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Abstract

Sev eral imp ortan t problems in con trol theory can b e

reform ulated as con v ex optimization problems. F rom

dualit y theory in con v ex optimization, dual problems

can b e deriv ed for these con v ex optimization prob-

lems. These dual problems can in turn b e rein ter-

preted in con trol or system theoretic terms, often

yielding new results or new pro ofs for existing re-

sults from con trol theory . Moreo v er, the most e�cien t

algorithms for con v ex optimization solv e the primal

and dual problems sim ultaneously . Insigh t in to the

system-theoretic meaning of the dual problem can

therefore b e v ery helpful in dev eloping e�cien t al-

gorithms. W e demonstrate these observ ations with

some examples.

1. In tro ductio n

Ov er the past few y ears, con v ex optimization has

come to b e recognized as a v aluable to ol for con-

trol system analysis and design via n umerical meth-

o ds. Con v ex optimization problems enjo y a n um b er

of adv an tages o v er more general optimization prob-

lems: Ev ery stationary p oin t is also a global min-

imizer; they can b e solv ed in p olynomial-ti m e; w e

can immediately write do wn necessary and su�cien t

optimali t y conditions; and there is a w ell-dev elop ed

dualit y theory .

F rom a practical standp oin t, there are e�ectiv e and

p o w erful algorithms for the solution of con v ex opti-

mization problems, that is, algorithms that rapidly

compute the global optim um, with non-heuristic

stopping criteria. These algorithms range from sim-

ple descen t-t yp e or quasi-Newton metho ds for smo oth

problems to sophisticated cutting-plane or in terior-

p oin t metho ds for non-smo oth problems. A compre-

hensiv e literature is a v ailable on algorithms for con-

v ex programmi ng; see for example, [1 ] and [2 ]; see

also [3 ].
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A t ypical application of con v ex optimization to a

problem from con trol theory pro ceeds as follo ws: The

con trol problem is reform ulated (or in man y cases, ap-

pro ximately reform ulated) as a con v ex optimization

problem, whic h is then solv ed using con v ex program-

ming metho ds. Once the con trol problem is reform u-

lated in to a con v ex optimization problem, then it is

straigh tforw ard to write do wn the dual con v ex opti-

mization problem. This dual problem can b e often

b e rein terpreted in con trol-theoretic terms, yielding

new insigh t. The con trol-theoretic in terpretation of

the dual problem in turn helps in the e�cien t (n u-

merical) implemen tatio n of primal-dual algorithms,

whic h are among the most e�cien t tec hniques kno wn

for solving con v ex optimization problems. In this pa-

p er, w e illustrate eac h of these p oin ts. First, w e ex-

amine the standard LQR problem from con trol the-

ory , and sho w ho w con v ex dualit y pro vides insigh t

in to its solution. W e then discuss the implemen ta-

tion of primal-dual algorithms for another imp ortan t

con trol problem, namely the Linear Quadratic Reg-

ulator problem for linear time-v arying systems with

state-space parameters that lie in a p olytop e.

2. Con v ex programming dualit y

In the sequel, w e will b e concerned with con v ex opti-

mization problems in v olving line ar matrix ine qualities

or LMIs. These optimization problems ha v e the form

minim ize c

T

x

sub ject to F ( x ) > 0

(1)

where

F ( x )

�

= F

0

+ x

1

F

1

+ � � � + x

m

F

m

:

The problem data are the v ector c = R

m

and m + 1

symmetric matrices F

0

, F

1

, . . . , F

m

2 R

n � n

. The

inequalit y F ( x ) > 0 means that F ( x ) is p ositiv e def-

inite. W e call problem (1) a semide�nite pr o gr am.

3

Semide�nite programs can b e solv ed e�cien tly using

recen tly dev elop ed in terior-p oin t metho ds (see [2 , 4]).

The b o ok [5 ] lists a large n um b er of problems in

3

Strictly sp eaking, the term \semide�nit e program" refers

to problem (1) with the constrain t F ( x ) � 0 instead of F ( x ) >

0.



con trol and system theory that can b e reduced to a

semide�nite program.

As a consequence of con v exit y , w e ha v e a complete du-

alit y theory for semide�nite programs. F or the sp ecial

form of problem (1) dualit y reduces to the follo wing.

With ev ery problem (1) w e asso ciate a dual pr oblem

maxim ize � T r F

0

Z

sub ject to Z > 0

T r F

i

Z = c

i

; i = 1 ; : : : ; m:

(2)

Here T r X denotes the trace of a matrix X . The

v ariable in (2) is the matrix Z = Z

T

2 R

n � n

. W e

ha v e the follo wing prop erties.

