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Cone program

primal problem
minimize ¢!z
subjectto Gxr+s=nh
Ax =10

s>~0

s = 0 is inequality with respect to proper convex cone

dual problem

maximize —h'z —bly
subject to ATy +GTz+c¢=0
z 7.0

z =4 0 is generalized inequality with respect to dual cone C*
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Primal-dual path-following methods

closely related to barrier methods

e methods follow central path to find approximate optimal points

e steps are computed by linearizing central path equations

incorporate several modifications to improve efficiency and robustness

e symmetric treatment of primal and dual iterates

e barrier parameter is updated after each Newton step; no distinction
between outer and inner iterations

® more aggressive step sizes
e infeasible starting points
e higher-order approximation of central path

e (some algorithms) detect infeasibility

Primal-dual interior-point methods
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Three standard cones

we will limit the discussion to three types of cones
nonnegative orthant

{fueRV|u;>0,i=1,...,p}

second-order cone

{(ug,u1) € R x RP™H | Jlug |2 < uo}

semidefinite cone

{u € RPPTV/Z | mat(u) = 0}

(mat(u) is symmetric matrix of order p constructed from u; see below)

these cones are self-dual, so we can drop the subscript in z >, 0
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Notation for symmetric matrices

symmetric matrix as a vector

If ) _
Uir U2 Up1
- Ua1 U:22 Up2 csP
i Upl Up2 Upp i
then
U11 U22 UPP)
U)=V2 (==, Us1, ..., Up, —=, Usg, ..., Upg, ..., —2£
vec(U) f(\@ 21 pl NG 32 p2 NG

o vec(U) € RPPT1)/2 are |ower triangular entries in column-major order

e off-diagonal entries are scaled by /2 so that
tr(UV) = vec(U)? vec(V)
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vector as symmetric matrix

if u = (’U,l, ug, . .. 7up(p—|—1)/2) < Rp(p—l—l)/Q’ then
i \/§u1 U9 N up ]
et~ L | w VR o w
L Up U2p—1 " \@U’p(ﬂrﬂrl)/2 .

e mat(u) € S” is the symmetric matrix of order p constructed from u

e off-diagonal entries are scaled by /2 so that

u''v = tr(mat(u) mat(v))
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semidefinite constraints in vector notation

e suppose C' is the cone of vectorized positive semidefinite matrices

C = {u € RPP*/2 | mat(u) = 0} = {vec(U) | U € S%}

o for G, € SP, h € S?, define

G = | vec(G1) vec(Gy) --- vec(G,) |, h = vec(H)

e Gx =<¢ h is equivalent to a linear matrix inequality
n
Z%Gi = H
i=1

o GTz4+¢c=0, z>¢c 0 is equivalent to

tr(G;Z)+¢; =0, i=1,...,n, Z =mat(z) = 0

Primal-dual interior-point methods
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Optimality conditions

0] [0 AT GT1[=2] [e]
—| -4 0 0 y |+ ] b (5.1)
| S ] -G 0 0 || 2 D
(s,2) =0, stz2=0

primal feasibility: blocks 2 and 3 of (5.1) and s > 0
dual feasibility: block 1 of (5.1) and z = 0
zero duality gap: inner product with (z,y, z) on each side of (5.1) gives

ds=ctz+bly+nlz
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Barrier function for nonnegative orthant

C={ueRl|u;>0,i=1,...,p}

barrier function

p
d(u) = — Zlog U;
i=1

gradient

Hessian and inverse Hessian

Vi(u) = diag(u)™,  V?¢(u)~' = diag(u)?
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Barrier function for second-order cone

C = {(uO,ul) € R x Rp_1 ‘ HU1H2 < Uo}

barrier function

1
B(u) = — log(u — ul wn)
gradient
1 1 0
- _ J J =
Hessian and inverse Hessian
1
2 . T T
Vop(u) = (T )’ (2Juu’ J — (u' Ju)J)

Vip(u)™t = 2uu’ — (vt Ju)J
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Barrier function for positive semidefinite cone

C = {u c Rp(Pt1)/2 ‘ mat u > O}
barrier function
¢(u) = —log det mat(u)
gradient
Vé(u) = — vec(mat(u) ™)
Hessian
Vip(u)v = vec (UT'VU), V2é(u) v = vec (UVU)

for all v, where U = mat(u), V = mat(v)

