EE103 (Fall 2009-10)

13. Newton’s method for sets of nonlinear
equations
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Sets of nonlinear equations

n nonlinear equations in n variables

fl(ZUl,...,ZEn) = O
fg(ﬂjl,...,ﬂfn) = 0
fn(xla . 75677,) = 0
In vector notation:
fx) =0

where x € R" and f : R" — R" are defined as

i fl(iEl, “ e ,CIZn)
f(.fl?) _ fg(afl,.:..,iljn)

(@1, zn)
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Derivative matrix

f: R" — R", differentiable

- 0fi(x) ofi(m) . Ofi(T) T
o0xq 0xo Oxnp
Ofa(x) Ofe(@) Ofa(T)
pr = | T
Ofn(z) Ofn(x) = Ofn(Z)
L axl 8:62 8xn -

is the derivative matrix (or Jacobian matrix) evaluated at =

Example: f: R® — R?

62:131—|—$2 — 2
flz) = [ x% — x4
R 2e2T1+T2 _ 1 27112
Df) = [ 2% -1 ]

Newton's method for sets of nonlinear equations

13-3



Linearization

if f:R" — R" is differentiable at z € R", and «x is near 7, then

df:(x) ., Ofi(7)

0fi()
(3’331 ($1 $1)+ 8332

0z,

AN

(Tn — Tn)

fi(z) ~ fi(z) + (29— Fo) +-- -+

In matrix notation:

flz) = f(Z) + Df(Z)(x - T)

Example (previous page): f linearized around T =0 is
1 1 1] [ =
o |+l ][ %)
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Example: nonlinear static circuit

R R
— VW —\WW

11 12

HORNENE -

two nonlinear resistors with i-v characteristics i1 = g1(v1), 12 = g2(v2)

circuit equations

Ul—E Ul—’UQZO
R R
Vo2 — U1

fa(v1,v2) = ga(v2) + —5 =0

f1(v1,v2) = g1(v1) +

two nonlinear equations in two variables vq, vg
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derivative matrix evaluated at vy, vo:

[ d@)+2/R  —1/R
Df<”>—[g “1/R gg<az>+1/R]

linearized equations around v7, ¥s:

BRI R R VS | R R

1.€.,

’Ul—E V1 — V2

91(01) = 1 (01)01 + g1 (B + ——+ —
92(V2) — g5(V2)V2 + g5(V2)v2 + 2 7 L —

two linear equations in two variables v1, vy
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Interpretation: linearized equations describe a linear circuit

R R
AW
+ R + R R + R
E I U1 R, I U2 Rs

I =¢@) - gm0,  Ri=1/d,@)

I = go(B2) — gh(02)Ta,  Ro = 1/g5(2)
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Newton’s method

f : R" — R", differentiable

given an initial x, a required tolerance € > 0
repeat

1. Evaluate g = f(x) and H = D f(x).
2. if ||g|| < €, return x.

3. Solve Hv = —g.
4. x :=x + v.

until maximum number of iterations is exceeded.

e cach iteration requires one evaluation of f(x) (i.e., n scalar function
evaluations) and D f(x) (i.e., n* derivatives)

e we assume D f(x) is nonsingular
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Interpretation of one Newton iteration

ot =2 - Df(e) @) (z=2®, 2t =gtHD)

e linearize f around current iterate x
faet(y) = f(x) + D f(x)(y — )

e solve linearized equation f.g(y) =0

fle)+Df(z)(y —x) =0

for y, i.e.,

y=x—Df(z)""f(z)

e take y as new iterate ™
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Example

filzi,22) = log(af+2x5+1)—0.5=0
fol@1,29) = wx2—2]+0.2=0

 fao(z) =0

0.5}

\
fi(x) =0

-1 -0.5 0 0.5 1
Il

two equations in two variables; two solutions (0.70,0.29), (—0.70,0.29)

Newton's method for sets of nonlinear equations 13-10



Derivative matrix of f at x:

[ om /(22 + 22+ 1) Admo/(2P+a22+1)
Df(x) =

—25[71 1

One Newton iteration
e evaluate H = Df(z) and g = f(x)
e solve HAx = —g (two linear equations in two variables)

e set v :=x+ Ax

Results
o (0 = (1,1): converges to 2* = (0.70,0.29) in about 4 iterations
o (0 = (—1,1): converges to z* = (—0.70,0.29) in about 4 iterations

e (0 = (1,-1) or 2(® = (=1, —1): does not converge
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Example: navigation by range measurements

determine position by measuring the distances py, ps to two beacons

(p1, q1) (ﬁosition of béacon 1)
(p2, g2) (position of beacon 2)

/
i

Pl
unknown position (u, v)*
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Derivative matrix at (u,v) (assuming (u,v) # (p1,q1), (u,v) # (p2,q2)):

pi1—u q1—v
V(p1—u)?+(q1—v)?  /(p1—u)>+(q1—v)?
Df(u’v) - p2—u g2—v
i V(p2—uw)2+(q2—v)2  \/(p2—u)2+(g2—)2 |

One Newton iteration

e evaluate g = f(u,v) and H = D f(u,v)

e solve A
U
H[ Av ] =Y

(two linear equations in two variables)

o u:=u-+Au, vi=v+ Av
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Numerical example

(pl,Ch) — (107 10)7 (p27QQ) — (107 _10)7 P1 — 14, P2 = 16
e start Newton's method at (u(9, v(?) = (0, 0)

e converges in three iterations to (u*,v*) = (—1.12,1.5):

L ((u(k) _ u*)2 i (,U(k) _ U*)2)1/2
0 1.87

1 0.12

2 4.80 10~

3 8.27 107
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Convergence of Newton’s method

Convergence result: if Df(z*) is nonsingular and z(?) is sufficiently close
to =, then Newton's method converges and there exists a ¢ > 0 such that

|z — || < 2™ — 2|

e quadratic convergence

e explains very fast convergence of Newton's method when started near a
solution

e in practice, we don't know what c is, or how close () has to be
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