� If a matrix Z is dual feasible, i.e., Z > 0 and

T r F

i

Z = c

i

, i = 1 ; : : : ; m , then the dual ob jec-

tiv e � T r F

0

Z is a lo w er b ound for the optimal

v alue of (1):

� T r F

0

Z � inf f c

T

x j F ( x ) > 0 g :

� If an x 2 R

m

is primal feasible, i.e., F ( x ) > 0,

then the primal ob jectiv e c

T

x is an upp er b ound

for the optimal v alue of (2):

c

T

x � sup

8

<

:

� T r F

0

Z

�

�

�

�

�

�

Z = Z

T

> 0 ;

T r F

i

Z = c

i

;

i = 1 ; : : : ; m

9

=

;

:

� Under mild conditions, the optimal v alues of the

primal problem (1) and its dual (2) are equal.

3. Primal-dual algorithms

Primal-dual algorithms are a class of iterativ e n u-

merical algorithms for solving semide�nite programs.

These algorithms solv e problems (1) and (2) sim ulta-

neously; as they pro ceed, they generate a sequence

of primal and dual feasible p oin ts x

( k )

and Z

( k )

( k = 0 ; 1 ; : : : denotes iteration n um b er). This means

that for ev ery k , w e ha v e an upp er b ound c

T

x

( k )

and

a lo w er b ound � T r F

0

Z

( k )

on the optimal v alue of

problem (1).

General primal-dual in terior-p oin t metho ds that solv e

semide�nite programs are often more e�cien t than

metho ds that w ork on the primal problem only . Their

w orst-case complexit y is t ypically lo w er, and they are

often faster in practice as w ell.

An imp ortan t class of in terior-p oin t metho ds is based

on the primal-dual p oten tial function

� ( x; Z ) = ( n + �

p

n ) log ( c

T

x + T r F

0

Z ) � log det F ( x ) Z :

( � � 1 is �xed.) If a metho d decreases this function

b y at least a �xed amoun t, indep enden t of the prob-

lem size, in ev ery iteration, then it can b e sho wn that

the n um b er of iterations gro ws at most as O (

p

n ) with

the problem size. In practice the n um b er of iterations

app ears to gro w slo w er with n . Moreo v er the amoun t

of w ork p er iteration can b e reduced considerably b y

taking adv an tage of the structure in the equations

(see [6 ]).

An outline of a p oten tial-reduction metho d due to

Nestero v and T o dd [7 ]|this is the algorithm used for

solving the semide�nite programs that o ccur in this

pap er|is as follo ws. The metho d starts at strictly

feasible x and Z . Eac h iteration consists of the fol-

lo wing steps.

1. Compute a matrix R that sim ultaneously diag-

onalizes F ( x )

� 1

and Z :

R

T

F ( x )

� 1

R = �

� 1 = 2

; R

T

Z R = �

1 = 2

:

The matrix � is diagonal, with as diagonal ele-

men ts the eigen v alues of F ( x ) Z .

2. Compute � x 2 R

m

and � Z = � Z

T

2 R

n � n

from

RR

T

� Z RR

T

+

P

m

i =1

� x

i

F

i

= � �F ( x ) + Z

� 1

T r F

j

� Z = 0 ; j = 1 ; : : : ; m

with � = ( n + �

p

n ) = ( c

T

x + T r F

0

Z ).

3. Find p; q 2 R that minim ize � ( x + p� x; Z + q � Z )

and up date x := x + p� x and Z := Z + q � Z .

F or details, w e refer the reader to [7]; see also [4 ].

4. Con v ex dualit y and con trol theory

W e �rst consider the standard Linear Quadratic Reg-

ulator problem, and sho w ho w con v ex dualit y de-

scrib ed in x 2 can b e used to rein terpret the standard

LQR solution. W e then consider a m ulti-model (or

\robust") v ersion of the LQR problem, and describ e

an application of the primal-dual algorithm of x 3 for

computing b ounds for this problelm.

4.1. The Linear Quadratic regulator

Consider the follo wing optimal con trol problem: F or

the system

_x = Ax + B u; x (0) = x

0

; (3)

�nd u that minim izes

J =

Z

1

0

�

x ( t )

T

Qx ( t ) + u ( t )

T

Ru ( t )

�

dt; (4)

with Q � 0 and R > 0, sub ject to lim

t !1

x ( t ) = 0.