Primal-dual interior-point methods
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Barrier function for composite cones

C=0C; x---xCxn
C'. is one of the three standard cones, with barrier ¢y

barrier at u = (uy1,...,un)

gradient

Hessian

Vip(u) =
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Degree of barrier function
the barrier functions satisfy

o(tu) = ¢p(u) —mlogt fort >0
m is called the logarithmic degree

e m = p for nonnegative orthant of dimension p
e m = 1 for second-order cone
e m = p for semidefinite cone of order p

e for composite cone, m is sum of degrees of the components

property of gradient

Vo(u) <0, w'Vo(u) = —m
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Central path

0 0 AT GT | [ =z

c
=1 —-A 0 0 y |+ | b
| S ] -G 0 0 | [ 7z | D

(s,2) = 0, z = —uVo(s)

e central path is set of solutions s, x, y, z for 4 > 0

e points s, z on the central path satisfy
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Symmetrization

we will write the condition z = —uV¢(s) as a product soz = e

nonnegative orthant (of dimension p)

uov = (U1V1, UgV2, . . . , Uplp), e=(1,1,...,1)

second-order cone (of dimension p): for u = (ug,u1), v = (v, v1),

UT’U

uovl+v0u1]’ e=(1,0,...,0)

’LLOU:[

semidefinite cone (of order p): for U = mat(u), V = mat(v),

1
uov:§vec(UV+VU), e = vec([,)

composite cone: apply o-product componentwise

Primal-dual interior-point methods
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Symmetric parametrization and scaling

0] [0 AT ¢"][ae] [e]

= -A 0 0 y |+ D

| s ] -G 0 0 | [ 7z | D
(s,2) =0, soz= e

can further replace s o z = e with
(W's)o(Wz) = e

if multiplications with W and W~ preserve the cone and the central path

W is called a scaling matrix
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Nesterov-Todd scaling

a specific scaling, used, for example, in Sedumi and SDPT3
e W is associated with a pair (3,2) = 0 (and defined on the next pages)

e satisfies W!W = V2¢(w)~! where w is the unique point for which
V2p(w)s = 2
w is called the Nesterov-Todd scaling point

e multiplications by W and W=7 map 5 and 2 to the same point:

this implies that 572 = ||)\||3
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NT scaling for nonnegative orthant

\/§1/?:’1

0

e a positive diagonal scaling

e NT scaling point is

w = <\/§1/21,\/§2/22,...,x/§;7§;)

e scaled s, 2

A=W Ts=Wwsz= (\/ $121, \V/ 82Z22, .., v/ §p2p)

Primal-dual interior-point methods

0

82/ %

0

5-18



NT scaling for second-order cone

s\ wo T
W = 0T T3 — — -1, 77T
21 Jz wy I+ (wg+ 1) wywy

where

1 S

i s, 1 5T t/2
w = p—
W \VETTs  VETTz) T \2 T aGTIs)AETTE)

e IV can also be expressed as

W+ e (éTJ§)1/4

— T _ —
W_6<2/U/U J)7 U= (2(,@0_'_1))1/27

(2vv! — J is called a hyperbolic Householder matrix)

e NT scaling point is w = fw
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NT scaling for positive semidefinite cone

Wv = vec (R" mat(v)R)
where R simultaneously diagonalizes mat (%) and mat(5)~*
R'mat(2)R = R 'mat(5) R~ = A
e IV is a nonsingular congruence transformation
e NT scaling point is w = vec(RR')
e R can be computed from two Cholesky factorizations and an SVD: if
mat(§) = L L7, mat(2) = L,LL,  LIL, =UAVT

then R = LiVA™Y2 = L;TUAY?
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Basic primal-dual update

suppose we are at (8,Z,7,2) with § =0, Z >0

A

o define i = 572/m and let W be the NT scaling matrix for 5, 2

e compute As, Az, Ay, Az by linearizing the central path equation

(0 ] 0 AT GT | [ x| ¢ ]
=] —-A 0 0 y |+ | b
| S ] -G 0 0 || 2| A

(WTs)o (W2)=0ope
around S, z, 1, 2, for some o < 1

e make an update
(5,2) := (5,2) + ap(Ax, As), (9,2) = (9, 2) + aqg(Ay, Az)

that preserves positivity of s, 2
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Linearized central path equation

define A\ = W15 = W3 and

AT

Gt ]

