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13. Dual methods

• dual of convex problem with linear constraints

• differentiability of dual function

• dual decomposition

• rate control
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Convex problem with linear constraints

minimize f(x)
subject to Gx � h

Ax = b

(G ∈ Rm×n, A ∈ Rp×n)

dual function

g(λ, ν) = inf
x∈dom f

L(x, λ, ν)

= inf
x∈dom f

(

f(x) + (GTλ + ATν)Tx − hTλ − bTν
)

= −hTλ − bTν − f∗(−GTλ − ATν)

f∗(y) = supx∈dom f(xTy − f(x)) is the conjugate of f

this lecture: methods that solve dual by a first-order method
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Dual feasibility

(λ, ν) is dual feasible if λ � 0 and L(x, λ, ν) is bounded over x ∈ dom f :

−GTλ − ATν ∈ dom f∗, λ � 0

• to solve dual problem when feasible set is not Rm
+ × Rp

– make dual domain explicit (e.g., when using gradient projection)
– minimize L with a method that detects unboundedness, and use

unbounded direction to generate cutting-plane for dual domain
(e.g., when using ACCPM)

• dual methods simplify if feasible set is Rm
+ × Rp

some sufficient conditions:

– dom f is bounded (e.g., after addition of variable bounds)
– f strongly convex (e.g., after addition of a regularization term)
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Subgradients of conjugate function

f∗(y) = sup
x∈dom f

(xTy − f(x))

from page 2–7, f∗ is subdifferentiable at all points in int dom f∗

weak subgradient rule

if x̂ maximizes xT ŷ − f(x) over x ∈ dom f , then x̂ ∈ ∂f∗(ŷ)

f∗(y) = sup
x∈dom f

(xTy − f(x)) ≥ x̂Ty − f(x̂)

= x̂T ŷ − f(x̂) + x̂T (y − ŷ)

= f∗(ŷ) + x̂T (y − ŷ)
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Conjugate of closed functions

a convex function is closed if epi f is a closed set (see BV §A.3.3)

properties: for f closed and convex

• f∗∗ = f : conjugate of conjugate of f is f (BV exercise 3.39)

• y ∈ ∂f(x) if and only if x ∈ ∂f∗(y)

proof: if ŷ ∈ ∂f(x̂), then xT ŷ − f(x) reaches its maximum over x at x̂;
therefore x̂ ∈ ∂f∗(ŷ); this shows

ŷ ∈ ∂f(x̂) =⇒ x̂ ∈ ∂f∗(ŷ)

reverse implication follows from f∗∗ = f
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Differentiability of conjugate

if f is closed and strictly convex, then f∗ is differentiable on int dom f∗

proof suppose x1, x2 ∈ ∂f∗(ŷ), and define x3 = (1/2)(x1 + x2)

from previous page, ŷ ∈ ∂f(x1) and ŷ ∈ ∂f(x2); therefore

f∗(ŷ) = xT
1 ŷ − f(x1), f∗(ŷ) = xT

2 ŷ − f(x2)

and (by definition of f∗), f∗(ŷ) ≥ xT
3 ŷ − f(x3)

combining the three inequalities gives

f(
1

2
(x1 + x2)) ≥

1

2
(f(x1) + f(x2))

if f is strictly convex, this is only possible if x1 = x2
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implication for dual methods

if f on page 13–2 is closed and strictly convex

• dual function is differentiable for −GTλ − ATν ∈ int dom f∗

• dual gradient is given by

∇gλ(λ, ν) = −h + G∇f∗(−GTλ − ATν)

∇gν(λ, ν) = −b + A∇f∗(−GTλ − ATν)

• to ensure differentiability of g, add small strictly convex term to f
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Lipschitz continuity of dual gradient

from page 6–8: if f is strongly convex with constant µ, then

‖∇f∗(u) −∇f∗(v)‖2 ≤
1

µ
‖u − v‖2

i.e., ∇f∗ is Lipschitz continuous with constant 1/µ

implication for dual methods

if f on page 13–2 is strongly convex then ∇g is Lipschitz continuous with

L =
λmax(G

TG + ATA)

µ

to ensure Lipschitz continuity of ∇g, add small strongly convex term to f
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Dual decomposition

minimize
r

∑

j=1

fj(xj)

subject to xj ∈ Cj, j = 1, . . . , r
r

∑

j=1

Gjxj � h

• objective and constraints are separable in r variables xj

• last constraint is called a complicating (or coupling) constraint

dual function

g(λ) =

r
∑

j=1

gj(λ) − hTλ, gj(λ)
∆
= inf

xj∈Cj

(

fj(xj) + λTGjxj

)
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master problem

maximize
r

∑

j=1

gj(λ) − hTλ

subject to λ � 0

if λ � 0 is the only constraint, this can be solved by (sub-)gradient
projection, or Nesterov’s accelerated gradient projection

subproblem
minimize fj(xj) + λTGjxj

subject to xj ∈ Cj

• optimal value is gj(λ)