W e assume the pair ( A; B ) is con trollable. Let J

opt

denote the minim um v alue.



Lo w er b ound via quadratic functions

W e can write do wn a lo w er b ound for J

opt

us-

ing quadratic functions; the follo wing is essen tially

from [8 , Theorem 2].

Supp ose the quadratic function  

T

P  with P > 0

satis�es

d

dt

x ( t )

T

P x ( t ) > �

�

x ( t )

T

Qx ( t ) + u ( t )

T

Ru ( t )

�

; (5)

for all t � 0, and for all x and u satisfying _x = Ax +

B u , x ( T ) = 0. Then, in tegrating b oth sides from 0

to T , w e get

x

T

0

P x

0

<

Z

T

0

�

x ( t )

T

Qx ( t ) + u ( t )

T

Ru ( t )

�

dt;

or w e ha v e a lo w er b ound for J

opt

.

Condition (5) holds for al l x and u (not necessarily

those that steer state to zero) if the Linear Matrix

Inequalit y

�

A

T

P + P A + Q P B

B

T

P R

�

> 0 (6)

is satis�ed. Th us, the problem of computing the b est

lo w er b ound using quadratic functions is

maximi ze: x

T

0

P x

0

sub ject to: P > 0 ; (6)

(7)

The optimization v ariable in problem (7) is the sym-

metric matrix P .

Upp er b ound with state-feedbac k

Consider system (3) with a constan t, linear state-

feedbac k u = K x that stabilizes the system:

_x = ( A + B K ) x; x (0) = x

0

; (8)

with A + B K stable. Then the LQR ob jectiv e J re-

duces to

J

K

=

Z

1

0

x ( t )

T

�

Q + K

T

RK

�

x ( t ) dt:

Clearly , for ev ery K , J

K

yields an upp er b ound on the

optim um LQR ob jectiv e J

opt

. F rom standard results

in con trol theory , J

K

can b e ev aluated as

T r Z ( Q + K

T

RK ) ;

where Z satis�es

( A + B K ) Z + Z ( A + B K )

T

+ x

0

x

T

0

= 0 ;

with A + B K stable.

It will b e useful for us to rewrite this expression for

J

K

as

inf

Z > 0

T r Z ( Q + K

T

RK ) ;

where Z satis�es

( A + B K ) Z + Z ( A + B K )

T

+ x

0

x

T

0

< 0 : (9)

Th us, the b est upp er b ound on J

opt

, ac hiev able using

state-feedbac k con trol, is giv en b y the optimization

problem with the optimization v ariables Z and K :

minim ize: T r Z ( Q + K

T

RK )

sub ject to: Z > 0 ; (9)

(10)

Dualit y

W e observ e the follo wing:

Pr oblems (7) and (10) ar e duals of e ach other.

Pro of: The pro of is b y direct v eri�cation. F or prob-

lem (7), the dual problem is giv en b y

minimi ze T r

�

Q 0

0 R

�

Z ; o v er Z ;

sub ject to

Z = Z

T

=

�

Z

11

Z

12

Z

T

12

Z

22

�

> 0

[ A B ] Z

�

I

0

�

+ [ I 0] Z

�

A

T

B

T

�

+ x

0

x

T

0

< 0 :

With the c hange of v ariables K = Z

T

12

Z

� 1

11

, and some

standard argumen ts, w e get the equiv alen t problem

with v ariables Z

11

and K :

minimi ze: T r ( Q + K

T

RK ) Z

11

;

sub ject to: Z

11

> 0 ;

( A + B K ) Z

11

+ Z

11

( A + B K )

T

+ x

0

x

T

0

< 0 ;

(11)

whic h is the same as problem (10).

2

Note that this sho ws that the optimal solution to the

LQR problem is a linear state-feedbac k.

4.2. The m ulti-mo d el LQR problem

Let us no w consider a m utlti-m o del v ersion of the

LQR problem. W e consider the m ulti-model or p oly-

topic system (see [5 ])

d

dt

x ( t ) = A ( t ) x ( t ) + B ( t ) u ( t ) ; x (0) = x

0

; (12)

where for ev ery time t ,

[ A ( t ) B ( t )] 2 


�

= Co f [ A

1

B

1

] ; : : : ; [ A

L

B

L

] g :

(13)

Our ob jectiv e no w is to �nd u that minim izes

sup

A ( � ) ;B ( � ) 2 


Z

1

0

�

x ( t )

T

Qx ( t ) + u ( t )

T

Ru ( t )

�

dt;

with Q � 0 and R > 0, sub ject to lim

t !1

x ( t ) = 0.

