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7. Gradient methods with generalized distances

e Bregman distances
e variant of Nesterov's method

e example
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Gradient method and extension

basic gradient method for minimizing f (lecture 1)

1 = argmin (f(:c) +Vfx)'(z—z)+ 2%\]2 — :CH%)

extension for minimizing f + g over C' (lectures 4-5)

zt = argmin (f(x) + Vi) (z—x)+ in —z|3 + g(z))
zeC 2t

1>

Si(z =tV f(X))

e ¢ a simple nondifferentiable function; C' a simple convex set

e interesting if projection/thresholding operation S; is inexpensive
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Generalization

replace (1/2)||z — z||3 with ‘generalized distance function’ d(z, z)

e basic gradient update

aramin ( F2) + V@) (= — ) + %d(z, x))

z

e extension with projection/thresholding

angain (f(0) + V(@) - ) + jd(:.0) + o))

potential benefits

e select d(z,x) to fit the curvature of f, or geometry of C'

e simplify the thresholding/projection
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Bregman distance functions

Bregman distance associated with strictly convex, differentiable h:

d(z,y) = h(z) — h(y) — Vh(y)" (z — y)

h is called the kernel function of d

properties

e convex in x for fixed y
e d(x,y) >0 forall z,y; d(x,y) =0if and only if z =y
e not a real distance (not symmetric)

o d(z,y) > (u/2)||lz — y||3 if h is strongly convex with constant u

first two properties follow from (strict) convexity of h
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Examples
quadratic function: h(x) = ||z||3/2

1
d(w,y) = Sllz - yli3

negative entropy: h(z) =" ; z;logx; with domh = R |
d(z,y) = Z(ﬂfi log(wi/y:) — i + yi)

=1

the relative entropy or Kullback-Leibler divergence
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logarithm barrier: h(z) = — ", logz; with domh = R’}

n

d(z,y) = Z(ﬂﬁz/yz —log(wi/yi)) —n

=1

inverse barrier: h(z) =", 1/x; with domh = R’ |

03 (i)

2
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log-det barrier: h(X) = —logdet X with domh = S% |
d(X,Y) =tr(XY 1) —logdet(XY 1) —n

(follows from VA(X) = —X 1)

matrix entropy: h(X) = tr(Xlog X) = >, X\i(X)log(A:i(X)) on ST
d(X,Y)=tr(XlogX — XlogY — X +Y)

(follows from VA(X) = I +log X)
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Triangle identity

the triangle identity
lz = 2115 = llz = ylI3 + [ly — 2[5+ 2(y — 2)" (z — y)

was used in the convergence proofs of the gradient methods

triangle identity for Bregman distances

d(z,z) = d(z,y) + d(y, z) + (Vh(y) — Vh(z))" (. — y)

follows directly from the definition of d
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Optimization with Bregman regularization

minimize  f(z) + d(z,y)
subject to z € C

e f convex and subdifferentiable on C
e ( a convex set

e y € domh (h is the kernel function associated with d)

property: if T is optimal, then

f(x)+d(x,y) > f(z)+d(z,y) +d(x,z) YVrel
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proof: if Z is optimal then there is a subgradient g € 0f(Z) with
(9+ Vh(&) = Vh(y) (z—2)>0 VzeC

from the triangle identity

(V2
= ==
=

Vv

forall z € C
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Variant of Nesterov’'s method

minimize  f(x)
subjectto x € C

e f convex, differentiable; V f Lipschitz continuous on C' with constant L

IVf(z) = VIl < Lz —yll2 Vo,yeC

e (' Cdom f is a closed convex set

e we assume the problem is solvable
d(x,y) is a Bregman distance on C, and
1 2

(i.e., kernel h is strongly convex, with strong convexity constant 1)
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algorithm
choose (9 € C and set v(©) = z(0)

repeat for k =1,2,...