• if x̂j solves the subproblem, then −Gjx̂j is a subgradient of −gj at λ

• subproblems are independent and can be solved in parallel
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Quadratic programming example

minimize
r

∑

j=1

(1/2)xT
j Pjxj + qT

j xj

subject to Ajxj � bj

p
∑

j=1

Gjxj � h

• r = 10; variables xj ∈ R100; Aj ∈ R100×100, Gj ∈ R10×100

• Pj ≻ 0; implies dual function has Lipschitz continuous gradient

subproblems are QPs

minimize (1/2)xT
j Pjxj + (qj + GT

j λ)Txj

subject to Ajxj � bj
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gradient projection (lecture 5) and Nesterov’s method (7-12)

• fixed step size (equal in the two methods)

• plot shows convergence of master problem
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Network rate control

network flows

• n flows, with fixed routes, in a network with m links

• variable fj ≥ 0 denotes the rate of flow j

• flow utility is Uj : R → R, concave, increasing

capacity constraints

• traffic ti on link i is sum of flows passing through it

• t = Rf , where R is the routing matrix

Rij =

{

1 flow j passes over link i
0 otherwise

• link capacity constraint: t � c
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Rate control problem

maximize U(f) =
∑n

j=1 Uj(fj)

subject to Rf � c

• convex problem

• dual decomposition gives decentralized method

Lagrangian (for minimizing −U)

L(f, λ) = −U(f) + λT (Rf − c)

= −λT c +
n

∑

j=1

(

−Uj(fj) + (rT
j λ)fj

)

• λi is price (per unit flow) for using link i

• rT
j λ is the sum of prices along route j (rj is jth column of R)
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dual function

g(λ) = −λT c +

n
∑

j=1

inf
fj

(−Uj(fj) + (rT
j λ)fj)

= −λT c −
n

∑

j=1

(−Uj)
∗(−rT

j λ),

dual rate control problem

maximize −λT c −
n

∑

j=1

(−Uj)
∗(−rT

j λ)

subject to λ � 0
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(Sub-)gradients of dual function

g(λ) = −λT c −
n

∑

j=1

sup
fj

(Uj(fj) − (rT
j λ)fj)

= −λT c −

n
∑

j=1

(−Uj)
∗(−rT

j λ),

• subgradient (of negative dual)

Rf̄ − c ∈ ∂(−g)(λ) where f̄j = argmax
(

Uj(fj) − (rT
j λ)fj

)

if Uj is strictly concave, this is a gradient

• rT
j λ is the sum of link prices along route j

• c − Rf̄ is vector of link capacity margins for flow f̄
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Dual decomposition rate control algorithm

given initial link price vector λ ≻ 0 (e.g., λ = 1).

repeat

1. sum link prices along each route: calculate Λj = rT
j λ

2. optimize flows (separately) using flow prices:

fj := argmax (Uj(fj) − Λjfj)

3. calculate link capacity margins s := c − Rf

4. update link prices:
λ := (λ − ts)+

where t is the step size
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Dual decomposition rate control algorithm

• decentralized:

– links only need to know the flows that pass through them
– flows only need to know prices on links they pass through

• prices converge to optimal; so do flows (since U is strictly concave)

• iterates can be (and often are) infeasible, i.e., Rf 6� c
(but we do have Rf � c in the limit)

• have upper bound −g(λ) on optimal utility U⋆
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Generating feasible flows

• define ηi = ti/ci = (Rf)i/ci

– ηi < 1 means link i is under capacity
– ηi > 1 means link i is over capacity

• define f feas as

f feas
j =

fj

max{ηi | flow j passes over link i}

• f feas will be feasible, even if f is not

• finding f feas is also decentralized
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Example

• n = 10 flows, m = 12 links; 3 or 4 links per flow

• link capacities chosen randomly, uniform on [0.1, 1]

• Uj(fj) = log fj (can be argued to give proportionally fair flows)

• optimal flow as a function of price:

f̄j = argmax(Uj(fj) − Λjfj) = 1/Λj

• initial prices: λ = 1

• constant stepsize αk = 3
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Convergence of primal and dual objectives
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Maximum capacity violation
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