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Trellis Codes for Periodic Erasures

Richard D. Wesel, Member, IEEE, Xueting'Liu, and Wei Shi

Abstract—This paper describes techniques for the design and
analysis of trellis codes that provide reliable communication over
every channel in a specified set of possible channels, where each
channel is characterized by additive white Gaussian noise with a
distinct periodic variation in signal-to-noise ratio. An important
practical application for such trellis codes is the periodic erasure
channel produced by partial-band interference dispersed by a
block interleaver. We present trellis codes that provide reliable
communication over all periodic erasure patterns of a given period
for which the number of unerased coded bits per period is at least
equal to the number of information bits per period.

Index Terms—Fading channels, interleaved coding, periodic era-
sures, trellis-coded modulation, trellis codes.

I. INTRODUCTION

ARTIAL-BAND interference often distorts frequency-

hopped or multicarrier transmissions. This interference
might be caused by a malicious jammer in a military com-
munications scenario or by adjacent channel interference in a
multicarrier digital audio broadcast scenario. In both cases, the
partial-band interference is contiguous and may be transformed
to a periodic erasure pattern by a block interleaver. This paper
treats the design and analysis of trellis codes specifically
for such periodic erasure scenarios. The design procedure is
actually more general than the periodic erasure case; it applies
to any small set of periodic attenuations.

The channel of interest has input z; and output
Yi = Gi(modp)Ti + 2i, Where z; is additive white Gaussian noise
(AWGN) with variance Ny/2 per dimension. The p-element
vector a = [d1, - - -, Gp| contains the periodic scale factors with
a® = [|@|?,---,|dp|%). The channel inputs z; are two-dimen-
sional (2-D) constellation points with transmitter energy £, per
dimension, £, = &£,/2.

The scope of this problem depends on how much the trans-
mitter knows about a. If the transmitter has complete knowledge
of a through timely feedback, the trellis code may be adapted
to the specific & as with discrete multitone for point-to-point
asynchronous digital subscriber lines {1]. When the transmitter
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knows nothing about & except its period, the appropriate code
design metrics are periodic effective code length (PECL) and
periodic product distance [2]-[11].

This paper addresses an intermediate design problem where
a belongs to a known family of periodic attenuations. In this sit-
uation, the code design problem is a multicriterion optimization
problem where the designer seeks to simultaneously optimize
performance for each a in the family of potential periodic atten-
uations. One important practical application for this code design
problem is the design of a code to withstand periodic erasures.

Section II presents theoretical performance limits for
providing reliable transmission for every a in a specified
family. Section II also includes a motivational comparison
between a trellis code designed according to this paper and
a Reed-Solomon (RS) code of comparable rate. Section III
presents two objective functions for the multicriterion opti-
mization problem of identifying a code that performs well
for every a in the specified family. Section IV discusses the
practical performance limits implied by finite constellation
sizes and finite memory encoders. When designing codes
for periodic erasures, special consideration must be given to
catastrophic behavior. Section V explores how trellis codes
that do not display catastrophic behavior under normal AWGN
may become catastrophic when subjected to periodic erasures.
Section VI uses union bounds to explore code behavior at high
signal-to-noise ratio (SNR). Section VII presents 16 trellis
codes designed for families of periodic erasure patterns with
2 < p < 5. Section VIII concludes the paper.

II. THEORETICAL PERFORMANCE LIMITS

In the information theory literature, a compound channel oc-
curs when the actual channel is unknown to both transmitter and
receiver but belongs to a family of possible channels known
to both. In this paper, we refer to the compound channel de-
scribed in the introduction with AWGN and a periodic attenua-
tion vector a as the compound periodic Gaussian channel.

