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Abstract— In this paper we revisit the problem of scheduling
stabilizing control tasks on embedded processors. We start from
the paradigm that a real-time scheduler should be regarded as a
feedback controller that decides which task is executed at any
given instant. This controller has for objective guaranteeing
that software tasks meet its deadlines and that stabilizing
control tasks asymptotically stabilize the plant. According to
this feedback paradigm, the decision of executing control tasks
should not be based on release times and deadlines but rather
on the state of the plant. We investigate the feasibility of a
simple state triggered scheduler based on the state norm and
provide some schedulability results.

I. INTRODUCTION

Small embedded microprocessors are quickly becoming an
essential part of the most diverse applications. A particularly
interesting example are physically distributed sensor/actuator
networks responsible for collecting and processing informa-
tion, and to react to this information through actuation. The
embedded microprocessors forming the computational core
of these networks are required to execute a variety of tasks
comprising the relay of information packets in multi-hop
communication schemes, monitoring physical quantities, and
computation of feedback control laws. Since we are dealing
with resource limited microprocessors it becomes important
to assess to what extent we can increase the functionality of
these embedded devices through novel real time scheduling
algorithms based on state triggered rather than time triggered
execution of control tasks.

We investigate a very simple state triggered scheduling
algorithm that preempts running tasks to execute the control
task whenever a certain error becomes large when compared
with the state norm. This idea is an adaptation to the schedul-
ing context of several techniques used to study problems of
control under communication constraints [NE00], [BL00],
[EM01]. We take explicitly into account the execution time
of the control task and provide sufficient conditions for
globally asymptotical stability under this scheduling policy.
We also provide sufficient conditions for co-schedulability
of the control task with other tasks competing for processor
time. We illustrate the proposed approach through several
computer simulations illustrating the tradeoff between rate
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of convergence and the execution frequency of the control
task.

Real-time scheduling of control tasks has received re-
newed interest from the academic community in the past
years [SLCB00], [CE00], [ACR+00], [CEBA02], [BA02],
[CLS03], [MLB+04], [HC05], [GCHI06]. Common to all
these approaches is the underlying principle that better
control performance is achieved by providing more CPU time
to control tasks. This can be accomplished in two different
ways: letting control tasks run for longer amounts of time us-
ing anytime implementations or model predictive controllers;
or by scheduling control tasks more frequently. In any case,
the existence of a performance criterion for the control task
is assumed, such as a cost function used to design an optimal
linear quadratic regulator. Scheduling strategies are then
obtained through on-line or off-line optimization algorithms
seeking to determine schedules maximizing the performance
criterion. The work presented in this paper does not resort
to optimization and does not require a performance criterion.
Instead, the decision to execute the control task is determined
by a feedback mechanism based on the state of the plant.

Closer to the results presented in this paper is the work de-
scribed in [PPV+02], [PPBSV05], where resource allocation
and feedback control are designed in an integrated fashion.
Several concurrent controllers described by scalar gains and
activation rates of the corresponding processes are designed
so as to ensure stability of the controlled processes as well
as real-time schedulability. Close at the technical level, al-
though addressing very different problems is the recent work
on stabilization under communication constraints [NE00],
[BL00], [EM01], [Lib03], [NT04], [LHLQ06], [BPZ02]. All
these approaches are concerned with the stabilization of
continuous systems under reduced communication and the
employed techniques share with some of the techniques
described in this paper, a common ancestor: the perturbation
approach to stability analysis of control systems, described
for example in [Kha96]. Finally, we would like to refer the
reader to [AB02] where some advantages of event-driven
control over time-driven control are presented in a stochastic
setting.
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II. SAMPLE-AND-HOLD CONTROL

We start with a control system:

ẋ = f(x, u), x ∈ R
n, u ∈ R

m (II.1)

for which a feedback control law:

u = k(x) (II.2)

has been designed, rendering the closed loop system:

ẋ = f(x, k(x)) (II.3)

globally asymptotically stable. Control law (II.2) is to be
implemented in an embedded processor and we assume that
its software implementation C takes ∆ units of time to be
executed. This means that if C is executed at time τ , then
the state of (II.1) is sampled at time τ and the actuators are
updated at time τ+∆ with the value u = k(x(τ)). We further
assume that the control value u will be held constant until it
is updated by another execution of the control task C. This
means that to a sequence of execution times τ1, τ2, . . . , τs

of the control task C there correspond a sequence actuator
update times of τ1+∆, τ2+∆, . . . , τs+∆. When the actuator
values are updated, there is already a discrepancy of ∆ units
of time between the current state x(τ + ∆) and the state
x(τ) used to compute control law (II.2). Furthermore, this
discrepancy will continue to grow until the actuator values
are updated by another execution of the control task. This
discrepancy induces a state error defined by:

e(t) = x(τi) − x(t), τi + ∆ ≤ t < τi+1 + ∆, i ∈ N

Taking this error into account, the result of closing the loop
using a sample-and-hold software implementation C of (II.2)
can be described by:

ẋ(t) = g(x(t), e(t)) (II.4)

ė(t) = −g(x(t), e(t)) (II.5)

where g(x(t), e(t)) = f(x(t), k(x(t) + e(t))) =
f(x(t), k(x(τi))) for τi + ∆ ≤ t < τi+1 + ∆. It will be
useful to also introduce the error ε defined as:

ε(t) = x(τi) − x(t), τi ≤ t < τi+1, i ∈ N

III. AN ACADEMIC EXAMPLE

To illustrate the results presented in this paper we will
consider the following control system:[

ẋ1

ẋ2

]
=

[
0 1

−2 3

] [
x1

x2

]
+

[
0
1

]
u (III.1)

and a feedback control law rendering the closed loop asymp-
totically stable:

u = x1 − 4x2 (III.2)

Associated with the closed loop is also a Lyapunov function
U = xT Px with P defined by:

P =
[
1 1

4
1
4 1

]
(III.3)

and with time derivative described by U̇ = −xT Qx where:

Q =
[

1
2

1
4

1
4

3
2

]
(III.4)

IV. A STABILITY ABSTRACTION

In oder to analyze stability of the closed loop system (II.4)
and (II.5) under state-trigered scheduling policies we will
need a model capturing the evolution of both x and e. This
model, which we shall call a stability abstraction, should be
simple enough to allow for analysis and yet it should capture
the interplay between the state evolution and the increase
in the error caused by a sample-and-hold implementation of
feedback. Furthermore, a stability abstraction should leverage
on the knowledge of (II.3) that is obtained when design-
ing (II.2). It is therefore without surprise that the proposed
stability abstraction is an extension of the Lyapunov function
used to prove stability of (II.3).

Definition 4.1: A stability abstraction for the closed loop
system (II.4) and (II.5) consists of:

1) Four class1 K∞ functions α1, α2, α3 and α4;
2) Three smooth maps V, E, E : R

n → R
+
0 satisfying:

a) α1(‖x‖) < V (x) < α2(‖x‖);
b) α3(‖e‖) < E(e) < α4(‖e‖);
c) E = E;
d) −aV (x) − bE(e) ≤ ∂V

∂x g(x, e) ≤ −aV (x) +
bE(e);

e) −∂E
∂e g(x, e) ≤ cV (x) + dE(e);

f) −∂E
∂ε g(x, e) ≤ cV (x) + dE(e),

where a, a, b, b, c, d ∈ R
+.

As mentioned before, V can be seen as the Lyapunov
function guaranteeing stability of (II.3) provided that (II.3)
is input-to-state stable (ISS) with respect to measurement
errors. In addition, we require also a lower bound for V̇ and
similar ISS Lyapunov functions describing the evolution of
the errors e and ε. We shall discuss these assumptions in
more detail in Section IX. For now, we will simply mention
that linear control systems stabilized by linear feedback
always admit a stability abstraction. In this case, if the closed
loop is described by:

ẋ = Ax + BKx (IV.1)

and if U = xT Px is a Lyapunov function for (IV.1) satisfy-
ing U̇ = −xT Qx with PT = P > 0 and QT = Q > 0, then
we can explicitly construct a stability abstraction by:

V =
√

xT Px E =
√

eT Pe E =
√

εT Pε

a =
λM (Q)
λm(P )

a =
λm(Q)
λM (P )

b =
2‖PBK‖
λm(P )

b =
2‖PBK‖
λm(P )

c =
λM (Q)
λm(P )

d =
2‖PBK‖
λm(P )

Example 4.2: For the control system and feedback de-
scribed in Section III, the corresponding stability abstraction

1A continuous function γ : [0, a[→ R
+
0 , a > 0, is said to belong to class

K if it is strictly increasing and γ(0) = 0. It is said to belong to class K∞
if a = ∞ and γ(r) → ∞ as r → ∞.
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is characterized by the following parameters:

a = c =
1
3
(4 +

√
5) a =

1
5
(4 −

√
5) b = b = d =

34
3

V. AN ERROR CONTROL STRATEGY

The strategy underlying the scheduling algorithm to be
proposed is based on the following simple idea that has
been used before to study stabilization problems under
communication constraints [NE00], [BL00], [EM01]. Recall
that V satisfies the following differential inequality:

V̇ ≤ −aV + bE (V.1)

A simple stabilization strategy, based on (V.1), consists in
keeping the error, as measured by E, small when compared
with the state, as measured by V . More specifically, if the
inequality:

E ≤ γV

is enforced for some γ > 0, (V.1) becomes:

V̇ ≤ −(a − γb)V

implying that:

V (t) ≤ e−(a−γb)tV (0) (V.2)

Stability is now guaranteed by a − γb > 0 or equivalently
by γ < a/b. Since executing the control task at time
τ has the effect of reducing the state error to zero, an
obvious scheduling strategy guaranteeing global asymptotical
stability consists in scheduling the control task sufficiently
often in order to enforce E ≤ γV . One of the advantages
of such scheduling strategy is that asymptotical stability
is automatic guaranteed by the inequality γ < a/b. The
important question becomes to determine when to execute
the control task. In order to address this question it is
fundamental to understand the evolution of the ratio E/V .
By making use of a stability abstraction we can obtain the
following estimate of the time derivative of E/V :

d

dt

E

V
=

ĖV − EV̇

V 2

≤ cV 2 + dEV + aEV + bEE

V 2

= c + (a + d)
E

V
+ b

(E

V

)2

(V.3)

providing:

E

V
(t) ≤ − 1

2b

(
a + d − Θ tan

(1
2
Θ(t + Ψ)

))
(V.4)

where:
Θ =

√
4bc − (a + d)2

and Ψ is the constant satisfying:

E

V
(0) = − 1

2b

(
a + d − Θ tan

(1
2
Θ(Ψ)

))

Note that when 4bc − (a + d)2 < 0, Θ is a pure imaginary
number and we take:

tan
(1

2
Θ(t + Ψ)

)
= −i tanh

(
− i

2
Θ(t + Ψ)

)

so that E/V is still a real number. For later use we will
denote by ρ(z, t) the upper bound (V.4), that is:

ρ(z, t) = − 1
2b

(
a + d − Θ tan

(1
2
Θ(t + Ψ)

))

with Ψ satisfying:

z = − 1
2b

(
a + d − Θ tan

(1
2
Θ(Ψ)

))

VI. SCHEDULING THE CONTROL TASK

In an ideal computing system where ∆ = 0, the scheduling
strategy described in the previous section could be imple-
mented by executing the control task when E/V = γ. How-
ever, since ∆ units of time elapse between the measurement
of the state and the actuators update, a different value of
E/V has to be used. An estimate for such value can be
immediately obtained by using (V.4).

Proposition 6.1: Consider a closed loop system of the
form (II.4) and (II.5) equipped with a stability abstraction.
Then, for any γ ∈ R if σ ≤ ρ(γ,−∆) the following
implication holds:

E(τ) = σV (τ) =⇒ E(τ + δ) ≤ γV (τ + δ)

for any δ ∈ [0, ∆].
This proposition shows that the bound E ≤ γV can be

enforced by executing the control task when E = σV .
However, there is no guarantee that V (τ + δ) = σE(τ + δ)
will not hold for some 0 ≤ δ ≤ ∆ thereby triggering
another execution of the control task before termination of
the previous one. We thus need one additional constraint on
σ.

Proposition 6.2: Consider a closed loop system of the
form (II.4) and (II.5) equipped with a stability abstraction.
Then, for any γ ∈ R if σ ∈ R satisfies:

ρ(0, ∆) < σ ≤ ρ(γ,−∆) (VI.1)

the following holds:

E(τ) = σV (τ) ⇒ E(τ + δ) ≤ γV (τ + δ)
E(τ + δ) < σV (τ + δ)

for any δ ∈ [0, ∆[.
Proof: At t = τ sensors are read and this implies

E(τ) = 0 which leads to
(E/V

)
(τ) = 0. Since Ė = Ė we

have:

(E/V
)
(τ + ∆) < σ

ρ
((E/V

)
(τ), ∆

)
< σ

ρ(0, ∆) < σ

Furthermore, it follows from (V.3) that d
dtE/V > 0 and thus

ρ(0, ∆) < σ implies ρ(0, δ) < σ for any δ ∈ [0, ∆[.
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γ σ = ρ(γ,−∆) a − γb τ∗
0.03 0.0251 0.0128 0.0092
0.02 0.0154 0.1261 0.0050
0.01 0.0056 0.2395 0.0006

TABLE I

VII. SCHEDULABILITY OF CONTROL TASKS

One of the major difficulties with event based scheduling is
time predictability. If no restrictions on the event occurrence
times exist, then it is not possible to provide any schedu-
lability guarantees. In the particular context of closed loop
systems equipped with stability abstractions we can use (V.4)
to estimate a lower bound for the time elapsed between
executions of the control task.

