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ABSTRACT OF THE DISSERTATION

CodingTechniquedor High DataRatesin WirelessMultiple-Input Multiple-Output

Communications

by

Adina Matache

Doctorof Philosophyin ElectricalEngineering
Universityof California,Los Angeles,2004

ProfessoRichardD. Wesel,Chair

The everincreasingdemandfor reliable high-data-rate&eommunicatiorover the wire-
lesschannelhasleadto the developmentof ef cient modulationandcodingschemes.
Systemsemploying multiple antennador both transmittingand receving promisea
substantialncreasan capacityover singleantennaystems.

In this dissertationwe proposeseveral coding techniquesfor transmissionover
multiple-inputmultiple-output(MIMO) channels.One contrikbution of this work is a
simplecodingtechniquewhich usesa singletrellis codewith nite-tracebackViterbi
decodingfor Foschini's diagonallylayeredspace-timegransmissiorsystemknown as
D-BLAST. We examinethe performanceof universaltrellis codesdesignedo have a

distancestructurethatis matchedo the periodicsignal-to-noiseatio variationof the

Xvil



channelcreatedby D-BLAST, underthe assumptiorthat the channelis staticduring
oneburstbut may changefrom burstto burst. We prove thatD-BLAST undera min-
imum mean-squarerror (MMSE) interferencesuppressiorcriterion is theoretically
optimalandachiezesthe MIMO channelcapacity Undera constrainednput scenario
anda Gaussiarapproximatioronthe MMSE Iter output,theparallelchannelsreated
by D-BLAST have anaggre@atecapacitythatis approximatelyequalto the constrained
MIMO capacity For large antennacon gurations,computingthe constrainedergodic
capacityis numericallyintensve; however, the D-BLAST techniquecan be usedto
drasticallyreducethe compleity of suchcalculationdrom exponentiatto linearin the
numberof antennas.

Another contrikution of this work is the applicationof low-density parity-check
(LDPC) codesfor multiple-antennavirelesschannels.We introducea schemeusing
asingleLDPC codespatiallymultiplexed on multiple antennagindaniterative detec-
tion anddecodingrecever. We discussseveralreduced-compbaty soft demodulation
techniquessuitablefor systemghatachiae very high spectralef ciencies. We com-
parethedifferentdetectionschemesn termsof their performancendcomplexity. We
alsodemonstrat¢hatproperlydesigned_DPC codesbehae very muchlik e universal
codesin the sensedhattheir performancdies in closeproximity to the RootandVari-
ayacompoundchannelcapacityfor the linear Gaussianvector channeldor all but a

few channels.
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Chapter 1

Intr oduction

The everincreasingdemandfor reliable high-data-ratecommunicationover the
wirelesschannehasleadto thedevelopmenbf ef cient modulationandcodingschemes.
Thewirelesschannekuffersfrom time-varyingimpairmentdik e multi-pathfading,in-
terferenceandnoise. Diversity techniquegtime, frequeng, space polarization)are
aneffective methodto combatthefadingin wirelesschannelsTime andfrequeng di-
versityyield alossin bandwidthef ciency. However, by employing multiple antennas
at the transmitterand/orrecever, spatialdiversity is achiezed without sacri cing the
preciousbandwidthresource Moreover, by employing multiple antennagor boththe
transmittingandreceving, a substantiaincreasean capacityis possibleoverthesingle
antennasystems.The basicinformationtheoryresultsreportedby FoschiniandGans
[13] and independentlyby Telatar[40] have indeedpromisedextremely high spec-

tral ef ciencies throughmultiple elementantennaarraysat both the transmitterand



recever.

In this dissertationwe proposeseveral coding techniquesfor transmissionover
multiple-inputmultiple-output{MIMO) channelsandpresentinalyticalandsimulation
resultsfor thecodedMIMO systemunderanidealizedpropagatiorscenarioOnecon-
tribution of thiswork is a simplecodingtechniquewvhich usesa singletrellis codewith
nite-tracebackViterbi decodingfor Foschini's diagonallylayeredspace-timerans-
missionsystem(betterknown asD-BLAST). In his original work [12], Foschinipro-
posedD-BLAST as a recever architecturedesignedfor uncodedtransmissiorover
MIMO systemsWith zero-forcing(ZF) interferencesuppressiorthis architecturénas
an “operational” capacityequalto a lower boundon the Shannonchannelcapacity
However, D-BLAST is theoreticallycapacity-achieing if zero-forcingis replacedoy
minimummean-squarerror(MMSE) interferencesuppressionin essenceMMSE D-
BLAST corvertsalinearMIMO channelinto a periodicscalarchanneblith the same
capacity

In Chapter2 we examinethe performancef universaltrellis codesfor the periodic
fadingchannein conjunctionwith full-overheadandreduced-werheadversionsof the
diagonallylayeredspace-timaecever architecture A universaltrellis codecan(to the
extentits blocklengthandcompleity will permit) approachhe performancepredicted
by the compoundchannelinformationtheoryfor linear Gaussiarchannels.Rootand
Variaya[36] provedthatfor a givenrateandinput distribution thereexists a codethat

will reliably transmitthatrate over every linear Gaussiarchannelfor which the input



distribution inducesa mutualinformation higherthanthe coderate. In otherwords,
sucha codeworkson every channethatit possiblycould,andoneachchanneit works
asif it weredesignedspeci cally for that channel. In [48] Weselet al. constructed
universaltrellis codedfor periodicerasurechannelsyhich we shav to be universalfor
moregeneralperiodicfading. We alsoshaw thatthese64-stateuniversaltrellis codes
have frame error rateswithin 1.8 - 3.6 dB of the quasistatidRayleighfading outage
capacityof the periodicfadingchannekreatedoy D-BLAST. An additionallossof 0.6
- 1.0 dB is incurreddueto the overheadpenaltyassociateavith thediagonallayering.

At the sametime asour initial resultsin [33], CaireandColavolpe [9] proposeca
similar space-timeodingtechniqueor thequasistatienultiple antennahannelcalled
the “wrapped” space-timecoding (WSTC) scheme.The main differencein this work
is thatthe decodingof a “wrapped”space-timeodeis via Viterbi's algorithmthrough
the useof persurvivor processingPSP)andthatthe componentodesfor the WSTC
schemeare off-the-shelfconvolutional codes,not designedfor the periodic channel
createcby D-BLAST.

Recently El GamalandHammong17] proposedaniterative codingtechniquefor
thelayeredspace-timesystemswvhich usesn constitueniencoderspnefor eachlayer.
The main adwantageof this schemewhich is referredto asthe threadedspace-time
(TST) architecturejs thatit doesnot incur the overheadpenaltyinherentin theinitial
pilotsrequiredby diagonalayering.Onepotentialdravbackof the TST architectures

thecompleity of its iteratve receverwhichcombinesaa SISOmulti-userdetectomod-



ule andn separateSISO channeldecoderdor eachof the componenthannelcodes.
The TST resultsreportedn [17] arewithin 2 - 3 dB of the outagecapacity For higher
numberof transmit/recaie antennasthe TST architectureof El GamalandHammons
has1.4 - 2.0 dB betteraverageperformancan quasistaticRayleighfading thanour
scheme. The iteratve MMSE recever architectureof TST provides betterdetection
andhasno overheadoenalty

Anotherfactorthat contributesto a betteraverageperformancen the TST archi-
tectureis the useof smallerQPSKconstellations However, our larger 16-QAM con-
stellationspermitthe codeto operateon at leastsomechannelghataresingular Such
singularchannelsvould force uncodedperformancdor QPSKsystemsuchasthatof
El GamalandHammons. Anotherrecentwork includesthe multilayeredspace-time
architectureproposedoy Tarokh, Naguib, Seshadriand Calderbani{1]. The perfor
manceobtainedwith this schemas 6 dB or morefrom the outagecapacity

In Chapte3 we provethatD-BLAST underanMMSE interferencesuppressionri-
terionis theoreticallyoptimalandachiezesthe Shannorchannektapacity Thisis anal-
ternatve, simplerproofthantheonegivenby Ariyavisitakulin [7]. Underaconstrained
input scenarioand a Gaussiamapproximationon the MMSE Iter output, the paral-
lel channelscreatedby D-BLAST have an aggr@ate capacitythat is approximately
equalto theconstraineanodulationMIMO capacity For large antennacon gurations,
computingthe constraineccapacityis numericallyintensve; however, the D-BLAST

techniquecanbe usedto drasticallyreducethe compleity of suchcalculationsfrom



exponentialto linearin thenumberof antennas.