The compound channel capacity C(C) is the highest in-
formation rate that a single code can achieve reliably on
every channel in the family C of possible channels. Root and
Varaiya’s compound channel coding theorems [12] provide the
compound channel capacities for general classes of compound
linear Gaussian channels. Their discrete time results may be ap-
plied to the compound periodic Gaussian channel by choosing
diagonal channel and noise covariance matrices. The proof
in [12] specifies two mild conditions that, for the compound,
periodic Gaussian channel, become the following statement.
There must exist nonnegative finite real numbers t;, £2, and
t3, such that every possible channel satisfies |d;| < ¢; and
te < Np/2 < t3. These conditions are required in [12] to
bound the space of channels that must be considered by a single
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Fig. 1. BER versus SNR £./N, using rate-1/3 trellis coded modulation
(TCM) (code #13 in Table I) for six periodic erasure patterns.

decoding algorithm. They are not necessary if the channel may
be estimated accurately at the receiver and provided to the
decoder as side information.

Each channel in the family is described by an attenuation
vector & and a corresponding &, /Ny. The family of attenua-
tion vectors (erasure patterns) might be known at the time of
code design, but typically £,/Np will vary with the position
of the wireless transceivers. However, one may fix the desired
per-symbol rate R and determine the £, /Ny values that provide
sufficient mutual information (MI) for each a. The £, /Ny for
which MI > R for a given & depends on the transmitter power
distribution over the period of p symbols. For specified £;, No,
and &, water filling applied to the p symbols transmitted in a pe-
riod maximizes the MI. However, a single power allocation will
not generally maximize MI for every channel in the family of
possible channels.

For a well-defined family of channels where £, /Ny is speci-
fied for each a, the allocation that maximizes the minimum MI
(i.e., achieves the compound channel capacity) can be found
explicitly. More generally, statistical knowledge about & may
indicate a certain power allocation. When stationary correlated
fading or interference is mitigated by a sufficiently deep block
interleaver, the a; terms are approximately independent and
identically distributed (i.i.d.) [7]. In such cases, the family
of attenuation vectors & is closed under permutations. The
symmetry of this situation indicates that transmitting every
symbol with the same energy maximizes the compound channel
capacity. Applying the results of [12] with an equal allocation
of power to each symbol in the period, one may reliably
transmit R bits per 2-D symbol over all period-p periodic
Gaussian channels such that

( a:°E ) >R
No
where the left-hand side (LHS) of (1) is the channel ML
Now, consider how closely a rate-1/3, 8-PSK (phase-shift
keying), 64-state trellis code designed later in this paper (code
#13) approaches the performance limit of (1) for period-5 era-
sure patterns. Fig. 1 shows the standard plot of bit-error rate

(BER) versus &£, /Ny using both Monte Carlo simulation and
asymptotically tight union bounds. This standard plot shows the
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Fig. 2. BER versus channel MI, i.e., the LHS of (1), for six periodic erasure
patterns for rate-1/3 TCM code #13 in Table I and a (511 171) RS code with
erasures and errors decoding. See Fig. 1 for further legend information.

&/ No requirements of each &, but it does not characterize how
well the trellis code is performing relative to (1). To do this,
Fig. 2 plots BER versus MI. Now, the consistent performance of
code #13 over the six erasure channels is clear. At BER = 1075,
this code consistently requires an MI of 1.74-1.88 bits; it con-
sistently requires an excess MI of 0.74-0.88 bits.

The MI requirement can be expressed in more familiar
terms by computing the corresponding SNR in dB for the
standard AWGN channel. The top of Fig. 2 labels the z-axis
with “equivalent AWGN SNR,” the &, /Ny value that provides
AWGN capacity equal to the MI value labeling the x-axis.
Equivalent AWGN SNR is computed as 2Y! — 1. The MI of
1.74-1.88 bits corresponds to an equivalent AWGN SNR of
3.7-4.3 dB. For comparison, the maximum Euclidean distance
64-state trellis code for transmission of one bit per symbol
(rate-1/2 maximum Hamming distance convolutional code used
with Gray-labeled 4-PSK) requires an equivalent AWGN SNR
of 4.3 dB for BER = 10~° on the AWGN channel.