Proposition 7.1: Consider a closed loop system of the
form (II.4) and (II.5) equipped with a stability abstraction.
Then, for any γ ∈ R and any σ ∈ R satisfying (VI.1) the
time elapsed between interrupts triggering the control task is
lower bounded by ∆ + τ∗ with τ∗ defined by the equation:

ρ(0, ∆ + τ∗) = σ
Proof: If the control task is executed at τ it terminates

its execution at τ + ∆ and as discussed in the proof of
Proposition 6.2,

(E/V
)
(τ+∆) = ρ(0, ∆). The next interrupt

will occur when E/V = σ, that is, when ρ(ρ(0, ∆), τ∗) =
ρ(0, ∆ + τ∗) = σ.

Example 7.2: For the control system and controller de-
scribed in Section III and for an implementation with ex-
ecution time ∆ = 0.002s we obtain the values reported in
Table I. Note that in order to guarantee asymptotic stability γ
must be smaller than a/b ≈ 0.0311. As intutively expected,
we see from Table I that higher values of γ guarantee a longer
time between executions of the control task at the expense
of a slower convergence measured by a − γb and described
by (V.2). The value of γ can thus be regarded as a design
parameter capturing the tradeoff between performance (decay
rate of V ) and execution frequency of the control task. The
effect of γ will be further discussed in Section VIII where
simulation results are reported.

The lower bound between execution times of the control
task presented in Proposition 7.1 can be used to analyze
schedulability of a set of tasks T = {Ti}i∈I . We shall assume
a preemptive scheduler in which the control task has the
highest priority and thus cannot be preempted by any other
task and is executed without delays when V = σE. Note that
timing overheads associated with context switching can be
captured in the proposed framework by suitably enlarging ∆.
We regard execution of the control task as a timing overhead
imposed on the tasks Ti by the scheduler in the sense that
Ti may need to be interrupted to execute the control task.
When a set of control tasks T can be scheduled despite
the overhead associated with the control task we say that
T is co-schedulable with the control task. Co-schedulability
is now ensured by the following sufficient condition where
�r	 denotes the smallest integer greater than r ∈ R.

Theorem 7.3: Consider a closed loop system of the
form (II.4) and (II.5) equipped with a stability abstraction

and let T = {Ti}i∈I be a set of tasks with execution times
{∆i}i∈I . If the set of tasks T is schedulable with new
execution times ∆′

i given by:

∆′
i = ∆i + �∆i/τ∗	∆

then T is co-schedulable with the control task.
Proof: Since the time between executions of the control

task is lower bounded by ∆ + τ∗, each task Ti can be
interrupted at most �∆i/τ∗	 times. Each interruption will
delay the execution of Ti by ∆ units of time resulting in a
total execution time of ∆i + �∆i/τ∗	∆.

Co-schedulability is therefore ensured by the existence of
a schedule where the duration ∆i of each task Ti has been
inflated to ∆′

i in order to accommodate the timing overhead
imposed by the control task.

VIII. SIMULATIONS

In this section we report on simulation results obtained
for the control system and feedback controller described in
Section III.

On figure 1 we present the evolution of V for the three
values of σ reported on Table I. Before the first execution of
the control task no control is being exerted on the plant and
we thus see an increase in V . We also see that increasing
the value of σ has the effect of reducing the rate at which
V decreases to zero. Figure 2 illustrates the proposed state-

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
0

10

20

30

40

50

60

70

80

t (seconds)

V
(t

)

 = 0.0056

 = 0.0154

 = 0.0251

Fig. 1. Evolution of V for different values of σ and initial condition
(x1(0), x2(0)) = (10, 20).

trigered scheduling policy based on the evolution of E(t)
and V (t). The control task is executed when E = σV ,
however, since only ∆ = 0.002 seconds later the actuators
are updated with the result of the control task, we see
that E goes above the σV threshold, however it does not
reach the γV threshold as guaranteed by Proposition 6.1.
The maximum and minimum time between executions of
the control task is reported on Table II. We see that the
theoretical estimate for ∆ + τ∗ reported on Table I is off
by an order of magnitude. This reflects the fact that we are
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0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
0

0.5

1

1.5

t (seconds)

E(t)
V(t)*0.0154
V(t)*0.02

Fig. 2. Evolution of E and σV for σ = 0.0154 and initial condition
(x1(0), x2(0)) = (10, 20).