In Chapte#t, weintroduceaschemaeusingasinglelow-densityparity-chec LDPC)
codespatiallymultiplexedon multiple antennagandaniterative detectioranddecoding
recever. Recentresearchasshavn thatcombiningiterative signalprocessingndde-
codingtechniquesanachieze nearcapacityperformanceon multiple-inputmultiple-
outputchannels.This iterative detectionand decodingmethodis basedon the turbo
decodingprinciple andis often referredto as Turbo-BLAST [37], [38], [43]. Sev-
eraltechniqguedor low-compl«ity, high-performancéerative detectionanddecoding
receversareavailablein the literature. In [37] and[38] the authorsintroducea sub-
optimal recever basedon a minimum mean-squarerror (MMSE) soft interference
cancellationdetector In [41] a“list” spheredecodelis usedto iteratively detectand
decodeeithersimple corvolutional or more powerful turbo codes. In [5] the authors
presentniteratve-greedydemodulation-decodinggchniquefor turbocodeshasedn
agreedydetectiormethodfor multiusercommunicationsMore recentlyin [28] theau-
thorspreseninLDPC codedMIMO OFDM systenusingeitherthe optimal soft max-
imum a posteriori(MAP) demodulatoior the low compleity minimum mean-square
error soft interferencecancellation(MMSE-SIC) demodulatar The resultsreported
in [28] showv that a systembasedon the MMSE-SIC detectorsuffers a performance
degradationin comparisorto a systembasedon the MAP detector In our work how-
ever, we have obsenedvery little differencein the performancef thesetwo detection

schemedor systemswith a smallnumberof transmitandreceve antennagnd QPSK



modulation.

In this researchwe focuson an LDPC codedMIMO schemewhich usesa high-
performancerregular LDPC codedesignedn our previouswork [21], [20]. We dis-
cusssereralreduced-compbdty softdemodulatioriechniquesuitablefor systemghat
achieveveryhighspectrakf ciencies. In particular we considethestandargoft MAP
detectoythe MMSE suppressioandMMSE-SIC detectorsandwe introducea simple
maximalratio combining(MRC) detectowith eithersoft or hardinterferencecancel-
lation. We comparethe differentdetectionschemesn termsof their performanceand
complity. We alsoprovide comparisonsvith the Shannorcapacitylimits for ergodic
multiple-antennahannels Chapter4 alsoprovidesresultsthatshow thatproperlyde-
signedLDPC codesbehae very muchlik e universalspace-timecodesandthat their
performancdies in closeproximity to the Root and Variayacapacityfor the linear

Gaussiarvectorchanneldor all but afew channels.



Chapter 2

Trellis CodedD-BLAST Systems

2.1 SystemModel

The systemunderconsiderations a MIMO systemwith »n transmitandn receve
antennasin a comple basebandepresentatiorthe basicvectorequationdescribing

thechannebperatingon the signalin a quasistaticscenarids

y(t) =Hx(t) +n(t), t=1,...,N; (2.1)

whereN; is thesizeof aframe x(t) = [z () z5(t) ...z, (t)]" is thecomple vectorof
modulationsymbolstransmittedn parallelby the n transmitantennast symboltime
t, n(t) = [n1(t) na(t) ...n,(¢)]" is the vectorof independenGaussiamoisesamples

with zeromeanandvariances? = N,/2 perdimensiony () = [y1(t) ya(t) . . .y (t)]"



is the correspondingectorof receved signalsamplesat the outputof thereceve an-
tennasandH = [h; h, ... h,] is thechannematrix.

We assumehatthepoweremittedfrom eachtransmitantennas proportionato 1/»
sothatthetotal radiatedpower is constantandindependenof the numberof transmit
antennas.The averagesignal-to-noiseatio (SNR) at eachreceve antennas denoted
by p andis alsoindependentf n. Thepathgainsin thechannelmatrix H aremodeled
as samplesof independentomplex Gaussiarrandomvariableswith zero meanand
variance).5 perdimension.Thisis equivalentto theassumptiorthateachpathbetween
atransmitandareceve antennahasfrequeng- at independenRayleighfading. This
modelsachannelwvith enoughphysicalseparationwithin thetransmittingandreceving
antennaso achieze independencan the entriesof H.

We considera communicationscenarioin which the channelcharacteristicsare
essentiallyunchangedluringa frame,but changerandomlyfrom oneframeto another
(quasistatidading). We furtherassumehattherecever knows H perfectly while the
transmittethasno knowledgeof H. In practice theassumptiorof perfectchannektate
information(CSI) at therecever holdsapproximatelywhenthe channelariesslowly
with respecto thedurationof aframe. Thisis arealisticassumptiorin severalwireless
settingswheremobility is limited or absente.g. indoor wirelesslocal-areanetworks,
wirelesslocalloops,etc.). Furthermoretheassumptiorof no CSlatthetransmitteiis a
reasonablassumptionn situationswherefeedbackor time-division duplexing cannot

be exploited. However, the transmittermay useknowledge of the channelstatistics



(suchasaverageSNR)to selectatransmissiomateeventhoughit hasno knowledgeof

the particularrealizationof thechannelmatrix.

2.2 Overview of D-BLAST

The transmissiorprocessn Foschini's layeredstructurewith n transmitandn re-
ceive antennaganbe summarizedsfollows. The datastreamis demultiplexedinto n
datastreamf equalrate,andeachsubstreanis modulatedusingthe sameconstella-
tion. Then substreamaretransmittedsimultaneouslyisingn antennalementsThen
attherecever, the n receve antennasre usedto decoupleanddetectthe transmitted
signals.

First, the transmittedsignalfrom antennan is treatedasthe desiredsignal, while
the signalsfrom the othertransmitantennasare treatedas interference. Linear pro-
cessingon thereceved vectoris thenusedto suppressheinterferencérom antennas
1, ..., n— 1. Thisyieldsa diversity orderof one. Oncethe signaltransmittedrom
antennan is correctlydetectedit is canceledrom therecevedvector Thenthesignal
from antennan — 1 is treatedasthe desiredsignal, while the signalsfrom antennas
1,...,n — 2 aretreatedasinterference.Linear processings usedto suppresshein-
terferencdrom theremainingn — 2 signals,providing a diversity orderof two. This
processs continueduntil all thetransmittedsignalsaredetectedWith this schemethe

diversity order variesacrossthe transmittedsignal componentgrom a diversity gain



of onefor the signaltransmittedrom antennan to a diversity gain of n for the signal
transmittedrom antennane.
To summarizethe detectionof transmittedsignalcomponentsnvolvestwo major

steps:

1. interferencecanceling interferencdérom alreadydetectedsymbolsis subtracted

out.

2. interferencesuppession interferencefrom yet to be detectedsymbolsis sup-

pressedy linearoperations.

The interferencecancelingstepsubtractout from the receved vectorthe alreadyde-
tectedsignal componentswhile the interferencesuppressiorstepremovesthe inter-
ferencestemmingfrom the asyet undecode@omponentsisinglinear operationopti-
mizedundera ZF or anMMSE criterion.

The interferencesuppressioralternatves (ZF and MMSE) are describedn detail
next. In theremainderof the discussionyve dropthetime index ¢ for brevity. Assum-
ing thatthe recever hascorrectlydetectedhe lastn — i signalcomponent®f x, we
cancancelthe interferencefrom thesecomponentdby subtractingthemout from the

recevedvectory. Then,theresultingvectory; is

n

Vi=y — Z zihy = Zxkhk + n. (2.2)

k=i+1 k=1

10



2.2.1 ZF Interfer enceSuppression

Assumingthe lastn — i signalcomponenthave beencorrectlydetectecandcan-
celedout,theinterferencestemmingrom thesimultaneousransmissiof z, ..., z;_1
is nulledoutby projectingy; ontothenullspaceof thevectorsh,, ..., h;_;. LetHp ;_y
denotethe vectorspacespannedy the columnvectorsh,, ..., h;_;, andy; theresult

of the projection

-1
yi =¥i — Hpiq (Hgl,z'—ﬂH[l,i—H) Hgl,i—l]y“ (2:3)

where' is the complex conjugateoperator Note that the matrix HE i—yHii-1 is

invertible underthe assumptiorthatthe vectorshy, . . ., h; ; arelinearly independent.

Theabove expressiorcanbe furthersimpli ed to obtain

¥i = x;h; + 0, (2.4)

whereh; andn aretheprojectionof h; andn respectiely ontothenullspaceof Hj ;.

Using standardnaximumratio combining,the decisionon the ith componenbf x is

givenby

N I~
T hly; = ; +

= hin (2.5)
[[h; 2

g2

Themean-squarerror(MSE) between; andz; is givenby

11



1 -y -
MSE; = ——h!Th;, (2.6)

wherel’ = E [ﬁ ﬁf] is the covariancematrix of the noisevectorn. Let

-1
_ t t
A =Hp,y (H[l,i—l]H[lai—l]) H[l,z’—l]’ (2.7)

thenit is easyto seethat A = AT, AAT = A andi = (I, — A)n. It follows that

I' = (I, - A)E[nn'] (I, — A)
= (In - A)NOIn(In - AT) (28)
= No(I, — A).

This simpli es the MSE for theith channeto

Ny -
SE; = ——h!(I, — A)h;

[ |

N,
— ﬁ04hI(IH—A)(In—A)h,

”1\;” (2.9)
= ~04 I(n_A)hi

[

No g - o

= — h;, = —
[ S 1

Then,theresultingsignal-to-noiseatio for theith channels

12



E, -~ s
ZF — ZZ11h|12 = &by 2.10
o= Sl = D (2.10)

whereF, is theaverageconstellatiorenegy and|| ;|2 is achi-squareandomvariable
with 2(n—i+1) degreesf freedom.Sincetheentriesof thechannematrixH arezero-
mean unit-variancecomplex Gaussianghemeanof thechi-squarevariateisn — i + 1.
Under the assumptiorof correctdecisionsbeing canceledout, interferencesup-
pressionunderthe ZF criteriondecomposethe MIMO channelof (2.1) into n paral-
lel channelswith SNRs~#" ... v2F. This is equivalentto a single-inputsingle-output
(S1SO)periodicallytime-varying channelof periodn whosegainsarechi-squarean-

domvariableswith 2n, . .., 2 degreesof freedom.

