ki ∈ Z,i = 1, ..., n}.
Given two subsets A and B of Rn, A ⊕ B denotes the
Minkowski sum, i.e. A⊕B = {a + b : a ∈ A, b ∈ B}. The
symbol conv(x1, x2, ..., xm) denotes the convex hull of
vectors x1, x2, ..., xm ∈ Rn. A bounded set of the form
conv(x1, x2, ..., xm) is called a polytope. We identify a
relation R ⊆ A × B with the map R : A → 2B defined
by b ∈ R(a) iff (a, b) ∈ R; the relation R is said to be
surjective if R(A) = B.



II. LINEAR CONTROL SYSTEMS

Consider the following linear control system:

Σ :
{

ẋ = Ax + Bu + Gd,
x ∈ X, u ∈ Rm, d ∈ D,

(1)

where x is the state, u is the control input and d is the
disturbance input. We suppose that X ⊆ Rn and D ⊆ Rl

are polytopic sets with non–empty interior and that 0 ∈ X;
furthermore we suppose that the class of admissible control
inputs U and of disturbances inputs D are, respectively, the
class of measurable functions from any interval [0, τ ] ⊂ R
to Rm and to D, for some τ ∈ R+. The state reached at
time t ∈ R+

0 with initial condition x0 ∈ X , control input
u ∈ U and disturbance input d ∈ D will be denoted by
x(t, x0,u,d). The linear system (1) is said to be asymptoti-
cally stabilizable (resp. controllable) when Σ with D = {0}
is so. We suppose that the disturbance d is unknown and
cannot be measured. Therefore the linear control system Σ
can be thought of, as the arena of a 2–players polytopic game
in the spirit of [16], where a protagonist chooses her/his
action through the control input u and an antagonist chooses
his/her action through the disturbance input d. We start by
introducing the class of alternating transition systems that
will be used in this paper, as abstract models for control
systems. Alternating transition systems were introduced in
[13] for modeling the arena of N–players discrete games. In
the following definition we focus on a 2–players version of
the general notion of [13].

Definition 1: A (alternating) transition system is a tuple:

T = (Q,L,W,−→, O,H),

consisting of:
• A set of states Q;
• A set of control labels L;
• A set of disturbance labels W ;
• A transition relation −→⊆ Q× L×W ×Q;
• An output set O;
• An output function H : Q → O.
A transition system (Q,L, W,−→, O,H) is said to be

metric, if the output set O is equipped with a metric
δ : O ×O → R+

0 and finite, if Q is finite.
We will follow standard practice and denote a transition

from q to p labeled by ` and w, by q
`,w−→ p. Transition

systems capture dynamics through the transition relation.
For any states q, p ∈ Q, q

`,w−→ p simply means that it is
possible to evolve or jump from state q to state p under the
action labeled by ` and w. Analogously to the linear control
systems that we consider in this paper, transition systems as
in Definition 1 can be thought of as the arena of a 2–players
game, where the protagonist acts through control labels and
the antagonist acts through disturbance labels. We will use
transition systems as an abstract representation of control
systems. There are several different ways in which we can
transform control systems into transition systems. We now
describe one of these which has the property of capturing

all the information contained in a control system. Given a
linear control system Σ, define:

T (Σ) := (Q1, L1,W1,−→1, O1,H1),

where:
• Q1 = X;
• L1 = U ;
• W1 = D;
• q

u,d−→1 p, if x(τ, q,u,d) = p for some τ ∈ R+;
• O1 = X;
• H1 = 1X .
Transition system T (Σ) is equivalent to linear control

system Σ in that any sequence of transitions of T (Σ) can
be transformed into a trajectory of the linear system Σ and
vice versa. In the following we will work with a subsys-
tem of T (Σ), obtained by selecting those transitions from
T (Σ) describing trajectories of duration τ for some chosen
τ ∈ R+. This can be thought of, as a sampling process or a
time discretization.

Definition 2: Given a linear control system Σ and any
τ ∈ R+, define the following transition system:

Tτ (Σ) := (Q2, L2,W2,−→2, O2,H2),

where:
• Q2 = X;
• L2 = {u ∈ U : the domain of u is [0, τ ]};
• W2 = {d ∈ D : the domain of d is [0, τ ]};
• q

u,d−→2 p, if x(τ, q,u,d) = p;
• O2 = X;
• H2 = 1X .
In the subsequent developments we will construct a finite

transition system that approximates the transition system
Tτ (Σ) with a precision that is chosen a priori, as a design
parameter.

