EE236C (Spring 2008-09)

16. Variational inequalities

e variational inequality

e monotonicity

e examples

e linear complementarity problem

e analytic center cutting-plane method

e extragradient method
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Variational inequality

given closed convex set C, mapping F' : R" — R", find & € C such that

F@)(x—2)>0 VazeC

equivalently, solve

i = Po (i - F(@)

where P is projection on C
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Monotonicity

we will focus on variational inequalities with monotone F:

(F(uw)— F) (u—v) >0 Yu,v

e [ is strictly monotone if

(F(u) — Fw)" (u—v) >0 Yu,v,u#v

e [ is strongly monotone if there exists a ¢ > 0 such that

(F(u) = F(0))" (u=v) > Zlu— o]} Vu,0
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Convex optimization

minimize  f(x)
subjectto ze€C

with f convex, C a convex set

optimality condition (236B lecture 4-9)

z € C is optimal if

Vi) (x—2)>0 VreC

this is a variational inequality with F'(xz) = V f(z)
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monotonicity

F(x) = V f(x) is monotone if and only if f is convex

e if f is convex, then for all u,v € dom f,

=V f(u) (v —u) = Vf(v)" (u-v)

(f(u) = f(v)) + (f(v) = f(u))
0

(Vf(u) = VF©)"(u—v)

Vv

e if Vf(x) is monotone, then for all z,y € dom f,

f) = @)+ / V(@ +ty — )Ty — ) dt

> f(x) + V()" (y - 2)
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Convex-concave saddle-point problems
suppose f(u,v) is convex-concave and U and V' are convex

saddle-point: (4,0) € U x V is a saddle-point

fa,0) < f(@,0) < fu,0) Y(u,0) €U XV (1)

variational inequality formulation (4, v) is a saddle-point iff

{ Vuf(ﬁ@))r{“—?}m Y(u,v) €U x V (2)

this is a variational inequality with F'(u,v) = (V. f(u,v), =V, f(u,v))
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proof
e if (u,0) satisfies the variational inequality, then for all (u,v) €e U x V

) < f(,0) + V fu(@,0)" (u—a) < f(u,d)

S

f(a,
f(a,0) > f(a,0) +V fo(ii, )" (v — 0) > f(i,v)
therefore (1) holds
e if (11,0) is a saddle-point, then & minimizes f(u,?) over u € U, i.e.,
Vi, 0) (u—a)>0 YueU
0 maximizes f(u,v) over v € V, i.e.,
Vfo(i,0) ' (v—20)<0 YveV

therefore (2) holds
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monotonicity

P = e ]

is monotone if and only if f is convex-concave
e if f is convex-concave, then for all w = (u,v), w = (4, )

(F(w) = F(w))" (w — )
= (Vuf(w) — Vuf(w))T(u — )
Z —f(?l,v) —{—f(u,v) - f(uv,{)) +f(ﬂ7@) —J’_f(u?@) - f(u7v>

I
o

e proof of converse is similar as proof on page 16-5
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Linear complementarity problem

given A € R"*" b€ R", find &

F=0, Ad+b>=0, (AZ+0b)d;=0, i=1,....n

AZ + b Az +0b

>
JRoi

e this is a variational inequality with F'(x) = Az +b, C € R}
e I is monotone if A+ AT =0

e for certain classes of A, can be solved using simplex-like algorithms
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Quadratic program as LCP

minimize  (1/2)zTPx + ¢Tx
subjectto Gx <h, x>0

(with P > 0)
optimality conditions

Pr+Glz—u+q=0, Gx + s = h, {x}>0, {U}EO

2Tu+sT2=0

this can be written as a (monotone) linear complementarity problem with
P GT x q
ren=| S G [ T) 0]
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Bimatrix game as LCP

e two players, using randomized strategies

reX={zx>0]17zx =1}, yeY ={y>=0|17y=1}

e cost to player 1 is 27 Ay; cost to player 2 is 7 By

e we assume A and B have nonnegative entries

Nash equilibrium: £ € X, § € Y with
T Ay < zTAy Vz e X, #TBy<iTBy VyeY

in other words, 27 Aj = ming (A7), = ming(BT2)y
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bimatrix game as linear complementarity problem

F(w):{gf’ 61”:;}_“]

e if Z, ¢y is a Nash equilibrium, then

_ @ _
ity YT iTay

X

solve the linear complementarity problem
e if x, y solve the complementarity problem, then
L Y

i:—, A:—
1Ty 4 1Ty

is a Nash equilibrium

(this LCP is not monotone, but can still be solved efficiently)
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Duality gap function