2.2.2 MMSE Interfer enceSuppression

Again,assuminghelastn — 7 signalcomponentfiave beencorrectlydetectecand
canceledut, theinterferencdrom components, . . ., x;_1 iS suppressety minimiz-
ing themean-squarerrorbetween:; andz;. Thedecisionontheith componenof x is
givenby z; = W,Tyi, wherew; is ann-dimensionakolumnvectorchoserto minimize

themean-squarerror. The MMSE solutionfor w; satis es[31]

hy .
1=1

N,

72 |[ha[2’

N -1
(TgI"+H[1:i—IJHgl,i—1]) h;

=1 )
1+h:‘r (g_gln+H[l,i—1]HEr1,i—1]) h;

(2.11)
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This yields a minimum mean-squarerror (MMSE) on the ith signalcomponent

givenby

MMSE, — Em@—wﬁm) (2.12)
E .
7-'07 1 = 1
_ ] NI (2.13)
E' .
z -, 1=2,...,1n
1+h (J0 T +Hy ;g ], ) "hy
anda correspondingignal-to-noisendinterferenceaatio givenby
L by | i=1
N )
MMSE — ¢ % (2.14)

-1
h: <g_2]:n + H[l’i_l}HErl,i—l}) hia 7 = 2’ R ()
Note that yYMMSE hasa chi-squaredistribution with 2n degreesof freedom. However,

AMMSE(2 < 4 < n) hasadistributionwhichis differentfrom chi-square.

1

It canbe shawvn thatyMMSE is arandomvariablegivenby

E,
,-)/MMSE — FHDI/QPZ‘HQ; (215)
0

where

1

1
Em,“.’ o
\/1+)\1N_0 1+)\nﬁo

D'/? = Diag (2.16)
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andp; = Uf'h, is the projectionof the complex Gaussiarnvectorh; onto the space
spannedy the columnsof the unitary matrix U. This is a directconsequencef the

symmetriceigendecompositioaf the Hermitianmatrix

H[Li—l]HELl,z‘—l

;= UAU", (2.17)

where A is a diagonalmatrix whoseelementsare the eigervalues\, . .., A\, of the
Hermitianmatrixin (2.17).

Obsene that underthe sameassumptionss before,the MMSE interferencesup-
pressionschemealsocreatesan equivalenttime-varying channeblith a periodicSNR
variationgivenby yMMSE | /MMSE TheseSNRfactorsdo not have a closed-formdis-
tribution. Figure 2.1 shaws the empirical distribution of the 4 channelscreatedin a
4 x 4 D-BLAST systemwith MMSE interferencesuppressionkor comparisonpn the
sameplot we show the chi-squaredistributionswith differentmeanscorrespondingo

the4 channelsreatedn a D-BLAST systemwith ZF interferencesuppression.

2.3 Space-Tme Layering for D-BLAST

2.3.1 Full-Overhead

In the following we describea trellis codingtechniquefor the layeredspace-time

architectureof D-BLAST. We assumea single trellis code producingcodevords of

15
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BLAST, E, /Ny = 3 dB, Rayleighfading.
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length IV, including v tail bits to drive the encodebackto statezero(wherev is the
numberof memoryelementf the code). We furtherassumehat V is a multiple of
thenumberof antennas. Then,thesymbolsin acodevordvectorc areplacedmoving
left-to-rightin diagonalayersof width d, in orderto form then x Ny codavord matrix
X = f(c), with Ny = N/n+ (n—1)d. Themappingf sendshecodevord vectorc to
an x Ny comple-valuedmatrix X whose(i, t)th entryis equalto z;(t), i.e. X is the
basebandersionof the codevord ¢ astransmittedacrosghe channel.The mappingf

is de ned by

X (i, j) = (2.18)

0 otherwise

where

k=mn[j —1— (i—1)d] +1i, (2.19)

forl <i<mandl <j < Njy.

Figure2.2(a)illustratesthe symbollayeringfor a codevord of lengthl6ina2 x 2
systemwith diagonallayersof width d = 4 . Eachsquarerepresents symboltrans-
mitted from a single antennaat a single symboltime. The numbersin the squares
representhe processingorder of the Viterbi decoder The empty squaresepresent

overheadsymbolswherenothingis transmitted.

17



Notice that this schemehasan inherentrate loss of approximately(n — 1)d/N;
becausef the lower anduppertrianglesof overheadzero)symbolsin the codevord
matrix. Thisignoresthe smallratelossdueto thetail bits usedfor trellis termination.
Assuminga trellis codeof rate R anda modulationmappingeachM .-tuple of binary
symbolsinto a comple-valuedconstellatiorpoint, the spectralef ciency of theabove

layeringschemas

n(n —1)d

= M. —
n=nRkRM, N,

RM.,. (2.20)

In thisformulationef ciency is takento meanthenumberof informationbits pervector
channelse.

In Fig. 2.2(a)we have useda codavord matrix thatis conceptuallyappealing.The
orderin whichthe columnsof the codevord matrix aretransmitteds, in fact,arbitrary
sothatwe couldre-arrangehemasin Fig. 2.2(c)to avoid ary delayin processingin
thesequele will referto this schemeasthefull-overheadsystemin orderto differen-
tiate it from a variationof the schemehathasonly half of the overheadoenalty The

new reduced-gerheadschemaes describechext.

2.3.2 Reduced-Oerhead

The reduced-verheadschemas a variation of the full-overheadsystemthat cuts

the overheadpenaltyin half. Thereare mary possiblesymbol arrangementsvhich

18



yield areduced-gerheadsystem.The simplestoneis shavn in Fig. 2.2(b),wherethe
only differencefrom thefull-overheadsystemis theplacemenof symbolsl 6, 14 above
10, 12. All four of thesesymbolsareintendedto be decodedusingsuppressionThus,
in this particulararrangemenive do not requireemptysquaref pilot symbolsat the
endof theblock. Then,theoverheadenaltyis cutin half andthespectrakef ciency of

thereduced-gerheadsystemis increasedo

n(n —1)d

= nRM, —
T=n oN;

RM,. (2.21)

A slightly differentapproachs illustratedin Fig. 2.2(d), which preseresthe di-
agonalstructureof the block, but hashalf the diagonalwidth. Obsene thatin this
schemewe arrangethe symbolsmoving from both endsof the frametoward the mid-
dle. While the rst versionis conceptuallymore transparentthis approachhasthe
appealof adiagonalblock structure.Thisis in factthe versionimplementedn all our
simulations.However, we believe thatthe differencein performancéetweenhe two

reduced-verheadschemeshouldbe negligible.

2.4 Finite-TracebackViterbi Decoding

In this sectionwe presentboth an optimal “just-in-time” anda “not just-in-time”
Viterbi decodingmethodfor the layeredspace-timesystemaliscussedn the previous

section. Note that we make a Gaussiamapproximationon the MMSE Iter output,
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Figure 2.2: Symbolplacemenfor full-overheadandreduced-gerheadjust-in-time” sys-

tems,L7}, = 7, blocklengthl6 datasymbols.

sothatthe Viterbi algorithmcanbe employedto decodehe layeredsystemsprovided
thattheappropriatevariances usedn themetriccalculation.For easeof expositionwe
consider2 x 2 systemshoweverthedecodingnethodextendsto largern x n systems

in a straightforward manner

2.4.1 Optimal “Just-in-Time” Traceback

First, considetthefull-overheadsystemn Fig. 2.2(a). Thediagonallayeringin this

exampleis well matchedor nite-tracebackViterbidecodind46] with tracebackdepth

20



L3, = 7. Linear processingasdescribedn Section2.2 is usedto detectthe receved
vectors.Thus,eachodd-numberedymbolis detectedy cancelingheeven-numbered
symbol below it, while eacheven-numberedymbolis detectedby suppressinghe
symbolaboreit.

Obsenethatin this diagonallayeringtherearefour pilot symbolsat the beginning
of theblock. With thisarrangemensymbolsl, 3, 5, 7 aredetectedy simply canceling
theknown pilots below them,while symbols2, 4, 6 aredetectedy suppressinghein-
terferencdrom the symbolsabove them. Thus,the rst sevensymbolscanbedetected
without any Viterbi decoding.This is enoughto permitthe rst tracebackThereafter
the bottomeven-numberedymbolsare decoded|just-in-time” to provide the cancel-
lation requiredfor the next Viterbi traceback.For example,after symbol8 is detected
by suppressionViterbi tracebacks performedto decodesymbol2. This symbolis
decodedijust-in-time” to be canceledout from the receved vector so that symbol 9
canbe detected.This processcontinuesuntil all the symbolsin the block have been
decoded.