III. APPROXIMATE SIMULATION

In this section we consider the simpler case of linear
control systems where no disturbance inputs are acting, i.e.
systems Σ as in (1) with D = {0}. The next section will be
devoted to the more general case of linear systems Σ with
disturbances. Since D = {0} in Σ, then W2 = {0} in Tτ (Σ).
For notational simplicity, we denote any transition system
T = (Q,L, {0},−→, O,H) by T = (Q,L,−→, O,H), any
transition q

`,0−→ p by means of q
`−→ p and we write

x(t, x,u) instead of x(t, x,u,0), where 0 is the null distur-
bance input. We start by introducing a notion of approximate
relation that will be the basis upon which our results rely.
The notion that we consider is the one of simulation relation
[10], [11]. Simulation relations are standard mechanisms
to relate the properties of transition systems. Intuitively, a
simulation relation from a transition system T1 to a transition
system T2 is a relation between the corresponding state
sets, explaining how a sequence of transitions r1 of T1

can be transformed into a sequence of transitions r2 of T2.
While typical simulation relations require r1 and r2 to be
observationally indistinguishable, that is H1(r1) = H2(r2),



we shall relax this by requiring H1(r1) to simply be close
to H2(r2), where closeness is measured with respect to
the (common) metric δ on the (common) output set. The
following notion has been introduced in [12] and in a slightly
different formulation in [3].

Definition 3: Let T1 = (Q1, L1,−→1, O,H1) and
T2 = (Q2, L2,−→2, O,H2) be metric transition systems
with the same observation set O and metric δ and let
be ε ∈ R+. A relation R ⊆ Q1 ×Q2 is said to be an
ε–approximate simulation relation from T1 to T2 if for any
(q1, q2) ∈ R:

(i) δ(H1(q1),H2(q2)) ≤ ε;
(ii) q1

`1−→ p1 implies the existence of q2
`2−→ p2 such that

(p1, p2) ∈ R.
As argued in [3], the existence of surjective approximate

simulation relations simplifies the controller synthesis for
physical systems interfacing software and hardware. Indeed
suppose that a finite model T can be found, so that a
surjective approximate simulation from T to Σ exists. In this
case one can synthesize a controller on T rather than on Σ.
This approach is appealing since transition systems provide
a common mathematical language to describe physical sys-
tems as well as software and hardware of microprocessors
implementing controllers and therefore it is important in the
design of embedded control software.
Let {a1, a2, ..., am} be a basis for Rm. In the following,
given some τ ∈ R+ we denote by u the constant control
input u(t) = u, t ∈ [0, τ ]. Given Σ, any τ ∈ R+ and η ∈ R+,
define the following transition system:

Tτ,η(Σ) := (Q1, L1,−→1, O1,H1), (2)

where:
• Q1 = [X]η;
• L1 = Rm;
• q

`−→1 p if there exist αi ∈ R, i = 1, 2, ...,m such that:∑m
i=1αix(τ, q, ai) ∈ Bη(p),

` =
∑m

i=1αiai;
(3)

• O1 = X;
• H1 = ι : Q1 −→ O1.
Parameters τ and η in the transition system Tτ,η(Σ) can

be thought of respectively, as a sampling time and a state
space quantization. Notice that, since the state space X of
Σ is bounded, the defined transition system Tτ,η(Σ) is finite.
Although the set of control labels is infinite, it is possible
to explicitly construct Tτ,η(Σ). In fact, condition (3) can be
reformulated as follows:

{Aτq} ⊕ Im(Bτ ) ∩ Bη(p) 6= ∅, (4)

where:

Aτ = eAτ ; Bτ =
∫ τ

0
eA(τ−t)Bdt. (5)