σ Maximum time Minimum time ∆ + τ∗
0.0251 0.191 0.096 0.0112
0.0154 0.151 0.078 0.0070
0.0056 0.094 0.051 0.0026

TABLE II

useing very conservative estimates for V̇ and Ė which can be
confirmed by comparing the uperbound for V (t) described
by V.2 with the simulated evolution of V (t) in Figure 3.
Further evidence of the conservatiness of the used estimates
is provided in Figure 4 where the estimated evolution of
E/V is compared with the simulated evolution. Finally, we

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
0

10

20

30

40

50

60

70

80

t (seconds)

V
(t

)

simulated V(t)
upper bound estimate for V(t)

Fig. 3. Evolution of the upper bound on V defined in (V.2) and the
simulated value of V for initial condition (x1(0), x2(0)) = (10, 20).

show in Figure 5 the evolution of V for a value of σ = 0.1
which is well above the estimated upper bound guaranteeing
stability a/b ≈ 0.0311. Even with such large value of σ the
plant is stabilized albeit the larger initial period where V
increases before the first execution of the control task.

These results suggest that although the theoretical results
provide a good qualitative description of the closed loop
behavior under the proposed state triggered scheduling strat-
egy, further research is required to obtain better estimates as
elaborated on Section IX.

0.15 0.16 0.17 0.18 0.19 0.2 0.21 0.22
0

0.2

0.4

0.6

0.8

1

t (seconds)

E
(t

) 
/ V

(t
)

simulated E(t)/V(t)
theoretical estimate for E(t)/V(t)

Fig. 4. Evolution of E/V obtained by simulation and through expres-
sion (V.4) for σ = 0.0154.

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
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80

100

120
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V
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Fig. 5. Evolution of V for σ = 0.1 and initial condition (x1(0), x2(0)) =
(10, 20).

IX. DISCUSSION

A. Conservativeness and new stability abstractions

The simulation results reported on Section VIII show that
stability abstractions, although providing a good qualitative
description of the closed loop behavior, are very conserva-
tive. This is somewhat unavoidable since we are describing
the stability properties of the system by using a single dif-
ferential equation for V . Furthermore, since this differential
equation is obtained when designing the stabilizing controller
it seems disadvantageous not to incorporate it in a stability
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abstraction. Contrary to the use of V , the proposed model for
E does not seem to be so essential. In fact, the estimate of E
was only used to obtain the estimate of E/V which suggests
that instead of assuming the knowledge of a lower bound
for V̇ and an upper bound for Ė we can directly assume the
existence of an upper bound for d

dt (E/V ). An estimate for
E/V has to be simple enough to admit a simple analysis and
preferentially a closed form solution, but it must also be as
less conservative as possible. Determining the exact form of
such bound (linear, quadratic, etc) is the subject of on going
research.

B. On-line adaptation

The parameter σ captures the existing tradeoffs between
rate of convergence and usage of computational resources. In
a dynamic environment where the processor load is changing
over time, it makes sense to have a higher level of supervision
responsible for regulating the value of σ. Similar control
inspired scheduling strategies have already appeared in the
literature [SLCB00], [CE00]. However, the existing methods
do not provide guarantees that hard bounds such as (VI.1)
are enforced. Current research is focusing of developing
such feedback mechanisms responsible for regulating σ as a
function of processor load in order to improve performance.

C. Hardware requirements for state-trigered scheduling

Even though we have not addressed how to implement
the proposed scheduling strategy, it is clear that it requires
special purpose hardware. The control task is triggered by
the equality V = σE and testing this equality by a dedicated
software task would only contribute to increase the processor
load. Instead, the comparison V < σE can be converted into
‖x‖ < α−1

1 (σα4(‖e‖)) which in the linear case reduces to
‖x‖ < σl‖e‖ for some constant l > 0. This comparison
can now be easily implemented in hardware with a violation
of the bound ‖x‖ < σl‖e‖ triggering the execution of the
control task. Note that replacing ‖x‖ < α−1

1 (σα4(‖e‖)) with
‖x‖ < σl‖e‖ contributes to further increase the conserva-
tiveness of the approach. Ultimately, the advantages of the
proposed scheduling policy can only be decided through the
analysis of concrete examples.
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