With this decodingmethod the basicideais to choosea tracebacldepthL?, (per
hapschoseraccordingo [6] or throughempiricalstudy)anda diagonalayeringwhich
togetherpermitthe decodingof a symbol“just-in-time” to be subtractedut from the
recevedvectors.In generaljn orderto decodea symbol“just-in-time” the step-sizeof

thediagonallayeringmustbe
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Lt +1
d= Dn+ . (2.22)

Similar “just-in-time” decodingis supportedby the reduced-gerheadsystemin
Fig. 2.2(b). The only differenceis in the detectionof symbols10, 12, 14, 16, which
mustbe receved by suppressinghe interferingsymbolsabore or belov them(in the
full-overheadsystemthesesymbolsmight also be detectedby suppressionhowever,

onecando betterby cancelinghe known pilot symbolsinstead).

2.4.2 “Not Just-in-Time” Traceback

For agiventracebacldepthL ,, onemight considedoweringthe overheadpenalty
by selectinga layerwidth d smallerthanwhatis requiredfor “just-in-time” decoding.
Forillustration,considewusingthetracebaclkdepthof 7 with only two initial pilots(zero
symbols)asillustratedin Fig. 2.3. With only two initial pilots,the rst four space-time
symbolsaredetectedn thesamemannerasbefore.However, theodd-numberedpace-
time symbols5 and7 have theundecodedymbols2 and4 belowv them,thereforethey
mustbe detectedby suppressinghe symbols2 and4 respectiely. In generalthe rst
Viterbi tracebackequireshelast L, — nd + 1 symbolsto be detectedy suppression
only. After a tracebackthe decodedaven-numberegymbolsmustbe canceledrom
anearlierrecevedvector whichimpliesthatthelast L, — nd + 1 stageof thetrellis

mustbe updatedor futuretracebacks.
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Figure 2.3: Symbolplacemenfor “not just-in-time” traceback L}, = 7, blocklength16

datasymbols.

While moregeneralthis schemesuffersfrom theaddedcompleity of updatingthe

lastLp — nd + 1 stageof thetrellis whenerer adecodedsymbolneedso becanceled

out. In Section2.6 we take a closerlook at this decodingmethodand shawv thatthe

addedcompleity is notjusti ed by thegainin performanceln fact, our resultsshow

that the “just-in-time” decodingmethodprovidesthe bestperformancgmeasureds

the SNR gapto outageprobability)for a x edtracebacldepthL p.

2.5 Trellis CodesasUniversal Space-Tme Codes

2.5.1 ExcessMl versusSNR Gap

Mutual information(MI) identi es the fundamentainformation-carryingootential

of achannefor aspeci c inputdistribution. RootandVariaya[36] provedtheexistence

of codeghatcancommunicateeliably over ary linear Gaussiarthannefor whichthe
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MI exceedsthe informationrate of the code. A codehasuniveisal propertyif it has
consistentlygood proximity to capacity(to the extent its blocklengthand decoding
complity permit) over a classof channels. Thus a universalcode should provide
performancehat is consistenin termsof requiredexcessmutual information. The
excessMI is de ned asthe capacitymaigin betweenthe operationalchannelM| and
theinformationtransmissiomate.

Thecommonwayto plot bit-errorrate(BER) performances versuschannekignal-
to-noiseratio (SNR). Since capacityon the additve white Gaussiamoise (AWGN)
channeis a monotonic(andalmostlinear) functionof SNRin dB, Cawen = log, (1 +
SNR), this representatiolis essentiallyequivalentto plotting BER againstMI. How-
ever, whenassessintghe performancef a codeover a variety of linear Gaussiarchan-
nels,consideringSNR performancer SNR gapis problematidoecausehe monotonic
relationshipbetweenSNR in dB andMI is differentfor differentchanneleigervalue
skews.

To betterunderstandhepreviousstatementgonsidera 2 x 2 linearGaussiarvector

channel andits perantennaapacity{40]

1
CH) = 5 108 det(I, + pHH')
1
= glogy (1+pM) (1+pXe)

1
= 3 log, (14 pA1) (14 pr), (2.23)
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where)\; and )\, arethe eigevaluesof HHf, x = \/)\; is the eigervalueskew and

p is the SNR pertransmitsymbol. For a x ed transmissiorrate R, the SNR gapin

dB ASNRgz is de ned asthedifferencebetweerthe p, (in dB) requiredto achieve the

desiredBER andthep (in dB) atwhichthechannekapacityin (2.23)is equalto R bits

pertransmitantenna.

Without lossof generalitylet A\; = 1 and nd p at which the channelcapacityis

equalto R bits pertransmitantenna:

22 = kp’ + (k+1)p+1,

whichyields

—(k+1) ++/(k— 1) + 48+
2K '

Then,the SNRgapin dB is givenby

ASNRys = 101ogyg po — 101ogy, p,

from whichthe SNR p, canbe expresseds

po = 100.1(ASNR13+1010g10 p) — ploo.lASNRjB‘
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TheexcesaMl pertransmitantennaAMl is givenby thedifferencebetweerthechannel
capacityin (2.23)atthe SNR p, andtheinformationrate R. It canbewrittenin terms

of the SNRgapin dB asfollows

1
AMI =~ logy(1+ po) (1 + kipo) = R (2.28)

1
= 3 log, (1 + plOO'lASNR’B) (1 + /{plOO'lASNP"'B) — R, (2.29)

wherep is givenin (2.25)above.

Figure 2.4 illustratesthe excessMI per antennaasa function of the SNR gapin
dB for R = 1 bit/transmitantennaand differenteigervalue skews . Note that the
excessMI curvesareapproximatelylinear functionsof the SNR gapin dB, however
theslopedepend®ntheeigervaluespreadeigenskw) of thechannel.ln otherwords,
aconstantevel of excesaMl is achievedby differing excessSNR levels(dependingn
theeigenslew of thechannel). TheMI availablein thechannels theabsolutemeasure
for performancewhile an excessSNR measuralependdoth onthe Ml level andthe

speci ¢ channekealization(eigenslew).

2.5.2 Universal CodeDesignfor Periodic Erasures

In Section2.2 we sav that the layeredarchitecturewith linear processingat the
recever createsa periodic fading channel,thereforewe requirea trellis codethatis

effective on suchperiodicvariationsin SNR.A specialcaseof the resultsof Rootand
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Varaiya[36] indicatesthat a single codecan guaranteea rate R over every periodic

Gaussiarchannekhathasa mutualinformationgreaterthantherate R, where

1« E
Ml = — 1 1+ |g;2==2 2.30
nzzj og2(+\a\N0), (2.30)

anda; arethe periodic scalefactors. Oneimplication of this resultis that good er-
ror performanceover one particularchanneldoesnot have to comeat the expenseof
signi cant performancelegradationover others.

The designof trellis codesfor channelsthat are characterizedy additve white
Gaussiamoisewith adistinctperiodicvariationin signal-to-noiseatio is investigated
in [48], [47], [14], [23], and[32]. The caseof periodic Rayleighfadingis treated
in [47], [23], [32]. In [48] Weselet. al constructuniversaltrellis codesfor periodic
erasurechannels.A family of trellis codesfor periods2 - 5 aredesignedo provide
robustperformanceverall periodicerasurgatterndor whichthe numberof unerased
codedbits per periodis at leastequalto the numberof informationbits per period. A
brief review of the designapproacHor thesetrellis codess presentechext.

Let the n-elementvectora = [a4,...,a,| containthe periodic scalefactorswith
a? = [|ay|? ..., |a./*]- Also let the normalizedsymbol-wisesquarecEuclideandis-
tancebetweertwo constellatiorpointsbe d?(z — %) = |%; — =;|*/E,, wherez; and
z; arethe correctandincorrectconstellatiorpointsassociatedvith theith symbolsof

atrellis erroreventz — 1. Theperiodicerasureof symbolsscaleglistanceswvith the
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sameindex modulon by the samebinary scalefactora;. De ne the periodicsquared
distance??(z — ) fori € {1,2,...,n} asthesumof thesquareof thedistanceshat
arescaledoy the samefactora, for agivenerrorevent: d>(z — i) = S.°°_ d?

m=0 i+mn-

Then valuesd?, . . ., d2 form theperiodicdistancevector

d?=[d%...,d2]. (2.31)

The minimum distanceof valid error eventsundera periodicerasurepatternis re-
ferredto asthe squaredresidual Euclideandistance(RED) for a speci ed periodic

attenuatiorvectora

RED(a) = min(a?, d?), (2.32)

a2
wherethe expression(a2, d2) representsn inner product. Trellis codedesignfor all
possibleerasurepatternsis a multi-criterion problemsincewe have to minimize bit-
errorrate(BER) (essentiallymaximizeRED) at all erasuregatternssimultaneously
The primary approachdescribedn [48] is to seekto maintainthe samerequired
excessmutual informationfor all erasurepatterns,which is motivatedby the desire
of having similar error performanceover all erasurepatternswith the sameMI. The
searchfor trellis codesthat maintaina similar level of excessmutualinformationover

all erasuregatterngproducesa designcriterionbasedn maximizingJy,
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Jwi =Y (n— q;/n)log,(RED?(&)), (2.33)