Since the set defined in the left hand side of (4) is semi–
linear (recall that Bη(p) is a closed ball, induced by the
infinity norm), the construction of the transition relation
of Tτ,η(Σ) can be performed by using standard techniques

available in the literature on linear matrix inequalities [9].
We will provide more details of such construction in Section
V. We point out that the control labels that are used in the
construction of Tτ,η(Σ) are the m constant curves u(t) = ai

for t ∈ [0, τ ], i = 1, 2, ...,m. The number of steps required
for constructing Tτ,η(Σ) is bounded by m card(Q1), where
card(Q1) depends on the state space quantization η. The
finite model Tτ,η(Σ) differs from the one proposed in the
context of quantized systems (e.g. [7], [8]) where a finite set
of control signals is chosen a priori. In fact the label set L1

of Tτ,η(Σ) is Rm. We can now give the following result.
Theorem 1: Consider a linear control system Σ as in (1)

with D = {0}, and any desired precision ε ∈ R+. If Σ is
asymptotically stabilizable then, for any matrix K such that
A+BK is Hurwitz, any τ ∈ R+ and any η ∈ R+ satisfying
the following condition:

η + ‖e(A+BK)τ‖ε ≤ ε, (6)

there exists a surjective ε–approximate simulation relation
from Tτ,η(Σ) to Tτ (Σ).

Before giving the proof, we stress that the above result relates
Tτ (Σ) to a finite model that captures the effect of all constant
inputs u ∈ Rm, while in previous work [3] the set of control
inputs considered was finite. Furthermore, we point out that
if Σ is asymptotically stabilizable, there always exist τ ∈ R+

and η ∈ R+ satisfying condition (6). In fact, if A + BK is
Hurwitz then there always exists a sufficiently large τ ∈ R+

so that
∥∥e(A+BK)τ

∥∥ < 1; then, by choosing a sufficiently
small value of η, condition (6) is fulfilled.

Proof: Consider the relation R ⊂ Q1 × Q2 defined
by (q, x) ∈ R if and only if ||q − x|| ≤ ε. By geometrical
considerations on the infinity norm, Q2 ⊆

⋃
q1∈Q1

Bη(q1)
and therefore, since by (6), η < ε, we have that R(Q1) = Q2.
We now show that R is an ε–approximate simulation relation
from Tτ,η(Σ) to Tτ (Σ). Consider any matrix K such that
A + BK is Hurwitz and any (q, x) ∈ R. By definition
of R, condition (i) in Definition 3 is satisfied. Let us now
show that condition (ii) of Definition 3 also holds. Consider
any `1 ∈ L1. This implies the existence of coefficients
α1, α2, ..., αm ∈ R such that `1 =

∑m
i=1αiai. Since

Q2 ⊆
⋃

q1∈Q1
Bη(q1), there exists p ∈ Q1 such that:

z :=
∑m

i=1αix(τ, q, ai) ∈ Bη(p), (7)

and then
`1

q −→1 p. Define the control feedback
u2 =

∑m
i=0αiai −K(q− x), where x and q are

respectively, the trajectories of Σ with initial conditions x
and q, and control inputs u2 and `1. Consider the transition

u2
x −→2 y. By conditions (7) and (6), the following chain of
inequalities holds:

‖p− y‖ = ‖p− z + z − y‖ ≤ ‖p− z‖+ ‖z − y‖
= ‖p− z‖+ ‖x(τ, q, `1)− x(τ, x,u2)‖
≤ ‖p− z‖+ ‖e(A+BK)τ (q − x)‖
≤ η + ‖e(A+BK)τ‖ε ≤ ε.

Thus (p, y) ∈ R, which completes the proof.



IV. ALTERNATING APPROXIMATE SIMULATIONS

In this section we generalize the results of the previous
section to the case of linear control systems with distur-
bances. In this context we first need to define a suitable
notion of approximate simulation that appropriately distin-
guishes between the role of control inputs and the role
of disturbance inputs. The following definition has been
obtained by merging the notion of approximate simulation
of [12], with the notion of alternating simulation of [13].

Definition 4: Let T1 = (Q1, L1,W1,−→1, O,H1) and
T2 = (Q2, L2,W2,−→2, O,H2) be metric transition sys-
tems with the same observation set O and metric δ and let be
ε ∈ R+. A relation R ⊆ Q1 ×Q2 is said to be an alternating
ε–approximate simulation relation from T1 to T2 if for any
(q1, q2) ∈ R:

(i) δ(H1(q1),H2(q2)) ≤ ε;
(ii) ∀`1 ∈ L1 ∃`2 ∈ L2 ∀w2 ∈ W2 ∃w1 ∈ W1 such that

q1
`1,w1−→1 p1 and q2

`2,w2−→2 p2 where (p1, p2) ∈ R.
Definition 4 differs from the original formulation of alter-

nating simulations in [13], in that: firstly, the notion that we
propose is given in an approximating sense (see condition
(i)), while [13] requires the stronger condition of indistin-
guishability of observations; secondly, the notion that we
propose considers only two players (the protagonist acting
through control labels and the antagonist acting through
disturbance labels), while [13] considers the more general
case of N players. We now define an appropriate finite
transition system that will be related to the control system Σ,
by means of an alternating approximate simulation relation,
as defined above. For any given τ ∈ R+, consider the set:

Rτ
D =

{
x ∈ Rn : x =

∫ τ

0

eA(τ−t)Gd(t)dt,d ∈ D
}

, (8)

of all reachable states from the origin by means of any
disturbance function d in D at time τ and with the null
control function. The exact computation of the set Rτ

D is in
general hard. However there are many results available in
the literature, that propose approximations of the reachable
set Rτ

D (e.g. [14], [15] and the references therein). In
particular, some of those results provide polytopic external
approximation of Rτ

D. From now on, we suppose that a
polytope P (Rτ

D) satisfying Rτ
D ⊆ P (Rτ

D) is given and we
set:

P (Rτ
D) = conv(b1, b2, ..., bs).

Given Σ, any τ ∈ R+ and η ∈ R+ define the following
transition system:

Tτ,η(Σ) := (Q1, L1,W1,−→1, O1,H1), (9)

where:
• Q1 = [X]η;
• L1 = Rm;
• W1 = P (Rτ

D);
• q

`,w−→1 p if there exist αi ∈ R, i = 1, 2, ...,m and
βi ∈ R+

0 , i = 1, 2, ..., s with β1 + β2 + ... + βs = 1,

such that:

z =
∑m

i=1αix(τ, q, ai, 0) +
∑s

j=1βjbj ,

` =
∑m

i=1αiai,
w =

∑s
j=1βjbj ,

‖z − p‖ ≤ η;

(10)

• O1 = X;
• H1 = ι : Q1 → O1.
We point out that, analogously to the transition system

in (2), even though control and disturbance labels sets L2

and W2 are infinite, it is still possible to explicitly construct
Tτ,η(Σ) along the lines of the construction of the transition
system in (2). In particular, condition (10) can be rewritten
as:

{Aτq} ⊕ Im(Bτ )⊕W1 ∩ Bη(p) 6= ∅, (11)

where Aτ and Bτ are defined as in (5). Notice that the set
in the left hand side of (11) is semi–linear and therefore
also in this case, one can leverage standard techniques
available in the literature [9] on linear matrix inequalities
to construct the transition relation of Tτ,η(Σ). In Section
V we will give more details about such construction. We
point out that the control and disturbance labels that are
used in the construction of Tτ,η(Σ) are the m + s constant
curves u(t) = ai for t ∈ [0, τ ], i = 1, 2, ...,m and
d(t) = bj for t ∈ [0, τ ], j = 1, 2, ..., s. The number of steps
needed for constructing such transition system is bounded by
m s card(Q1), where card(Q1) depends on the state space
quantization η, provided that the set P (Rτ

D) is available.
The interested reader can refer to [14] for an analysis of
the computational effort, required for computing polytopic
external approximations of reachable sets.

We can now give the main result of this paper, that gener-
alizes Theorem 1 to the context of alternating approximate
simulations.

Theorem 2: Consider a linear control system Σ and any
desired precision ε ∈ R+. If Σ is asymptotically stabilizable
then for any matrix K such that A + BK is Hurwitz, any
τ ∈ R+ and η ∈ R+ satisfying the following condition:

η + ‖e(A+BK)τ‖ε ≤ ε, (12)

there exists a surjective alternating ε–approximate simulation
relation R from Tτ,η(Σ) to Tτ (Σ).

Before giving the proof of this result we point out that,
analogously to Theorem 1, if Σ is asymptotically stabilizable
there always exist parameters τ ∈ R+ and η ∈ R+ satisfying
condition (12).