2
v®) = argmin (Vf(y(k))Tz -+ id(z, v(k_l))>
zeC k+1
2

note

o v(F) (k) y(k’) are feasible for all k&

e not a descent algorithm: f(x(*)) can be greater than f(z(*=1)
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Interpretation

for C € R" and d(z,v) = (1/2)||z — v||3, step 2 reduces to

B _ -1 BT

(k)
5T V™)

v\

eliminating y*), v*) gives (1) = () — (1/L)V f(2(®)) and for k > 2,

ki —
k) — 1) L(E=1) o (k=2)
o T 1( )

1 k—2
S (k=1) k=1 _ (k=2)
va ( * k + 1< )>

a gradient method with two-step ‘'momentum’ term
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Analysis of one iteration
with z = 20D 2t = 200 oy = 9@ o =000 vt =9 §=2/(i +1)
1. from Lipschitz continuity of V f
+ T/ .+ L + 2
F@™) < fy) +V Iy @ —y)+Slla™ =yl
2. plugin 2™ =2+ 6(vt — x) (algorithm step 3)
L
F@) < f) + VI (A =02+ 00" —y) + (1= )+ v —y]3
3. substitute y = = + 0(v — x) (algorithm step 1) in last term

F@*) < £ + VI (L= 0 + 00" — ) + 20 )3
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4. from convexity of f and (1/2)|jv™ —v||3 < d(vT,v)
f@™) <A =0)f(2) +0(f(y) + V) (" —y) + Lod(vF,v))

5. v+ minimizes the right hand side over C; from page 7-9 this means

f(z™) + LO%d(x*,v™)
< (Q=0)f(x)+0(f(y) + Vi) (@ —y)+ Lod(a*,v))

6. from convexity of f

f(axt) 4+ Lo*d(z*,v1) < (1 = 0)f(x) + 0f* + LO%d(x*,v)

conclusion

1 + * * .+ 1-40 * *

2 (f(27) = f7) + Ld(2”, v7) < —5=(f(2) = f7) + Ld(a", v)
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Iteration complexity

we showed that for 7 > 1,

: T) (f(2) = f*) + Ld(a*,01V)

(i—1)(+1)
4

< (f(@=V) = f*) + Ld(z*, v~

now, iterate from i =1to i =k and use (i — 1)(i + 1) < i? to get

(k+1)2

(@) = )+ L@, o) < Ld(a”,0®)

since the distance function d is nonnegative and v(9) = (9 we obtain

Uy pe o ALd(z*, z()
f@) = f* < 1)
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Variations

e step 3 of the algorithm can be replaced by

) L
k) = argmin (Vf(y(k))Tz + §Hz — y(k)]@)
zeC

in the analysis of this variant we start at the inequality in 2 (page 7-14)

e if L is unknown, we start with an initial guess and increase L if the

inequality in 4 (page 7-15) is not satisfied;

this can be interpreted as backtracking on the ‘step size' 1/L
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Projection operator

1
Q+(u,v) := argmin <uTz + —d(z, v))
zeC t

e allows us to write step 2 of the algorithm as

k+1
,_kt1

w0 =, (vf(yaf)), U(k—l)) , =

e the method is well suited for problems where (); is inexpensive
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Extension

minimize  f(x) + g(x)
subjectto z €

e f convex, Vf Lipschitz continuous with constant L

e ¢ a ‘simple’ nondifferentiable convex function

replace step 2 of the algorithm with

ket

v = Q (Vf(y(k))av(k_l)) . oL

where

Q+(u,v) = argmin (uTz +9(2) + 1d(z,v))
zeC t
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Example

projection on probability simplex, with relative entropy distance

C={z|z>=0,1T2 =1}, d(z,y) = sz log(z;/y;)
i=1

projection operator Sy(u,v) (for v = 0, 1Tv = 1) is the solution of

minimize  tulz 4+ > . z;log(z;/v;)
subjectto 17z =1

closed form solution:

,Uie—tui

o tu;
Do vje

Qt(U, U)z' =

1=1,...,n
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example
minimize  (1/2)]|Ax — b3
subjectto z =0, 1Tz =1

(f@™) = 1)/ f*

100 200 300 400 500

randomly generated A of size 5000 x 2000
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