J

whereg; is thenumberof elementof the jth erasurepatterna; equalto zero.
Thecodesn [48] weredesignedo beuniversalonly for periodicerasureshannels.
However, we shav thatcode+#1 designedn [48] using.Jy, asthe objectve function
is a universaltrellis codefor generalperiodicfadingandhenceD-BLAST. First, con-
siderthe performancef the 64-state rated /3, 8-PSKcode+#1 over periodicerasures.
For a BER of 1075, this coderequiresan excessmutual information of 0.64 bits on
the channelWwhereevery othersymbolis anerasurga = [0, 1]), andanexcessmutual
informationof 0.87 bits onthe channelwith no erasurega = [1, 1]). Figure2.7 shows
an extensionof the resultspresentedn [48], by consideringthe excessmutualinfor-
mationrequiredfor BER = 10~° on a periodicchannela = [a;, a»] whentheratio of
squaredscalefactorsa = |a9|?/|a,|? variesfrom 0 to 1. In this plot the curve labeled
Period-2TFB is generatedisingatransferfunctionboundto obtainthe SNRnecessary
to achieve BER = 107 for valuesof a betweer) and1. Obsene thatasa increases
from 0 to 1 the excessmutualinformationis monotonicallyincreasingfrom 0.64 to
0.87, which correspondo theexcessMI gures onthetwo erasureehannelsFor com-
parisonthebestEuclideandistances4-statetrellis codefor transmissiorof onebit per
symbol (rated /2 maximum Hamming distancecorvolutional code usedwith Gray-

labeledQPSK)requiresan SNR of 4.3 dB to achieve BER = 10~° in additive white
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Gaussiamoise. At this SNR, the capacityof the AWGN channelis 1.88 bits/symbol
andthusthis coderequiresan excessMI of 0.88 bits. Therefore,our universalcode
haslessexcessMI on every period-2channelthanthe standardamountof excessMl
requiredby a 64-statecodeat this ratefor the AWGN channel.

Practicallimitations on the numberof memoryelementsandthe constellatiorsize
malke the designof universaltrellis codesfor periodicfadingchannelswith large pe-
riods a very challengingtask. This is why the family of codesfoundin [48] arefor
periodsno largerthan ve. However, thereexists a classof trellis codesfor period-8
designedn [47]. Thesecodesarenot universalfor all period-8channelsput they are
still robustcodesandreasonableandidategor larger8 x 8 full-overheadsystemsor

4 x 4 reduced-gerheadsystems.

2.5.3 Universal Performanceof Trellis CodedD-BLAST Systems

Next consideithe performancef anMMSE full-overhead-BLAST systemusing
code+#1 overasetof linearGaussiarchannelobtainedoy samplingthe continuumof

2 x 2 channelsFor thatit is sufcient to considerchannelf theform

in(¢)e’’
H= /i 10 cos(¢)  sin(¢) (2.34)
0 k| |—sin(d)e ¥  cos(¢)

where ), ), arethe eigemvaluesof the Hermitian matrix HH' with X\, < A\, k =

A2/ A1 is the eigervalue skew, ¢ € [0,2x], andé € [0,2x]. We samplethe above
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matrixviatheparameters; = 1, x = {0,0.125,0.25,0.5,0.75,1},¢ = {0,7/3,7/2},
andf = w/4. The periodic SNRsyMMSE and~)MSE turn out to be independenof 4,
thereforewe canchoosée) arbitrarily. Thisis easilyshovn giventhe above formulation

for thechannematrix H. The periodicSNRstake thefollowing form:

E
AMMSE - — Fg”(cos2 ¢ + K sin’ @) (2.35)
0

sin? ¢ + kcos® ¢ + ﬁ—z/ﬁ

_1-
K sin® ¢ + cos? ¢ + (%)

MMSE
2

(2.36)

Oneimmediateobsenrationis thatfor x = 1, the above equationsyield yMMSE =
VMMSE — B, /Ny. Leta betheratio of periodicSNRsinducedoy theMMSE processing

in D-BLAST:

o = "SR MO, (2.37)

AssumingyMMSE > ~MMSE [it follows thatfor unitarychannelsq = 1 regardlesf the
angle¢ andhencehe particularsamplingof thechannel A plot of theratio of periodic
SNRsa asa function of the angle¢ is shavn in Fig. 2.5 for the differenteigervalue
skews consideredndunder x edmutualinformation,MIl = 1.5 bits/antennaObsenre
that whenthe channelis singular(x = 0) and¢ is a multiple of 7/2, the SNRratio
« is zero(which correspondso a periodicerasurechannel);howvever, « is onewhen

¢ is approximatelya multiple of /3. The sameresultsareshowvn in Fig. 2.6, where
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Figure 2.5: Theratio of periodic SNRsa versusthe angle¢ for eigewvalue skews k =

{1,0.75,0.5,0.25,0.125,0} underconstanmutualinformation(MI=1.5 bits/antenna).
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Figure 2.6: YYMSE versusyMMSE for eigevalue skews x = {1,0.75,0.5,0.25,0.125, 0}
and underlying angle ¢ € (0,7/2) under constant mutual information (MI=1.5

bits/antenna).

34



insteadwe plot the achiezableMMSE - yMMSE pairs. Sincethe mutualinformationis
constantthe differentchannelsamplingsyield the sameachiezableregion, although
theindividual pairsin the achiezableregion aredifferentunderthe samevalue of the
angleg.

Performancen eachchanneln this samplingis measuredby the mutualinforma-
tion in excessof thetransmissiomater requiredto achieve aBER of 10°. Figure2.7
plotsthis requiredexcessmutualinformationpertransmitantennasindividual points
againstthe correspondingatio of periodicSNRs«. The pointslabeledwith circles
correspondo ablocklengthof 1016 symbolsandanoverallraten = 1.9538, while the
pointslabeledwith squarexorrespondo a blocklengthof 127 symbolsandanoverall
raten = 1.6821. Obsenre thatwith the larger blocklengthwherethe overheadpbenalty
is nggligible, the excessMI pointsobtainedon theindividual channelsn the sampling
setarevery closeto the excessMI curve for the periodicchannel. In the caseof the
smallerblocklength thelossin excessMI is relatively constantfor all channelsn the
setandaround0.15 bits perantenna.

For bothblocklengthsthereis a singlepoint thathasnoticeablypoorperformance.
Both pointscorrespondo « = 0 and¢ = 7 /3. The poor performances dueto error
propagationas shavn by the solid points which simulatedecodingon this channel
with the cancellationperformedusingthe correctsymbols. Note that simulationsfor
(k = 0,0 = 0)and(k = 0,¢ = 7/2) shaved no performancedegradationdueto

error propagation. For the blocklength1016 casethe ratio of periodic SNRs « for
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Figure 2.7: ExcesaMI perantennaequiredby rated /3, 8-PSKtrellis code#1 to achieve

BER = 10~? versustheratio of periodicSNRsa = y)MSE /yMMSE_
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(k = 0,¢ = 7/3) changesvhenerror propagatioris removed becauser dependn
theoperatingSNR.

It is not surprisingthatwe obsere error propagatioreffectsin a decisiondirected
cancellatiomalgorithmlike D-BLAST. In fact, perhapst is surprisingthaterror prop-
agationis only obsened underthe particular channelcondition wherex = 0 and
¢ is particularly unfavorable. Sucha channelis essentiallythe scalarchannely =
cos(@)z1 + sin(¢)xs + n. Onsuchachannelwhencos(¢) = 0 orsin(¢) = 0, we have
a periodic erasurechannelwhich our trellis code handlesquite well. However, this
scalarchannelwith cos(¢) andsin(¢) of similar magnitudepresentshetoughesthal-
lengefor the suppressiomlgorithm,often leadingto error propagation.Froma prac-
tical point of view, the channelswith this degeneratesingularvaluestructure(x = 0)
areline-of-sightchannelsand“keyhole” channeld4]. UnderRayleighstatistics,the
k = 0 channelsoccurfrequentlyenough,thus error propagationcan be a problem.
Onepossibleremedyis to usea precodesimilar to the Tomlinson-Harashimprecoder
[42], [19], sincethe processingof BLAST canbe viewed as a generalizeddecision
feedbackequalizer(GDFE)[18]. However, the useof a precoderrequiresknowledge
of thechannektatisticsat the transmittersite.

Theabove resultsshov thatcode#1 is auniversalspace-timeodefor D-BLAST,
with consistentlyperformanceverthesetof 2 x 2 matrix channelswith theexception
of the channel(x = 0,¢ = 7/3). For large blocklengthsandignoring error propa-

gation,this coderequiresan excessMI of around0.7 bits perantennaunderthe most
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favorablechannelandaround0.9 bits per antennaunderthe leastfavorablechannel.
Thisis in agreementvith theresultsin [24] which shav thatin amoregeneraketting,
the performanceof universaltrellis codesobtainedby an exhaustve minimax search
ona2 x 2 compoundhannefalls within the samerangeof excessmutualinformation
requirementOneimmediateémplicationof the universalpropertyoverthesetof linear
Gaussiarchannelss agoodproximity to capacityon ary fadingchannelyegardlesof
thechannefadingstatistics.Thus,thiscodemaybedeployedfor ary 2 x 2 transmission

scenarionotjust Rayleighfading.

2.6 PerformanceResultsin Rayleigh Fading

In this sectionwe presentperformanceresultsfor the codedlayeredspace-time
architectureof D-BLAST. As performancaneasureve considerboth the frame-error
rate (FER) and the bit-error rate (BER) underthe assumptiorof an ideal Rayleigh
channelwith perfectCSlI at the recever and a burst-modecommunicationscenario.
The resultsare obtainedthroughMonte Carlo simulation. The FER is averagedover
enoughchannelrealizationsso that 1000 erroneoudramesare accumulatedn each
simulation.