0 0 T c
r=120 —A 0 0 0 b
S -G 0 0 | | 2 | L
linearized central path equation
0 ] 0 AT GT | [ Az |
0 —A 0 0 Ay | = —r
| As | -G 0 0 || Az |

Ao (WAz+ W TAs)=ope — Ao\
second equation is linearization of (W ~1(5+ As)) o (W (2 + Az)) = oue
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Path-following algorithm

choose starting points s, z, y, Z with s >0, 2 > 0

1. compute residuals and evaluate stopping criteria

0 0 AT GT 1 [#] e
r=10]|-] -4 0 0 g1 =10
5| |-G 0o o0 ||z2] |n

terminate if r and 5’2 are sufficiently small

2. compute scaling matrix W associated with (3§, 2) and set

(m is logarithmic degree of cone)

Primal-dual interior-point methods
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3. compute affine scaling direction by solving the linear equation

0 | 0 AT GT | Az,
0 — 1 —-A 0 0 Ay, | =—r
| Asy | -G 0 0 | | Aza |

)\ o (WAza + W_TAsa) = —)\o\

4. select barrier parameter

stz

o ((§ + apAsa)T(é + oszza)> g

where § is an algorithm parameter (typical value is § = 3) and

a, = sup{ae€|0,1] |5+ alAs, =0}
ag = supf{a € [0,1]] 2+ alz, = 0}

Primal-dual interior-point methods
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5. compute search direction by solving the linear equation

0 0 AT GT ][ Ax |
0o | —| -4 0 0 Ay | = —r
_As_ _—G 0 O__Az_

Ao (WAz+ W TAs)=ope — Ao\

6. update iterates

~~
=
»>

N——"
I

(Z,8) + min{1,0.99a, } (Azx, As)
(9,2) = (9,%2) + min{l,0.99aq}(Ay, Az)

where
ap =sup{a > 0| s+ alAs > 0}, ag =sup{a > 0| 2+ alAz = 0}

return to step 1
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interpretation and discussion

e step 3: affine scaling direction solves linearized central path equation
with o = 0, 7.e., the linearized optimality conditions

e step 4 is a heuristic for choosing o based on an estimate of the quality
of the affine scaling direction

o is small if a step in the affine scaling direction gives a large reduction
- /\T/\
in §° 2

e step 5: linear equation has same coefficient matrix as equation in step 3

if a direct method is used, we can reuse the factorization used in step 3,
and solve the two equations at the cost of one
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Mehrotra correction

in step 5, solve

0 0 AT GT [ Ax |
0o | —| -4 0 0 Ay | = —r
_As_ _—G 0 ()__Az_

Ao (WAz+ W TAs)=cpe — Ao — (W T As,) o (WAZ,)

e extra term on the r.h.s. is approximation of the second-order term in

(W=L(54 As)) o (W(2+ Az)) = —opue

e adding the correction typically saves a few iterations
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Newton equations

steps 3 and 5 reduce to equations

0 AT
A 0
G 0

GT
0

~WTW |

usually solved by eliminating Az:

Ggtw-tw-ta AT

A

note (from p.5-17) that

0

|

Ax
Ay

Ax

Az

|-

SHESE
< 8

SH
N

d, + GTW=w-Tq,
dy

GITw=w—1aq = GTV?p(w)G,

the Hessian of the barrier function ¢(h — Gx) at the scaling point w

Primal-dual interior-point methods
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Quadratic cone program

minimize

subject to

optimality conditions

0

central path

p AT
~A 0
-G 0
p AT
~A 0
-G 0

Primal-dual interior-point methods
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0
0