For comparison, Fig. 2 also shows performance for a
(511171) RS code using 9-bit symbols consisting of three,
8-PSK constellation points. Similar low rate RS codes are
currently in use to mitigate partial-band interference in military
communications. The RS performance doesn’t depend on the
particular erasure pattern but only on the number of symbols
erased (and £./Ng), so only four curves are shown. These
curves show RS performance assuming the decoder knows
which symbols are erased and uses erasure decoding to correct
erasures and hard decoding to correct errors. The comparison is
complicated by the fact that the RS block error rate is plotted in
comparison to TCM BER. However, the performance disparity
is apparent nonetheless. Note that the TCM may easily be
combined with a high-rate RS code to provide comparable
block-error rates while the RS performance is difficult to
improve further.

III. MULTICRITERION OPTIMIZATION PROBLEM

The design of a trellis code to approach the information-the-
oretic performance limits described in the previous section is
a multicriterion optimization problem. With finite complexity,
the best performance on one particular channel will often be
obtained at the expense of suboptimal performance on some
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other channel(s) in the family. We refer to a trellis code as un-
dominated if no trellis code (of the same complexity) performs
better on every channel in the family. Typically, there will be
several undominated trellis codes. Such undominated solutions
are called Pareto optimal in the multicriterion optimization lit-
erature.

A natural extension of the standard AWGN notion of de-
signing a trellis code to maximize Euclidean distance is to maxi-
mize the residual Euclidean distance (RED) remaining after pe-
riodic attenuation (or periodic erasure) by each @ in the family of
possible channels. However, as discussed above, one trellis code
generally will not have the largest RED?(4) for every @ € C.
After formally defining RED, we present two objective func-
tions for selecting among the Pareto optimal codes.

Let the normalized symbol-wise squared Euclidean distance
between two constellation points be d5 @—) = ||, — ;|2 /&,
where z; and &; are the correct and incorrect constellation
points associated with the jth symbol of a trellis error event
z— Z. The periodic Gaussian channel scales distances with
the same index modulo p by the same scale factor a;. Define
the periodic squared distance d?(x— #) for i € {1,2,---,p}
as the sum of the distances scaled by the same a; for a
given trellis error event x — £: df = Y °_d?, . The p
values of (ff comprise the periodic squared distance vector
d*> = [df dj --- dZ]. To simplify notation, we suppress the
error event argument (z — &) in d?, d2, and d2. Minimization
over the periodic distance vectors of valid error events provides
the squared RED for a specified periodic attenuation vector g

RED?(a) = n%in (a2, d?) )

where the expression (@2, d2) represents an inner product.

Either forward trellis search employing the Viterbi algorithm
or the bidirectional stack algorithm [13] may be extended to the
periodic case to compute RED. The extended stack algorithm re-
quires conversion to the strictly equivalent multiple trellis code
[14], where each branch distance of the multiple trellis code
minimal state diagram is the inner product of & with the vector
of p associated constellation-point distances.

Figs. 1 and 2 motivate two different objective functions for
selecting among the Pareto optimal codes. From the perspec-
tive of Fig. 1, we seek a trellis code that minimizes the sum
of the decibel gaps from some fixed SNR point at a particular
BER. Using only RED values limits consideration to the sum
of the decibel values required to maintain a specified maximum
pairwise-error probability. For a specified a, the pairwise-error
probability for the trellis error event x — £ is

£, (a2, d?)

Pz —-%)=Q 3)

where Q(t) = (1/v2r) [° e=*/2 du and d? is the periodic
distance vector for z — . Note that RED?(a) identifies the
smallest (a2, d?), the one that maximizes (3).