In orderto comparethe performanceesultsto channelcapacity we alsoprovide
thetheoreticaloutageprobability curves. In the quasistaticase|t is assumedhatthe

channelmatrix H is chosernrandomlyat the beginning of a frameandheld x edfor
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the entire durationof the frame. The Shannoncapacityof the channelis zero. No
matterhow small we make the raten at which we try to communicateat, thereis a
non-zeroprobability that the channelrealizationis incapableof supportingthat rate
regardlesof how long we malke the codelength. In this casea channeloutageis said
to have occurredandthe channelis consideredo bein the OUT state. Thus, under
the quasistatichannelmodelandin thelimit of large block lengths,the bestpossible

achivableFER of the MIMO channels givenby the outageprobabilityde ned by

Poyt = P(C(H) < 77)- (2-38)

In thefollowing exampleswe provide simulationresultsfor severallayeredspace-
time codedsystemsunderthe optimal MMSE criterion, and wheneer possiblewe
make comparisonith the bestperformanceof previously reportedspace-timesys-
tems. In general,the ZF criterion yields a performancehatis 2 - 3 dB worsethan
MMSE. Figure 2.8 illustratesthe FER performanceof code #1 in [48] for period-
2 erasuresn a full-overheadsystemunderthe ZF criterion togetherwith the outage
probability curvesat the overall ratewhich takesthe overheadpenaltyinto accountand
at the rate which neglectsthe overheadpenalty On the sameplot we showv the FER
performanceof code#1 over an equialentperiodicfading channelwhosegainsare
givenby thechi-squaredandomvariablesn (2.10)andobsene thatit matcheslosely

the performancef the ZF full-overheadsystem.
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Figure 2.8: Outageprobability and FER for 2 x 2 ZF full-overheadsystemcodedwith

rate-1/3 8-PSKitrellis code,blocklengthl27 informationbits pertransmitantenna.
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Examplel: Herewe considera 2 x 2 MMSE full-overheadlayeredspace-time
codedsystemin conjunctionwith code#1 in [48]. Thisis arated /3, 64-state 8-PSK
trellis codewith octal generator§G,, G2, G3) = (173,62,115). The 8-PSKlabeling
is the sameasin [48], i.e. 0,2,3,1,5,7,6,4 in octal going aroundthe circle. The
underlyingsymbollayeringis for a codevord (with trellis termination)of length 254
information bits (127 information bits per transmitantenna). The tracebackdepthis
L3, = 41, which determineshe “just-in-time” step-sizeof the diagonallayeringto be
d = 21. Thespectrakef ciency of this systemis n = 1.6821 bits/s/Hz.

Figure2.9 providesthe FER andBER performancevith the horizontalaxis show-
ing the averageSNR per receve antenna.For comparisorwe also provide the FER
performanceof the 64-statespace-timdrellis codewith similar compleity andsame
blocklengthdesignedandsimulatedoy Tarokhin [39]. Thesameor betterperformance
is achieved by the space-timeparallel concatenatedull-diversity turbo codein [26].
Eventhoughour codewasdesignedo berobuston all periodicerasurechannelsand
not speci cally matchedto the Rayleighstatistics,our performancen Rayleighfad-
ing is essentiallythe sameasTarokh's. Furthermorethe Tarokhcodeperformspoorly
on channelsvhereaneigervalueis closeto zero,becausdor sucha channelthe code
effectively hasno redundang.

Thepreviousparagraphgnoresthe overheadgoenaltyrequiredoy D-BLAST to cre-
atethe periodicchannel. For demonstratinghe performanceof the trellis code, it is

reasonabléo neglect the overheadandlook at how closely eachcode comesto the
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Figure2.9: Outageprobability FER,andBER for 2 x 2 MMSE full-overheadsystencoded

with rate-1/3,8-PSKitrellis code blocklengthl27 informationbits pertransmitantenna.
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theoreticaloutagecurve that appliesto the codeitself (the raten = 2 outagecurve
in Fig. 2.9 for both Tarokh's codeandthe universalcodeon the periodicchannelcre-
atedby D-BLAST). However, to analyzethe overall systemperformancethe overhead
penaltymust be considered. At 10% outagethe performanceof our universalcode
is within 1.8 dB from the theoreticaloutagecurve ngglecting overheadand within 3
dB from thetheoreticabutagecurve which takesinto accounthe overheadoenaltyre-
quiredby D-BLAST. Sothecodelosesl .8 dB from idealperformancendtheoverhead
penaltyincursanadditionall.2 dB of loss.

Figure2.9alsoprovidestheperformancef the2 x 2 systemwhenperfectdecisions
areusedin the cancellationstep. As seenfrom the plot, the error propagatiordueto
non-perfectdecisionshasno effect on the frame-errorrate performance.This factis
alsoobseredin [10], wherethe authorsconcludethat the PSP-basedecoderis not
affectedby error propagatiomprovidedthatnd — 1 (which in our casecoincideswith
thetracebacldepthL?,) is largeenoughin orderto have avery high probability of path
meigeatdelaylessthannd— 1. However, asexpectedthe BER performancés affected
by errorpropagatiorandalossof aboutl dB is obseneddueto non-perfectlecisions.

Example2: Herewe consideragain2 transmitand?2 receve antennashowever a
reduced-verheadayeredspace-timecodedsystemis usedto cutin half the overhead
penalty We usethe samecodeasin the precedingexample, with tracebackdepth
L3, = 39 anda correspondingdjust-in-time” diagonalwidth of d = 10. The spectral

efciency of this systemis n = 1.8142 bits/s/Hz. Figure 2.10 providesthe FER and
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Figure 2.10: Outageprobability FER,andBER for 2 x 2 MMSE reduced-gerheadsys-
temcodedwith rate-1/3,8-PSKtrellis code,blocklength127 informationbits pertransmit

antenna.
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BER performancerersugheaverageSNRperreceve antennaFor comparisorwe also
provide the outageprobabilitycurvesfor a2 x 2 MIMO systematatransmittedateof
2 bits/s/Hzand1.8142 bits/s/Hzrespectrely. TheabsolutdFERandBER performance
of this systemis very closeto the performanceof the full-overheadsystem however
becaus¢heoverheads cutin half, thegapto outagds decreased-or example,at10%
outage the FER performancas around2.4 dB from the outagecurve that takesinto
accountheoverheadpenalty

Example3: In this examplewe considerthe2 x 2 reduced-verheadayeredspace-
time systemwhenthediagonalwidth is variedandthetracebacldepthis x edto Lp =
41. Figure2.11shaws the FER performancdor 10 differentlayeringscorresponding
to diagonalwidthsd = 1,2...10. As expected,performancedegradeswith smaller
diagonalwidths sincethe Viterbi decoderhasto tracethroughmary bad symbols-
symbolsdetectedoy suppressiorwith a diversity gain of one, and only a few good
symbols- symbolsdetectedy cancelingandsuppressiomvith a diversity gainof two.
However, the rate lossincurredby overheadis directly proportionalto the diagonal
width, thereforethe betterperformanceesultscomeat the expenseof a higherrate
penalty In orderto correctly assesghe performancewith variousdiagonalwidths,
we considerthe SNR gapto the outagecurve associatedvith eachlayeringand its
overalltransmissiomate. Figure2.12shonvs theseSNR gapsat 10% outageversusthe
correspondingliagonalwidth d. Thisplotillustratesthetrade-of betweemerformance

relative to outage(includingthe overheadpenalty). It demonstratethata layeringfor
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Figure 2.11: OutageprobabilityandFERfor 2 x 2 MMSE reduced-verheadsystencoded

with rate-1/3,8-PSKitrellis codeanddiagonalwidthsd = 1,2, ... 10 (topto bottom).
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continuousViterbi decodingwith the*just-in-time” diagonawidth discusseth Section
2.4.1(which correspondso the point for d = 10 in Fig. 2.12)is in factthe optimal
choicefor agiventracebacldepthL .

Example4: Herewe consider4 transmitand 4 receve antennasand a reduced-
overheadayeredspace-timecodedsystem. For this systemwe usecode+#7 in [47]
designedor period-8Rayleighfading. Thisis arate-1/4 64-state,16-QAM trellis code
with octalgenerator$G, G2, G3, G4) = (63,175,135, 103). Thelabelingusedfor the
16-QAM constellations thesameasin [47],i.e.3,1,5,7,2,0,4,6,a,8,¢,¢,b,9,d, fin
hexadecimaln rasterorder Thesymbollayeringis for a codevord of 468 information
bits (127 information bits per transmitantenna). The tracebackdepthis L}, = 39
andthe correspondingjust-in-time” diagonalwidth is d = 5. Theresultingspectral
ef ciency of this systemis n = 3.5276 bits/s/Hz.Figure2.13shovsthe FERandBER
performancef the4 x 4 layeredspace-timeystentogethemwith thetwo outagecurves
at arateof 4.0 bits/s/Hzand3.5276 bits/s/Hz. At 10% outage the FER performance
of this systemis around3 dB from the theoreticaloutagecurve neglectingoverhead,
and3.9 dB from the outagecurve at the overall rate of 3.5276 bits/s/Hz,which takes
the overheadpenaltyinto account. Figure 2.13 also providesthe performanceof the
4 x 4 systemwhen perfectdecisionsare usedin the cancellationstep. Again, the
FER performancas unafectedby error propagationwhereashe BER performance
degradedy 0.5 dB or moredueto nonperfectecisions.