G ]
0
0

(1/2)xt Pz + ¢''x
Gxr+s=nh

Ar = b

s>~=0

T | g |

y —|_ b Y (87’2)&07
z | b

T | [ q ]

y |+ b |, (s2)=0,
z | b

$0z = e
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Path-following algorithm

algorithm is almost identical to algorithm on page 5-23

e compute search directions from linearized central path equation;

for example, step 5 becomes

0 [ P AT
0 | —| =4 0
_As_ _—G 0

Gt ]

0
0

Ax
Ay
Az

Ao (WAz+ W 1As)=ope — Ao\

e use equal primal and dual step sizes

for example, in step 6,

ap =aq =sup{a>0|5s+alAs>0,2+alz >0}

Primal-dual interior-point methods
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Initialization and infeasibility detection

barrier method

e assumes problem is primal and dual feasible

e requires phase | to find initial primal feasible point

primal-dual path-following method

e assumes problem is primal and dual feasible

e allows infeasible starting points

methods based on self-dual embedding
e can detect primal and dual infeasibility
e embed cone program in slightly larger problem that is always feasible

e from solution of embedded problem, extract solution of original
problem, or certificates of primal or dual infeasibility
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Infeasibility

primal infeasibility: a solution y, z of
ATy+GTz:O, hTz+bTy: —1, z>=0

is a certificate of infeasibility of Gz < h, Az =b

dual infeasibility: a solution x of
Gz <0, Ax =0, cle=—1

is a certificate of infeasibility of ATy +G1z4+¢c¢=0, 2> 0

these are strong alternatives if a constraint qualification holds

Primal-dual interior-point methods
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Self-dual embedding

minimize 0

0 C x

. o] | -4 0 0 b Y

subject to s 1= —a o 0 A .
| K _—CT b’ —hTO__T_

e problem has a trivial solution (all variables zero)
e equality constraint implies s’ z + k7 = 0 at feasible points

e problem is not strictly feasible (hence, central path does not exist)
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Optimality condition for embedded problem

0 c x
o] | -4 0 0 b Y
s | | -G 0 0 h 2
K _—cT —pl" —pt 0] [ 7|
(s,k,2,7) =0, s+ 1R =

e follows from self-dual property

e a (mixed) linear complementarity problem
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Classification of nonzero solution
let s, k,x,vy,z, 7 be a nonzero solution of the self-dual embedding

case 1l: 7 >0, x=0

0 AT GT |

0 X c
0O|l=| -4 0 0 g |+ 1| b
5| |-G 0 o0 ||z2] |h
(5,2) = 0, sl2=0
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case 2: 7 =0, k > 0; this implies ¢’z + by + hTz < 0

o if bly+ h'lz <0, then

A 1 o i
° T —(hTz + bTy)Z’ J= —(hTz + bTy)y

is a proof of primal infeasibility, 7.e., satisfies

AT+ Grz =0, 'z + ol =—1,

N>
Y
o

o if cl'z <0, then
1 A 1
x T =

T =
—cTy™’ —cTy

S

is a proof of dual infeasibility, 7.e., satisfies

Gi =0, Az =0, clis=-1

case 3: 7 = xk = 0; no conclusion can be made about the original problem
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Extended self-dual embedding

min. (m +1)6
0 | [0 AT gt c g | [ = 0
0 —A 0 0 b qy Y 0
s.t. s | = =G 0 0 h q. z | + 0
K L | T 0
0] | -% -¢ - -¢ O ]|[0] | m+l ]
(s,k,2,7) =0
here, m is the logarithmic degree of the cone and
gy | [0 [0 A G el [ o
Qy . m +1 0 o —A 0 0 b Yo
q: | sTz+1 S0 -G 0 0 h 20
4 R I e L ' VI I I

S0, X0, Yo, 2o are arbitrary with sg > 0, zg > 0
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Optimality condition

0 0 AT GT c Qs x 0
0 —A 0 0 b gy Yy 0
s | = -G 0 0 h q. z | + 0
K —c' —pT R0 g, T 0
| 0 —qr —q¢, —q¢ —q¢ 0 || 6] | m+1]

e follows from self-dual property

e a (mixed) linear complementarity problem
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Properties of extended self-dual embedding

e problem is strictly feasible; a strictly feasible point is given by

stz0+1
m—+1

) (5.2)