Let J

opt

denote the minim um v alue.



Lo w er b ound via quadratic functions

W e no w rep eat the steps of the previous section to

write do wn a lo w er b ound for J

opt

using quadratic

functions. Supp ose the quadratic function  

T

P  

with P > 0 satis�es

d

dt

x ( t )

T

P x ( t ) > �

�

x ( t )

T

Qx ( t ) + u ( t )

T

Ru ( t )

�

;

(14)

for all t � 0, and for all x and u satisfying (12) with

x ( T ) = 0. Then, in tegrating b oth sides from 0 to T ,

w e get

x

T

0

P x

0

<

Z

T

0

�

x ( t )

T

Qx ( t ) + u ( t )

T

Ru ( t )

�

dt;

or w e ha v e a lo w er b ound for J

opt

.

Condition (14) holds for all x and u if the inequalit y

�

A ( t )

T

P + P A ( t ) + Q P B ( t )

B ( t )

T

P R

�

> 0

holds for all t � 0, whic h in turn is equiv alen t to

�

A

T

i

P + P A

i

+ Q P B

i

B

T

i

P R

�

> 0 ; i = 1 ; : : : ; L: (15)

Th us, the problem of computing the b est lo w er b ound

via quadratic functions is

maxim ize: x

T

0

P x

0

sub ject to: P > 0 ; (15)

(16)

The optimization v ariable in problem (16) is the sym-

metric matrix P .

The dual of problem (16) is

minim i ze

L

X

i =1

T r

�

Q 0

0 R

�

Z

i

;

o v er Z

i

, i = 1 ; : : : ; L , sub ject to

Z

i

= Z

T

i

=

�

Z

i; 11

Z

i; 12

Z

T

i; 12

Z

i; 22

�

> 0

P

L

i =1

�

[ A

i

B

i

] Z

i

�

I

0

�

+ [ I 0] Z

i

�

A

T

i

B

T

i

��

+ x

0

x

T

0

< 0 :

With the c hange of v ariables K

i

= Z

T

i; 12

Z

� 1

i; 11

, and

some standard argumen ts, w e get the equiv alen t prob-

lem with v ariables Z

i; 11

and K

i

:

minim ize: T r

P

L

i =1

�

( Q + K

T

i

RK

i

) Z

i; 11

�

;

sub ject to: Z

i; 11

> 0 ;

P

L

i =1

(( A

i

+ B

i

K

i

) Z

i; 11

+ Z

i; 11

( A

i

+ B

i

K

i

)

T

�

+ x

0

x

T

0

< 0 :

(17)

W e are not a w are of a nice con trol-theoretic in terpre-

tation of the dual problem at the time of writing of

this pap er.

It is easy to calculate feasible p oin ts for (17) b y solv-

ing an LQR problem (recall that this is imp ortan t for

the application of the primal-dual algorithm of x 3).

Select an y system [

�

A ;

�

B ] from the con v ex h ull (13),

i.e., c ho ose

�

A =

L

X

i =1

�

i

A

i

;

�

B =

L

X

i =1

�

i

B

i

for some �

i

� 0, i = 1 ; : : : ; L ,

P

L

i =1

�

i

= 1. By solv-

ing the LQR problem with

�

A ,

�

B , w e obtain matrices

�

Z

11

> 0 and

�

K that satisfy

(

�

A +

�

B

�

K )

�

Z

11

+

�

Z

11

(

�

A +

�

B

�

K )

T

+ x

0

x

T

0

< 0 : (18)

F rom this it is clear that Z

i; 11

= �

i

�

Z

11

, K

i

=

�

K , are

feasible solutions in (17). Those dual solutions can b e

used as starting p oin ts for a primal-dual algorithm.

Upp er b ound with state-feedbac k

Restricting u to b e a constan t, linear state-feedbac k

yields an upp er b ound on J

opt

. With u = K x , the

equations go v erning system (12) are

d

dt

x ( t ) = ( A ( t ) + B ( t ) K ) x ( t ) ; x (0) = x

0

; (19)

with the matrices A and B satisfying (13). Then the

LQR ob jectiv e J reduces to

J

K

= sup

A ( � ) ;B ( � )

Z

1

0

x ( t )

T

�

Q + K

T

RK

�

x ( t ) dt:

Once again, for ev ery K , J

K

yields an upp er b ound

on the optim um LQR ob jectiv e J

opt

. Unlik e with the

LQR problem ho w ev er, J

K

is not easy to compute.