Proof: Consider the relation R ⊂ Q1 ×Q2 defined by
(q, x) ∈ R if and only if ||q − x|| ≤ ε. By geometrical con-
siderations on the infinity norm, Q2 ⊆

⋃
q1∈Q1

Bη(q1) and
therefore, since by (12), η < ε, we have that R(Q1) = Q2.
We now show that R is an alternating ε–approximate simu-
lation relation from Tτ,η(Σ) to Tτ (Σ). Consider any matrix
K such that A + BK is Hurwitz and any (q, x) ∈ R. By
construction, condition (i) in Definition 4 is satisfied. Let us



now show that condition (ii) of Definition 4 holds, as well.
Consider any `1 ∈ L1. This implies the existence of coeffi-
cients α1, α2, ..., αm ∈ R such that `1 =

∑m
i=1αiai. Define

the control feedback u2 =
∑m

i=0αiai −K(q− x), where x
and q are respectively the trajectories of Σ with initial condi-
tions x and q, control inputs u2 and `1 and null disturbance
input. For any given w2 ∈ W2 consider w1 = x(τ, 0,0,w2).
By construction w1 ∈ Rτ

D ⊆ P (Rτ
D) = W1. This implies

the existence of coefficients β1, β2, ..., βs ∈ R+
0 with

β1 + β2 + ... + βs = 1, such that w1 =
∑s

i=1βibi. Since
Q2 ⊆

⋃
q1∈Q1

Bη(q1), there exists p ∈ Q1 such that:

‖p− z‖ ≤ η, (13)

where:

z = x(τ, q, `1,w2) =
∑m

i=1αix(τ, q, ai,0) +
∑s

j=1βjbi.

Thus
`1,w1

q −→1 p. Consider now the transition
u2,w2

x −→2 y. By
(13) and (12), the following chain of inequalities holds:

‖p− y‖ = ‖p− z + z − y‖ ≤ ‖p− z‖+ ‖z − y‖ (14)
= ‖p− z‖+ ‖x(τ, q, `1,w2)− x(τ, x,u2,w2)‖
= ‖p− z‖+ ‖e(A+BK)τ (q − x)‖
≤ η + ‖e(A+BK)τ‖ε ≤ ε.

Thus (p, y) ∈ R, which completes the proof.
The choice of the asymptotically stabilizing matrix

K in the statement of Theorem 2 is arbitrary. One can
think to set up an optimization problem so that given
τ an asymptotically stabilizing matrix can be found to
minimize ‖e(A+BK)τ‖. This choice of K would increase
the value of η satisfying inequality (12) and consequently
it would reduce the cardinality of the state space Q1 of
the symbolic model. We do not provide more details about
such optimization process since it is out of the scope of the
present paper.
We stress that under the asymptotic stabilizability assumption
on the control system Σ, the symbolic model Tτ,η(Σ) ensures
no error propagation in the sequence of transitions, as time
proceeds. More formally, for any state xk of the control
system Σ reached at time t = kτ with k ∈ N, there exists
a state qk of Tτ,η(Σ) so that (qk, xk) ∈ R and hence
‖qk − xk‖ ≤ ε. On the other hand, the proposed symbolic
model Tτ,η(Σ) does not give information about the behavior
of the control system at the intersampling times t ∈ [0, τ ].
One way to obtain a finer description of the original control
system is to store information on the discrete states reached
during the time interval [0, τ ] in the transition relation −→1

of Tτ,η(Σ).
The above result is important for controller synthesis.
Indeed suppose that the goal is to synthesize a controller C
for a linear system Σ so that a given specification is fulfilled
up to a given precision ρ ∈ R+. Then, by following [3] it
is possible to derive from ρ a precision ε ∈ R+ so that if a
controller exists for Tτ,η(Σ), that is related to Tτ (Σ) by a
surjective alternating ε–approximate simulation, a controller
exists for Σ, which satisfies the required specification with

precision ρ. Once ε has been found, parameters τ and η can
obtained by inequality (12).

V. A NUMERICAL EXAMPLE

Consider the linear control system (1), where:

A =
[

2 0.5
0 −0.5

]
;B =

[
1
1

]
;G =

[
0.1
0

]
; (15)

X = [−1, 1]× [−1, 1];
D = [−0.25, 0.25].