() =sup F(y)' (x—y), domn=C
yeC

is called the duality gap function of the variational inequality

properties

e 7)(z) is a convex function
e n(z)>0forallxzecC

e (for F' monotone and continuous) n(x) = 0 if and only if = solves the
variational inequality (proof on next page)

consequence
solution set of monotone variational inequality is convex (possibly empty)
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Variational inequalities

proof of 3rd property

e if x solves the variational inequality, then, by monotonicity,
F(y)'(z—y) < F(z)' (z—y) <0 VyeC
therefore n(x) = sup,cc F(y)" (z —y) =0
e suppose n(x) = 0; consider w =z +t(z —x) with z € C, 0 < t < 1:
0=n(z)>Fw)  (z—w)=tF(z+t(z—2))" (x—2)

taking the limit for ¢ — 0 gives

F(x)'(z—2)>0
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Analytic centering cutting-plane method

to generate cutting-plane at x

o if x ¢ C, use feasibility cut (cutting-plane that separates = from C)

e if x € C' and not a solution, use the cutting-plane
F)'(z—2)<0
proof: if F(z)T (2 — ) > 0 then, by monotonicity,
F()'(z—z)>F)(z—2) >0

therefore z is not a solution of the variational inequality
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Extragradient method

choose (%) € C
repeat for k =1,2,...

y® — P, (x(k—l)_tkp(x(k—l))>

%) = p. (xw—l)_th(y(k)))

e step size ty is fixed (e.g., txp = 1/L) or determined by line search

e a 2-step variation of the projection algorithm

+® = p, (x(k—l) _ th(x(k_l)))
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Assumptions

in the analysis of the extragradient method we assume:

e (' is bounded

e [ is monotone

(F(x) = F(y))' (x—y) >0 Va,y

e [ is Lipschitz continuous

|1F(z) = F(y)llz < Lz —yll2 Vz,y
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Analysis
denote y =y, z = 2=V o+ =20 ¢ =¢,

1. " is Euclidean projection of z — tF'(y); hence for all z € C
(zt — = —|—tF(y))T(Z —a2t) >0
equivalently

20F(y)" (z —a®) + |z — 2|3 = a* — 23+ e —2T[3 VzeC

2. similarly, since y is the Euclidean projection of  — tF'(x) on C

20F (2)" (2 — y) + Iz — 2[l3 > lly — 2l3 + |12 - yll3
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3. apply 2. to z = o™
2F (y)" (x* —y) + [l — 2|3

= 2tF(x)" (z —y) + |laT — 2|3 + 2t(F(y) — F(2))" (" — y)
> ly — 2|3+ llzT -yl + 2t (F(y) — F(z))" (27 —y)

4. if 0 <t <1/L, we can use the Lipschitz continuity of F' to show

20F (y)" (aF —y) + [l — 23

>y —=ll3+ [la* =yl = 2tLlly — zll2 [la* — yll
> 0

5. combine this with the inequality in 1. and use monotonicity of F'

2F(2) (2 —y) +lz—2llf = 2tF(y)" (2 —y) + ]z — 2|3
|z —aT||2 VzeC

IV
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conclusion

e if0<t; <1/L, thenforall z€C

. 1 . 1 .
tF(2) (2 —y@) + 5l = 2073 - 5llz = D)3 >0
e add the inequalities for i = 1,...,k, and divide by s, = 2% | ¢,

_ 1
FETEY =) < 5l =a®f Ve

where

1 k
0 = LS~y 0
7 Sk; y
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Iteration complexity for bounded C

assume C' is bounded, with

sup ||z — z%3 < 2R
zeC

o if0<t;<1/Lfori=1,...,k

n(g*) = sugF(z)T(@““) —2) <
zE

L4 Iftzzl/L,Zzl,,L

n@w)§%§

O(L/¢) iterations to reduce duality gap function below e
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Line search

e choose tg > 0

e at iteration k, set ty := t;_1 and backtrack (tx := Stx) until
21 (y )T () — y®) 4 o®) — 2 €D > 0

(i.e., the inequality in 4. on page 16-19 holds)

consequences for analysis
e step sizes t; are bounded below by 5 > min{tg, 5/L} (see p.16-19)

e conclusion on 16—-20 still holds:

R R
— <

s — kmin{tg, 5/L}

n(g*) <
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Matrix game

10

10"

107}

gap

107

10 g 200 200 600 800 1000
k

A € R07%00. fixed step size t = 1/L = 1/||Al|

gap is max;(A"Tu); — min;(Av); for (u,v) = §® and (u,v) = 2*)
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Nuclear norm approximation

minimize  ||A(u) + B]|«
subject to  |lulleo <1

o A(u) = u Ay + - +u,A, € RP*Y, B e RP*

o || - |« is sum of singular values

minimax formulation

minimize  sup|y,<; tr(V' (A(u) — B))
subject to  ||ulleo <1

e || - |l2 is maximum singular value

o f(u,V)=tr(VT(A(u) + B)) is convex-concave (bilinear)
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example (p = 1000, ¢ = 100, n = 500)

10"

relative gap

107 20 40 60 80 100 120

o gap is |A(u) — Bl — tr(BTV) + >, |tr(ATV)] at (u, V) = z¥)
e relative gap is gap divided by ||A(u) — B||«

e one iteration requires two SVDs for projections on {Z | || Z||2 < 1}
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