W e therefore presen t a simple upp er b ound for J

K

using quadratic functions.

Supp ose the quadratic function  

T

P  with P > 0

satis�es

d

dt

x ( t )

T

P x ( t ) < � x ( t )

T

�

Q + K

T

RK

�

x ( t ) ; (20)

for all t � 0, and for all x and u satisfying (12) with

x ( T ) = 0. Then, in tegrating b oth sides from 0 to T ,

w e get

x

T

0

P x

0

>

Z

T

0

x ( t )

T

�

Q + K

T

RK

�

x ( t ) dt;

or w e ha v e an upp er b ound for J

opt

.

Condition (20) holds for al l x and u (not necessarily

those that steer state to zero) if the inequalit y

( A ( t ) + B ( t ) K )

T

P + P ( A ( t ) + B ( t ) K ) + Q + K

T

RK < 0



holds for all t � 0, whic h in turn is equiv alen t to

P

� 1

( A

i

+ B

i

K )

T

+ ( A

i

+ B

i

K ) P

� 1

+

P

� 1

�

Q + K

T

RK

�

P

� 1

< 0 ; i = 1 ; : : : ; L:

With the c hange of v ariables W = P

� 1

and Y =

K P

� 1

, w e get the matrix inequalit y (whic h can b e

written as an LMI using Sc h ur complemen ts)

W A

T

i

+ A

i

W + B

i

Y + Y

T

B

T

i

W QW + Y

T

RY < 0 ; i = 1 ; : : : ; L:

(21)

Th us the b est upp er b ound on J

opt

using constan t

state-feedbac k and quadratic functions can b e ob-

tained b y solving the semide�nite program with v ari-

ables W = W

T

and Y :

minim ize T r x

T

0

W

� 1

x

0

sub ject to W > 0 ; (21)

(22)

The dual problem is

maxim ize �

P

L

i =1

( T r Z

i; 22

+ T r Z

i; 33

) � 2 z

T

x

0

;

sub ject to : Z

i

= Z

T

i

=

2

4

Z

i; 11

Z

i; 12

Z

i; 13

Z

T

i; 12

Z

i; 22

Z

i; 23

Z

T

i; 13

Z

T

i; 23

Z

i; 33

3

5

> 0

P

L

i =1

�

Z

i; 11

A

i

+ A

T

i

Z

i; 11

+ Z

i; 12

Q

1 = 2

+ Q

1 = 2

Z

T

i; 12

�

> z z

T

P

L

i =1

�

B

T

i

Z

i; 11

+ R

1 = 2

Z

T

i; 13

�

= 0

(23)

where the v ariables are the L matrices Z

i

and the

v ector z .

As with the lo w er b ound, it is p ossible to obtain a

dual feasible solution b y solving an LQR problem.

W e omit the details here.

A Numerical Example

Figure 1 sho ws the results of a n umerical example.

The data are �v e matrices A

i

2 R

5 � 5

and �v e matri-

ces B

i

2 R

5 � 3

. The �gures sho ws the ob jectiv e v alues

of the four semide�nite programs that w e discussed

ab o v e.

5. Conclusion

W e ha v e considered an optimal con trol problem with

a quadratic ob jectiv e, and ha v e sho wn ho w w e ma y

obtain useful b ounds for the optimal v alue using LMI-

based con v ex optimization. Con v ex dualit y can b e

used to rederiv e the w ell-kno wn LQR solution; con trol

theory dualit y can b e used to devise e�cien t primal-

dual con v ex optimization algorithms.

The results presen ted herein are preliminary; it w ould

b e in teresting to deriv e con trol-theoretic in terpreta-

tions of the man y primal-dual con v ex optimization
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Figure 1: Upp er and lo w er b ounds v ersus iteration n um-

b er. Curv e (a) sho ws the lo w er b ound (16) during ex-

ecution of the primal-dual algorithm. Curv e (b) sho ws

the v alue of the asso ciated dual problem (17). Curv e

(c) sho ws the upp er b ound (22) during execution of the

primal-dual algorithm. Curv e (d) sho ws the v alue of the

asso ciated dual problem (23).

problems presen ted here. Also of in terest w ould b e

a careful study of the n umerical adv an tages gained

b y using primal-dual algorithms o v er primal-only

solv ers. The primal-dual metho d outlined in this pa-

p er can b e used to e�cien tly solv e a large class of

semide�nite programs from system and con trol the-

ory , e.g., most of the ones presen ted in the b o ok [5].
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