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7. Gradient methods with generalized distances

• Bregman distances

• variant of Nesterov’s method

• example

7–1

Gradient method and extension

basic gradient method for minimizing f (lecture 1)

x+ = argmin
z

(

f(x) + ∇f(x)T (z − x) +
1

2t
‖z − x‖2

2

)

extension for minimizing f + g over C (lectures 4-5)

x+ = argmin
z∈C

(

f(x) + ∇f(x)T (z − x) +
1

2t
‖z − x‖2

2 + g(z)

)

∆
= St(x − t∇f(X))

• g a simple nondifferentiable function; C a simple convex set

• interesting if projection/thresholding operation St is inexpensive
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Generalization

replace (1/2)‖z − x‖2
2 with ‘generalized distance function’ d(z, x)

• basic gradient update

argmin
z

(

f(x) + ∇f(x)T (z − x) +
1

t
d(z, x)

)

• extension with projection/thresholding

argmin
z∈C

(

f(x) + ∇f(x)T (z − x) +
1

t
d(z, x) + g(z)

)

potential benefits

• select d(z, x) to fit the curvature of f , or geometry of C

• simplify the thresholding/projection
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Bregman distance functions

Bregman distance associated with strictly convex, differentiable h:

d(x, y) = h(x) − h(y) −∇h(y)T (x − y)

h is called the kernel function of d

properties

• convex in x for fixed y

• d(x, y) ≥ 0 for all x, y; d(x, y) = 0 if and only if x = y

• not a real distance (not symmetric)

• d(x, y) ≥ (µ/2)‖x − y‖2
2 if h is strongly convex with constant µ

first two properties follow from (strict) convexity of h
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Examples

quadratic function: h(x) = ‖x‖2
2/2

d(x, y) =
1

2
‖x − y‖2

2

negative entropy: h(x) =
∑n

i=1 xi log xi with domh = Rn
++

d(x, y) =
n

∑

i=1

(xi log(xi/yi) − xi + yi)

the relative entropy or Kullback-Leibler divergence
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logarithm barrier: h(x) = −
∑n

i=1 log xi with domh = Rn
++

d(x, y) =
n

∑

i=1

(xi/yi − log(xi/yi)) − n

inverse barrier: h(x) =
∑n

i=1 1/xi with domh = Rn
++

d(x, y) =

n
∑

i=1

1

yi

(
√

xi

yi
−

√

yi

xi

)2
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log-det barrier: h(X) = − log detX with domh = Sn
++

d(X,Y ) = tr(XY −1) − log det(XY −1) − n

(follows from ∇h(X) = −X−1)

matrix entropy: h(X) = tr(X log X) =
∑

i λi(X) log(λi(X)) on Sn
++

d(X,Y ) = tr(X log X − X log Y − X + Y )

(follows from ∇h(X) = I + log X)
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Triangle identity

the triangle identity

‖x − z‖2
2 = ‖x − y‖2

2 + ‖y − z‖2
2 + 2(y − z)T (x − y)

was used in the convergence proofs of the gradient methods

triangle identity for Bregman distances

d(x, z) = d(x, y) + d(y, z) + (∇h(y) −∇h(z))T (x − y)

follows directly from the definition of d
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Optimization with Bregman regularization

minimize f(x) + d(x, y)
subject to x ∈ C

• f convex and subdifferentiable on C

• C a convex set

• y ∈ domh (h is the kernel function associated with d)

property: if x̂ is optimal, then

f(x) + d(x, y) ≥ f(x̂) + d(x̂, y) + d(x, x̂) ∀x ∈ C
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proof: if x̂ is optimal then there is a subgradient g ∈ ∂f(x̂) with

(g + ∇h(x̂) −∇h(y))
T

(x − x̂) ≥ 0 ∀x ∈ C

from the triangle identity

f(x) + d(x, y)

= f(x) + (∇h(x̂) −∇h(y))T (x − x̂) + d(x, x̂) + d(x̂, y)

≥ f(x̂) + (g + ∇h(x̂) −∇h(y))T (x − x̂) + d(x, x̂) + d(x̂, y)

≥ f(x̂) + d(x̂, y) + d(x, x̂)

for all x ∈ C
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Variant of Nesterov’s method

minimize f(x)
subject to x ∈ C

• f convex, differentiable; ∇f Lipschitz continuous on C with constant L

‖∇f(x) −∇f(y)‖2 ≤ L‖x − y‖2 ∀x, y ∈ C

• C ⊆ dom f is a closed convex set

• we assume the problem is solvable

d(x, y) is a Bregman distance on C, and

d(x, y) ≥
1

2
‖x − y‖2

2 ∀x, y ∈ C

(i.e., kernel h is strongly convex, with strong convexity constant 1)
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algorithm

choose x(0) ∈ C and set v(0) = x(0)

repeat for k = 1, 2, . . .

y(k) = x(k−1) +
2

k + 1
(v(k−1) − x(k−1))

v(k) = argmin
z∈C

(

∇f(y(k))Tz +
2L

k + 1
d(z, v(k−1))