Including the lossdueto the overheadpenaltyincurredby D-BLAST, the perfor
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Figure 2.13: Outageprobability FER,andBER for 4 x 4 MMSE reduced-eerheadsystem
codedwith rate-1/4,16-QAM trellis code,blocklength127 informationbits per transmit

antenna.
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manceof this codeis approximatelyl.4 dB worsethanthe performanceobtainedby
El GamalandHammonsin [17] with the TST architecture.At 10% outagethe TST
schemewith rate-1/2componentodes QP SKmodulation,and4 bits/s/Hzspectrakef-
ciency, performsaround2.5 dB from the outagecapacity The performancegain of
the TST schemecanbe attributedto two factors: the iteratve MMSE recever anda
smallerQPSK constellation.However, the TST schemewith rate-1/2QPSK compo-
nentcodesperformspoorly whentwo of the channeleigervaluesarezero,sinceit has
no remainingredundang in thatcaseandthe bestit canachieve is anuncodedperfor
mance.Our 16-QAM trellis codecanpotentiallywork in this scenaricsinceit still has
redundang left.

Exampleb: In this examplewe consideran8 x 8 full-overheadayeredspace-time
systemcodedwith code#7 in [47]. Theunderlyingsymbollayeringis for a codevord
of 936 information bits (127 information bits per transmitantenna)with a traceback
depthL% = 39. The"just-in-time” step-sizeof the diagonallayeringis d = 5 and
the resultingoverall spectralef ciency is n = 6.2328 bits/s/Hz. Figure2.14 provides
the FER and BER performanceof the 8 x 8 full-overheadayeredspace-timesystem
togetherwith the theoreticaloutagecurves. At 10% outage,this systemhasa FER
performancef 3.6 dB from the outagecurve neglectingoverheadthen = 4.0 curwe).
An additionallossof 1.7 dB is incurreddueto the inherentoverheadpenalty How-
ever, from our experiencewe predictthata reduced-gerheadsystemwould yield very

similar performanceo the full-overheadsystem. Moreover, with a reduced-gerhead
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systenmtheoverallrateis increasedo 6.9828 bits/s/Hzandthelossdueto theoverhead
penaltyis decreasedbo 0.9 dB. This canalsobe seenin Fig. 2.14which providesthe
1 = 6.9828 outagecurve correspondingo areduced-werheadsystem.

TheTST architecturewith rate-1/2QPSKcomponentodesandspectrakf ciency
8 bits/s/Hzis againaround2.5 dB from the outagecapacity having a performanceain
of 2 dB or moreovera16-QAM trellis codedD-BLAST systemincludingthelossdue
theoverheadenalty Asin the previousexample this gainin performancas attributed

to the superiorityof theiteratve MMSE recever andthe useof a smallerconstellation.

2.7 Conclusion

In this chaptemwe have considereda simpletrellis codingtechniquefor thelayered
space-timearchitectureof D-BLAST which emplgys a singletrellis codeand nite-
tracebackViterbi decodingwith tracebackdepth L. Several resultsusinguniversal
trellis codesare presentedor differentantennacon gurations. We shav thata 2 x 2
reduced-werheadrellis codedD-BLAST systenmperformswithin 2.5 dB of theoutage
curve which takesthe overheadpenaltyinto accountandis competitve with the best
availablespace-timerellis/turbocodes.

Oneadwantageof thecodedD-BLAST systemis thefactthatit usesasingletrellis
codeandanMMSE detectorthatpermitsdecodingvia Viterbi's algorithm,without the

needfor iterative decoding.Also, this systemscalesnicely with the numberof trans-
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mit/receve antennasThe compleity of the MMSE detectoris dominatedoy n times
the compleity of computingthe suppressiowectorsw; in (2.11). This compleity is
polynomialin n, in comparisorwith multiuserdetectionmethodswith m™ compleity
(m is the signalconstellatiorsize). Onedravbackof D-BLAST is the inherentover-
headpenaltydueto the diagonallayering. However, oneway to eliminatetheinherent
ratelossis by concatenatingonsecutie blockssuchthattheleadinglower triangle of
overheadsymbolsin ablockis lled by thetailing lowertriangleof datasymbolsfrom
thepreviousblock. Anothersolutionis simply to uselongerblocks. This solutiondoes
notwork well if low raw FERis the designobjective becausdongerblocklengthdead
to higherraw FER.However, if low BER is the designobjectie or if outercodingcan
correcta x ed percentagef bit errorsasframelengthis increasedthen D-BLAST

becomes competitive solutionwith bothgoodperformancenda simpledecoder
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Chapter 3

Gaussianinput and Constrained
Modulation Capacity of D-BLAST

Systems

3.1 Gaussianinput

Theresultsof Ariyavisitakul [7] shav thatD-BLAST underthe MMSE criterionis
optimalin the sensehatit achievesthe Gaussiannput capacityfor MIMO channels.
Below we give analternatve proof of thisresult. We have learnedhatthis proofis also

containedn soon-to-bgublished?2].

Theorem 1 Space-timgrocessingoasedon successiveancellationsand MMSE in-
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terferencesuppessionsconvertsa n x n MIMO channelinto an equivalentperiods
scalar channelwith the samechannelcapacity per n-symbolperiod as the original

n X n channel,

C(H) = 1og2det(1 +—HHT> Zlog2 (1 + "MSEY . (3.1)

Proof. For simplicity assumehat E,/N, = 1. Using the determinant
identitydetI+ AB) = def{I+ BA), we canrewrite the capacityequation
as

C(H) = log, det(I, + H'H) . (3.2)

LetH = [Hj;,,—1 h,]. Then,it followsthat

T T
1+ mE = [ ey i Higogha (3.3)
thH[l’n,I] 1+ h;&hn
Usingthefactthat
A B
det [C D] = defA)detfD — CA™'B) (3.4)

whenA is nonsingularwe obtain
C(H) = log, [olet(In_1 + H[len_l]HD,n_l]) 1+ hLWhn)] . (3.5)
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where

-1
W =T~ Hy (T + By, Hiy) HL . G9)

The Sherman-Morrison-Wodhury formula [15, p.50] provides a corve-
nientsimpli cation for (3.6),namely

-1
W= (T, + Hy oH ) (3.7)

Thisin turnreducesquation(3.5)to

C(H) =log, [det(In,l + H[Tl,n_uH[Ln_l]) X
~1
(1 +hi (In + H[l,n_”HE‘l,nflO h”ﬂ
=log, [det(In_1 + H[Tl,n_uH[l,n—u) X

(1+%"9)],

(3.8)

wherethe expressiorfor YMMSE is givenin (2.14). Repeatedpplicationof

theabove proceduredo furtherfactordet (In_l + H[Tl,n,”Hu,n—u) , yields

C(H) =log, [(1+n™S5) ... (1 +VMSF)]. (3.9)
Therefore,
C(H) = "log, (1 +™F), (3.10)
=1

andthe proof of thetheorems complete.
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Theabovetheorenprovestheoptimality of thelayeredspace-timeystenmunderthe
assumptiorof perfectcancellationsi.e. no decisionerrorsaffect the detectionin sub-
sequentayers.This proof alsoprovidessomeinsightinto how D-BLAST achievesthe
MIMO channelkapacity In particular obsene thatthe scalarperiodicSNRsproduced
under MMSE suppressiorare in generalnot equalto the eigervaluesof the matrix
HH'.

Underthe ZF criterion, the operationakapacityof D-BLAST is alower boundon

thetrueMIMO channekapacityasshavnin [13],

C(H) > Czr-ppLast(H) = ZIOgQ (1 + ’Yz’ZF) . (3.11)

Figure3.1shavstheMIMO capacityin (3.1)togethemith its lowerboundin (3.11)
underRayleighfadingfor 2 x 2, 4 x 4, and8 x 8 systemsThesecurveswereevaluated
numericallyusingMonteCarlomethodgsamplingof thechannematrix). Notethatthe
capacitylowerbound(operationatapacityof ZF D-BLAST) becomesooserfor larger
antennacon gurations. Also notethatthe MMSE andZF solutionsfor D-BLAST are

equialentin thelimit of large SNR.

3.2 Constrained Modulation Input

Herewe assumehatthe transmitvectorx hasentrieschosenfrom somecomplec

constellatiorwith 2 (M, > 1) possiblesignalpoints.We restrictour attentionto PSK
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Figure 3.1: Ergodiccapacityandits lower bound,Gaussiarnnput, Rayleighfading.