Let the jth vector @ in C be a\%), abbreviate RED?(a())
to RED?, and define SNR; as the value of £, /N, for which
the target pairwise-error probability is achieved for a(/). We
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seek the trellis code that minimizes sum of 10 log;, SNR;.
Achieving a target worst-case P(r—<) is equivalent to achieving
REDJE, /Ny > X for each vector a¥). Allowing the SNR;’s
to be slack variables produces the following decibel-sum mini-
mization problem:

minimize
> 10 log,y SNR; @)

j

subject to
10 log;o SNR; + 10 log;o RED? > 10 logjy A.  (5)

The optimal trellis code in this sense is the one that maximizes
Ja = 32,10 log;, RED?.

Fig. 2 motivates trellis codes that minimize the sum of MI's
required to maintain a desired error probability. Equation (6)
gives a high-£, /Ny approximation for the LHS of (1).

~(7)2
1 a;”’|“E.
MLix~= Y log, ("—NIO—“E) . (©6)

ir @l %0
With the approximation in (6), the MI-sum minimization
problem is to identify the trellis code with the RED? values
that

minimize
> M, ™
J
subject to
1 RED? P—g;
MI; 4 - Z 10g2(|&(.j)|2) > ; logy, A (8)

i:aP%0

where g is the number of elements of &%) equal to zero. The op-
timal trellis code in this sense is the one that maximizes Jy =

>; (p = 4;/p) log,(RED?).

IV. PRACTICAL LIMITATIONS

Before searching for a code to maximize Jag or Jy, atten-
tion must be given to how trellis code constraint length and con-
stellation size limit their ability to achieve rate R for some a
vectors that satisfy (1) with a large margin. This section demon-
strates how limited code constraint length and constellation size
can preclude reliable communication even for a’s with large MI
margin.

Reliable communication with a trellis code over a periodic
Gaussian channel with & is possible only if RED(a) > 0. De-
fine the PECL to be the smallest number of nonzero positions in
the periodic distance vector d of a valid error event of the trellis
code. Whenever PECL < p, one can easily choose & to force
RED(d@) = 0. Specifically, select a target error event with ex-
actly PECL nonzero positions in d? and set @; = 0 whenever
d? > 0. Note that the remaining p — PECL values of &; may be
made arbitrarily large, easily satisfying (1).

Thus, a large value of PECL (preferably PECL = p) is de-
sirable for robust performance in periodic Gaussian channels.
We now give an equivalent definition of PECL in terms of era-
sure patterns. Define a p— g erasure pattern to have @; € {0, 1}
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with g of the p 4; values equal to zero. The PECL is the smallest
value of ¢ such that RED(&) = 0 for some p — ¢ erasure pat-
tern 4.

Trellis code complexity in terms of the number of encoder
memory elements limits the value of PECL and thus limits
the channels that can be supported to a subset of the channels
that satisfy (1). Considering all convolutional encoders with v
memory elements, canonical realizations of minimal feedfor-
ward encoders achieve all possible sets of output codewords
[15]. Thus, the largest value of PECL possible for a given v
is achieved with such an encoder. In a canonical feedforward
encoder, the shift register with the least memory elements has
at most |v/k| memory elements. For a Hamming weight-1
input sequence with the nonzero bit entering a shift register
with |/k] memory elements, the output codeword has at most
lv/k] + 1 nonzero symbols. Thus, any rate-k/n convolutional
code with v memory elements has

PECL < {v/k] + 1. )]

To see the limitation imposed by finite constellation size, con-
sider how a finite constellation affects (1). Using a constellation
X with 2" points restricts (1) to

1 r
> ST I y) >R

(10)

=1

where Ii(X)(m; y) is the MI between input z drawn uniformly
from X" and output y = &;x + z. Ungerboeck computed these
MTI’s for several constellations of interest in [16]. A simple
upper bound captures the fundamental limitation of a 2"-point
constellation X

|(h|2£

No )} an

Thus, when &; is large, the finite constellation size severely
limits the amount MI provided by the ith symbol in each pe-
riod. This limitation prevents a trellis code from achieving re-
liable communication for many channels where (1) is satisfied
with substantial margin even when v is large.