(87 R, X, Y, 2, T, 9) — (807 17 Lo, Yo, <0, 17

o if s, k, x,y, z, 7, 0 satisfy equality constraint, then

_st—i—m'
 om+1

(take inner product with (x,y, z, 7, 0) of each side of the equality)
e at optimum, € = 0 and problem reduces to the embedding on p.5-33

e classification of p.5-35 also applies to solutions of extended embedding
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Central path for extended embedding

[0 | 0 AT Gt c q | [ x| 0 ]
0 —A 0 0 b qy Y 0
s | = | -G 0 0 h q. z | + 0
K —c' =" -t 0 g, T 0
0] | -% -4 ¢ —¢ O [0 ] [m+1_

(s,k,2,7) = 0, S0z = e, KT = [

e inner product with (x,y, z, 7, 0) shows that on the central path

szer'
9: :M
m + 1

e initial point (5.2) is on the central path with = (s{20+1)/(m + 1)

Primal-dual interior-point methods 5-40



Simplified central path equations

0 C x qx
o] | -4 0 0 b Y qy
s | | -G 0 0 h L | TH 2
| K _—CT b’ —hTO__T_ | qr
(s,k,2,7) = 0, S0z = e, KT = [

e we eliminated variable 6 because # = 11 on the central path

e we removed the bth equality, because it is implied by the first four

(this follows by taking inner product with (x,y, 2, 7))

e can be seen as a ‘shifted central path’ for the embedding on p.5-33
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Path-following algorithm
choose starting points s, z, ¢, 2, with § =0, 2> 0;set k :=1, 7:=1

1. compute residuals and evaluate stopping criteria

0 AT GT ¢
—A 0 0 b
-G 0 0 h
—c' —pT" —pT 0 ]

K nw O O

b WS &

terminate if r and §1'2/72 are sufficiently small, or an approximate
certificate of primal or dual infeasibility has been found

2. compute scaling matrix W associated with (8, 2) and set

A=W Ts=W3, L=
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3. compute affine scaling direction by solving the linear equation

0 0 AT GT ¢ Ax,
0 —A 0 0 b Ay, |
As, | | =G 0 0 h Az, | — '
| Ak | ] —c' —pt —pT 0 | [ ATa

Ao (WAzy+ W TAs,) = —Xod,  AAT, + FAk, = —&F

4. select barrier parameter
o= (1-a)°
where ¢ is an algorithm parameter (typical value is § = 3) and

a=sup{a € [0,1] | (5K, 2,7) + a(Asy, Ak, Azy, AT,) = 0}
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5. compute search direction by solving the linear equation

0 o AT GT ¢ Ax
0 —-A 0 0 b Ay |
As | — | =@ 0 0 h A, | = U=o)r
I Ak ] ] ' —pT T 1L AT ]

Ao (WAz4+W TAs)=cope —AoX— (W TAs,) o (WAZ,)
RAT +TAKk = o — RT — AR, AT,

6. update iterates

AAAAAA

where o = sup{a € [0,1] | (§,k,2,7) + a(As, Ak, Az, AT) = 0}

return to step 1
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properties (without proof)

e step 3: affine scaling direction satisfies

AsgAza + A1, Ak, =0

e step 5: search direction satisfies
Az + RAT + 3T As+ 7Ak = —(1 — 0) (81 2 4 #7)

AsTAz + ATAxk =0

Primal-dual interior-point methods

5-45



discussion

e step 4: expression for o is based on simplifiying

§TZ + 7

((§ FaAs)T (5 + alz) + (5 + alky) (7 + ama)) ’
g =

e steps b and 6: gap and residual decrease linearly with a:
= (-al -, rt=(1-a(l-o)r
if u* and r* are the values of 1 and r at the next iteration
e r = uq, with ¢ defined on p.5-37 (a multiple of the initial residual)

e instep 5 —(1 — o)r = —r + ougq: the equation is the linearization of
the central path equation of p.5-41 for barrier parameter o
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e essentially the same as for the method of lecture 5

Linear algebra complexity

e eliminating A7, Ak in steps 3 and 5 requires solution of an extra system

so number of Newton equations solved per iteration is 3 (as opposed

AT

0
0 —

Gt
0

[ A7
Ay

WTW |

to 2 in the method of page 5-23)
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