We now illustrate the construction of a finite transition
system Tτ,η(Σ), for which there exists a surjective alternating
ε–approximate simulation relation from Tτ,η(Σ) to Tτ (Σ),
where the required precision is set to be ε = 1. For doing so,
we first need to choose a matrix K and parameters τ ∈ R+

and η ∈ R+ so that condition (12) is fulfilled. Since the
system Σ is controllable, we can choose a matrix K so that
the eigenvalues of A + BK are −2,−2:

K =
[
−5.33 −0.17

]
.

By choosing τ = 2, we obtain that
∥∥e(A+BK)τ

∥∥ = 0.26 and
therefore we can choose by condition (12):

η =
(
1−

∥∥∥e(A+BK)τ
∥∥∥)

ε = 0.74.

Theorem 2 guarantees that Tτ,η(Σ), as defined in (9), satisfies
the required approximation of Tτ (Σ). We now construct
T2,0.74(Σ). In this case we can explicitly compute R2

D,
obtaining R2

D = [−0.67, 0.67]×{0}. Therefore the required
transition system is:

T2,0.74(Σ) = (Q1, L1,W1,−→1, O1,H1),

where:
• Q1 =

{
(i, j)′ ∈ R2 : i, j = −η, 0, η

}
;

• L1 = R;
• W1 = conv ((−0.67, 0)′, (0.67, 0)′);
• −→1 is illustrated in Figure 1;
• O1 = Q1;
• H1 = ι : Q1 → O1.
Even though we do not show labels in Figure 1, we briefly

discuss in the following how we can find the set of all
labels (`, w) ∈ L1 × W1 that ensure a transition

`1,w1
q −→1 p

in T2,0.74(Σ), for any q, p ∈ Q1. By setting:

B1(0) = {x ∈ R2 : B̄x ≤ b̄}, W1 = {x ∈ R2 : W̄x ≤ w̄},

for some appropriate matrices B̄ and W̄ , and vectors b̄ and
w̄, the set in the left hand side of (11), can be rewritten in
terms of linear matrix inequalities, as follows:[

B̄Bτ B̄
0 W̄

] [
`1
w1

]
≤

[
ηb̄ + B̄(p−Aτq)

w̄

]
, (16)

which is indeed, the required set of all labels ensuring the
transition

`1,w1
q −→1 p. Notice that such transition exists if and

only if the set described by (16) is nonempty. This check
can be performed by using standard results on linear matrix



−η, η 0, η η, η

−η, 0 0, 0 η, 0

−η,−η 0,−η η,−η

Fig. 1. Symbolic model of the linear control system (1) with dynamical
matrices and constraints given in (15).

inequalities [9], as for example linear programming. As an
illustrative example, the set of labels (`1, w1) ∈ L1 × W1

that allow a transition from state (0,−η)′ to state (−η, η)′

is given by:

31, 91 1 0
−31.91 −1 0

1.26 0 1
−1.26 0 −1

0 1 0
0 −1 0
0 0 1
0 0 −1



 `1
w1

1

w2
1

 ≤



31.53
−30.06

1.93
−0.46

0.67
0.67

0
0


where we set w1 = (w1

1, w
2
1)
′ ∈ R2

D.

VI. DISCUSSION

In this paper we showed that if a linear control system
with disturbances is asymptotically stabilizable there always
exists a surjective alternating ε–approximate simulation from
the symbolic model to the control system, with a precision
that can be rendered as small as desired.
While previous approaches make use of a finite number of
control signals in the construction of the finite abstraction,
the proposed symbolic model captures the effect of any
piecewise–constant control input and any measurable distur-
bance input acting on the system. This approach therefore,
provides a finer description of the linear control systems
considered, than the ones appearing in the previous literature.
Furthermore, the proposed model can be constructed in a
finite number of steps, by using standard techniques in the
context of linear matrix inequalities.
In the companion paper [17], existence of approximately
bisimilar1 symbolic models of nonlinear control systems is
studied. While important from the conceptual point of view,
further work is required towards computational efficient

1Two transition systems are approximate bisimilar if they admit a sym-
metric surjective approximate simulation relation. We refer to [12], [3] for
a formal notion of approximate bisimulation.

algorithms for constructing the symbolic models of [17].
In many cases the constructed symbolic model contains more
information than what is needed for synthesizing controllers.
This can be avoided by integrating the construction of the
symbolic model with the synthesis of the controller. We
are currently exploiting these ideas, by adapting techniques
from on–the–fly verification [18] of transition systems to find
efficient algorithms for the controller design.
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