This limitation may also be seen through ns effect on PECL.
Fora; € {0, 1}, using the high SNR valuesI (:c, y) = a;nin
(10) to compare per-period rate to per-pemod MI demonstrates
that rate-k /n trellis codes (R = k and a 2”-point constellation)
can provide reliable communication only when kp < n(p — g),
solving for ¢, we have

PECL £ {(n_‘?;_’ﬁ)_})} +1

I(X)(w y) < mln{n, log (1 +

a2

This bound on PECL was first observed in [3]. Later, Knopp
et al. [11] arrived at a similar expression via the Singleton
bound. As a rule, (9) and (12) are excellent guides for the
choice of v and n. However, as n is increased beyond the value
of k + 1 suggested by Ungerboeck [16], performance on the
standard AWGN channel will actually degrade for fixed v.
Thus, there is a conflict between the desire for a larger n to
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handle more erasures and a smaller = to perform well when
there are no erasures.

V. CATASTROPHIC BEHAVIOR

A final consideration in practical trellis code design for pe-
riodic erasures is catastrophic behavior. Catastrophic behavior
occurs when an infinite number of bit errors result from a fi-
nite Euclidean distance error event. Any encoder that is min-
imal or systematic (or both) avoids catastrophic behavior [15]
for the standard AWGN channel. However, periodic erasure pat-
terns can cause catastrophic behavior even when the encoder is
minimal and systematic. The periodic erasures (viewed as punc-
turing) effectively produce a new higher rate encoder that may
be neither systematic nor minimal. It is this punctured encoder
that displays the catastrophic behavior. Before maximizing ei-
ther Jgg or Juy of Section 111, trellis encoders that become cat-
astrophic for any @ € C must be discarded.

A. Determining Catastrophic Behavior

The algorithms for determining catastrophic behavior in-
duced by periodic erasures are closely related to the algorithms
used to compute PECL. One approach for computing PECL
and determining catastrophic behavior uses multiple trellis
codes [14]. Expand any feedforward rate-k/n trellis code to a
strictly equivalent rate-kp/np multiple trellis code and remove
the ¢ submatrices of size kp X n that correspond to zero values
(erased symbols) in &. Define the resulting kp X n(p — ¢) matrix
of polynomials to be the code C’. This code may be used to
determine whether (@2, d2) = 0 for some d? (the fundamental
step in computing PECL) and to determine whether the erasure
pattern induces catastrophic behavior. If C’ has zero free
Hamming distance, then for the original code (a2, d2) = 0 for
some d2. Otherwise, (@2, d2) 3 O for all d2. The original code
is noncatastrophic for erasure pattern ¢ if C’ is noncatastrophic,
having a power of D as the greatest common divisor of all
kp X kp submatrices.

An adaptation of Lapidoth’s algorithm for computing BER
in noiseless periodic erasure channels [17, Theorem 1] provides
another efficient algorithm for determining whether (@2, d°) =
0. This algorithm may be extended to check for catastrophic be-
havior. Following [17], consider two matrices, Ap and A;, cor-
responding, respectively, to the state transition diagram when
a; = 0 (erased symbol) and @; = 1 (no erasure). These ma-
trices have only zeros and ones as entries. For both matrices,
A(s1, s9) = 1if and only if a transition from s; to s; is pos-
sible and cannot be distinguished from the zero-state self loop
by the (possibly erased) encoder output. For an erased symbol,
Ao(s1, s2) = 1 if there is a branch connecting state s, to state
$2 in a single step. Otherwise, Ag(s1, s2) = 0. For an unerased
symbol, A;(s1, s2) = 1 if there is a branch connecting state s;
to state sy in a single step, and the convolutional encoder output
for this branch is all zeros. Otherwise, A;(sy, s2) = 0.

To consider the state transitions possible in p steps corre-
sponding to one period of the erasure pattern, let A; be the
product Az As,_, -~ Az, . Define S,, to be the 2 -element row
vector of integers where the j + 1 entry of S, is the number of
distinct zero Hamming distance paths from the zero state to state