)

x(k) = x(k−1) +
2

k + 1
(v(k) − x(k−1))

note

• v(k), x(k), y(k) are feasible for all k

• not a descent algorithm: f(x(k)) can be greater than f(x(k−1))
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Interpretation

for C ∈ Rn and d(z, v) = (1/2)‖z − v‖2
2, step 2 reduces to

v(k) = v(k−1) −
k + 1

2L
∇f(y(k))

eliminating y(k), v(k) gives x(1) = x(0) − (1/L)∇f(x(0)) and for k ≥ 2,

x(k) = x(k−1) +
k − 2

k + 1
(x(k−1) − x(k−2))

−
1

L
∇f

(

x(k−1) +
k − 2

k + 1
(x(k−1) − x(k−2))

)

a gradient method with two-step ‘momentum’ term
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Analysis of one iteration

with x = x(i−1), x+ = x(i), y = y(i), v = v(i−1), v+ = v(i), θ = 2/(i + 1)

1. from Lipschitz continuity of ∇f

f(x+) ≤ f(y) + ∇f(y)T (x+ − y) +
L

2
‖x+ − y‖2

2

2. plug in x+ = x + θ(v+ − x) (algorithm step 3)

f(x+) ≤ f(y) +∇f(y)T ((1− θ)x + θv+ − y) +
L

2
‖(1− θ)x + θv+ − y‖2

2

3. substitute y = x + θ(v − x) (algorithm step 1) in last term

f(x+) ≤ f(y) + ∇f(y)T ((1 − θ)x + θv+ − y) +
Lθ2

2
‖v+ − v‖2

2
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4. from convexity of f and (1/2)‖v+ − v‖2
2 ≤ d(v+, v)

f(x+) ≤ (1 − θ)f(x) + θ
(

f(y) + ∇f(y)T (v+ − y) + Lθd(v+, v)
)

5. v+ minimizes the right hand side over C; from page 7–9 this means

f(x+) + Lθ2d(x⋆, v+)

≤ (1 − θ)f(x) + θ
(

f(y) + ∇f(y)T (x⋆ − y) + Lθd(x⋆, v)
)

6. from convexity of f

f(x+) + Lθ2d(x⋆, v+) ≤ (1 − θ)f(x) + θf⋆ + Lθ2d(x∗, v)

conclusion

1

θ2
(f(x+) − f⋆) + Ld(x⋆, v+) ≤

1 − θ

θ2
(f(x) − f⋆) + Ld(x⋆, v)
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Iteration complexity

we showed that for i ≥ 1,

(i + 1)2

4
(f(x(i)) − f⋆) + Ld(x⋆, v(i))

≤
(i − 1)(i + 1)

4
(f(x(i−1)) − f⋆) + Ld(x⋆, v(i−1))

now, iterate from i = 1 to i = k and use (i − 1)(i + 1) ≤ i2 to get

(k + 1)2

4
(f(x(k)) − f⋆) + Ld(x⋆, v(k)) ≤ Ld(x⋆, v(0))

since the distance function d is nonnegative and v(0) = x(0), we obtain

f(x(k)) − f⋆ ≤
4Ld(x⋆, x(0))

(k + 1)2
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Variations

• step 3 of the algorithm can be replaced by

x(k) = argmin
z∈C

(

∇f(y(k))Tz +
L

2
‖z − y(k)‖2

2

)

in the analysis of this variant we start at the inequality in 2 (page 7–14)

• if L is unknown, we start with an initial guess and increase L if the
inequality in 4 (page 7–15) is not satisfied;

this can be interpreted as backtracking on the ‘step size’ 1/L
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Projection operator

Qt(u, v) := argmin
z∈C

(

uTz +
1

t
d(z, v)

)

• allows us to write step 2 of the algorithm as

v(k) = Qt

(

∇f(y(k)), v(k−1)
)

, t =
k + 1

2L

• the method is well suited for problems where Qt is inexpensive
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Extension

minimize f(x) + g(x)
subject to x ∈ C

• f convex, ∇f Lipschitz continuous with constant L

• g a ‘simple’ nondifferentiable convex function

replace step 2 of the algorithm with

v(k) = Qt

(

∇f(y(k)), v(k−1)
)

, t =
k + 1

2L

where

Qt(u, v) = argmin
z∈C

(

uTz + g(z) +
1

t
d(z, v)

)
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Example

projection on probability simplex, with relative entropy distance

C = {x | x � 0,1Tx = 1}, d(x, y) =
n

∑

i=1

xi log(xi/yi)

projection operator St(u, v) (for v ≻ 0, 1
Tv = 1) is the solution of

minimize tuTz +
∑n

i=1 zi log(zi/vi)
subject to 1

Tz = 1

closed form solution:

Qt(u, v)i =
vie

−tui

∑n
j=1 vje

−tuj
, i = 1, . . . , n
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example
minimize (1/2)‖Ax − b‖2

2

subject to x � 0, 1
Tx = 1
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