58



or QAM constellationsTo seethe effect of aconstellatioronthemaximumachiezable
rate,we computehemutualinformationbetweertheoutputy andtheinputx assuming
theentriesof x arechoserindependenthandequallylik ely from theconstellation.The

mutualinformationis computedas

I(x;yH) = H(y[H) - H(y[x, H), (3.12)

where# (-) = —Elog, p(-) is theentropy function. It is easyto shav that

H(y|x, H) = H(n) = nlog,(2mes?) (3.13)

for our channeimodelwith ary constellationTheterm#(y|H) in (3.12)is in general
moredif cult to computesincethe expectationin #(y|H) = —Elog, p(y|H) is over
two sourcesof randomnes# the choicesof x andn. The expectationover x canbe

computedusingasum,

H(y|H) = ~E log, (W e - 5oally - Hx||2]) SNCEY)
wherethe sumover x runsfor all 2™ possiblecombinationsf the constellatiorval-
ues.Theabove expectations now overthenoisevectorn. Theexpectationovern can
beevaluatedvia numericalintegrationmethods Note,however, thatif an L x L gridis

usedto quantizeeachcomplex receveddimension(antenna)n y thenL?" pointsexist
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in the PMF approximatiorof p(y|H) andnumericalevaluationbecomesomputation-
ally intensve.

Instead we notethatunderthe assumptiorof correctdecisionseingcanceledut,
D-BLAST with MMSE interferencesuppressiomiecomposethe MIMO channelinto
n parallelcomple constanfadingchannelsvith SNRsyMMSE AMMSE = 1 MMSE given
by (2.14), suchthat the aggregate capacityis the sameasthe original capacity In a
constrainednodulationsetting,theresidualinterferenceplus noiseat the outputof the
MMSE lIter is neitherGaussiamori.i.d. Let z; bethe detectionstatisticfor the kth

antennaattheoutputof the MMSE suppressiostep,

i‘k = W;iyk (315)
k—1
= (wihgp)z, + Z(W}hj)ﬂ?j + win . (3.16)
S——r =1 N~~~ .
desirederm _ phase-rotatedoise

co-antennanterference

In the above expressionthe rst termrepresentshe desiredterm, the secondermis
the residualinterferencefrom the suppresse@ — 1 antennasandthe lasttermis a
phase-rotatedoiseterm.

In thefollowing, asdonein [10], we make a Gaussiampproximatiorfor the MMSE

Iter output:

Ty ~ xgauss: MeZg + 2k, (3.17)
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where

2 ~ N (0, 7). (3.18)

In otherwords,the Gaussiamoisevectorz is assumedo have independenéntries

with zero-mearandvariancegivenby n2, where

m = Egu(l— ), and (3.19)
e = wihy. (3.20)

With theabove Gaussiarapproximatiorthe resultingmutualinformationis anapprox-

imationlower boundto the true mutualinformation:

I(xyH) = I(x;%/H) (3.21)
= H(X|H) — H(X|x, H) (3.22)
> H(X[H) — H(z|H) (3.23)
~ H(xCSTH) — H(z|H) (3.24)
= T(x;x®%S{H). (3.25)

where(3.23) follows from the fact that Gaussiardistribution maximizesthe entropy
over all distributionswith the samecovarianceand(3.24)follows from the Gaussian

approximationn (3.17).

61



Then, the mutual information calculationis simpli ed since the expectationin

(3.14)now reducedo thefollowing expectation

1 1
H(yH) ~ X:Elog2 <2M Z—exp[ n2||xGauss ukm||2:|) . (3.26)

I, k
wherethe summatiorover z is for all 2™ pointsin the constellation.

In essencethe D-BLAST approachwith Gaussiamapproximationcanbe usedto
linearizethe constrainecchannelcapacitycalculationin (3.12), thus signi cantly re-
ducingthecomputationatompleity for systemcon gurationswith morethan2 trans-
mit/receve antennas. The expectationover H can be evaluatednumerically using
Monte-Carlosamplingof the channelmatrix. From our experience,this technique
yieldsatight approximatiorfor low andmediumSNRs(within thousandsf abit). Fig-
ures3.2, 3.3, and 3.4 shav the averageinformationrate obtainedwith the D-BLAST
techniquewith Gaussiarmapproximationfor BPSK, QPSK, and 8-PSK constellation
constrainednput respectrely, underRayleighfadingand2 x 2, 3 x 3, and4 x 4

antennacon gurations.
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Figure 3.2: Informationratesfor 2 x 2, 3 x 3, and4 x 4 BPSKconstellationconstrained

input, Rayleighfading.
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Figure 3.3: Informationratesfor 2 x 2, 3 x 3, and4 x 4 QPSKconstellatiorconstrained

input, Rayleighfading.
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input, Rayleighfading.
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Chapter 4

Low-Density Parity-Check Coded

MIMO Systems

4.1 LDPC Basics

Low-density parity-check(LDPC) codeswere proposedby Gallagerin the early
1960s[16]. The structureof Gallagers codes(uniform columnandrow weight) led
themto be calledregular LDPC codes.Gallagerprovided simulationresultsfor codes
with blocklengthsontheorderof hundred®f bits. However, thesecodesveretooshort
for the spherepackingboundto approachShannoncapacity and the computational
resourcegor longerrandomcodesweredecadesway from beingbroadlyaccessible.

Following the groundbreakinglemonstratiotby Berrouetal. [8] of theimpressve
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capacity-approachingapabilityof long randomlinear (turbo) codesMacKay[30] re-

establishednterestin LDPC codesduring the mid to late 1990s. Luby et al. [29]

formally shavedthatproperlyconstructedrregular LDPC codescanapproactcapac-
ity morecloselythanregularones.RichardsonShokrollahiandUrbanle [34] created
a systematianethodcalleddensityevolution to analyzeandsynthesizehe degreedis-

tributionin asymptoticallylargerandombipartitegraphsunderawide rangeof channel
realizations.The authorsshovedthatit is possibleto predicta noisethresholdbelov

whichacoderealizedfrom agivenensembleanbe expectedo cornvergeto zeroerrors
with high probability.

In anutshell,anLDPC codeis alinearbinaryblock codespeci edby avery sparse
parity-checkmatrix. The parity-checkmatrix H of aregular (n, &, s, t) LDPC codeis a
(n— k) x n matrix,whichhass onesin eachcolumnandt > s onesin eachrow where
s << n, andtheonesaretypically placedat randomin the parity-checkmatrix. When
thenumberof onesin every columnis notthe samethe codeis known asanirr egular
LDPC code.

Associatedwith the codethereis a simple bipartite graphrepresentatiorwhich
consistsof two typesof nodes:variable or left nodesandched or right nodes.Each
codebit is a variablenodewhile eachparity checkor eachrow of the parity-check
matrix represents checknode. An edgein the graphis placedbetweernvariablenode
+ andchecknodej if H;; = 1. In otherwords,eachchecknodeis connectedo code

bits whosesummodulo2 shouldbe zero. As anexample,considerthe codeof length
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n = 10 andk = 5, where

H=101 0101011 1}- (4.1)

1010100111

11T 00101011

Thebipartitegraphrepresentinghecodeis shavn in Fig. 4.1. Notethateachcheck
noderepresent®nelinear constraint(onerow of H). In this example,every variable
nodehasdegreethreeandeachchecknodehasdegreesix. Thereforethiscodeis called
a(3, 6) regularlow-densityparity-checkcode.

As shown in [29] the performancef anLDPC codecanbeimprovedconsiderably
if we allow nodesof variousdegreesandif we choosethe proportionof the various
degreescarefully An irregular LDPC codeis speci ed by a degreedistribution pair.
In generalwe call y(x) adegreedistribution if (x) is a real valuedpolynomialwith

non-n@ative coefcients andv(1) = 1. Let d; andd, denotethe maximumvariable

nodeandchecknodedegreesrespectrely. Also let

Az) = > Az'', and (4.2)

pla) = ) pia’ (4.3)
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be two degreedistributions. The coefcients of A(z)(p(x)) representhe fraction of
edges emanatingirom variable (check)nodesof degreei. Note that the fraction of
edgeghatemanatdrom adegree: nodeis the coefcient of zi—1. Corversionbetween
edgeandnodeperspectie is usefulfor de ning the rate of the codein termsof the
degreedistribution pair (A, p). Let E bethe total numberof edgesin the graph,then
E);/i denoteghe numberof variablenodeswith degrees. It is easyto checkthatthe

designrate R(), p) is givenby

Coxe [ pla)de
R\, p) = 1 s == 1 I r s (4.4)

4.2 SystemModel

The systemmodelunderconsiderations an LDPC-codedMIMO systemwith n;
transmitteantennaandn, receverantennassignalingthroughfrequeng-nonselectre
fading. Thetransmitterstructureis illustratedin Fig. 4.2. Theinformationdatais rst
encodedy arate2 LDPC code,modulatedoy a complex constellationwith 2 pos-
siblesignalpointsandaverageenepgy E,, andthendistributedamongthen; antennas.
Letx beann, x 1 vectorof transmittedsymbolswith components:, z,, . .., x,, and

y ann, x 1 vectorof recevedsignalswith componentg, v, . . ., yn,, relatedby

y = Hx + n, (4.5)
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Figure 4.2: Transmitterstructureof anLDPC codedMIMO system.

whereH = [h;h,...h,,]isthen, x n, complex channematrixknown perfectlyby the
recever, andn is a vectorof independentero-meancomplex Gaussiamoiseentries
with variances? = N;/2 perreal component.We assumehatthe averagesignal-to-
noiseratio at eachrecever antennadenotedby p, is independentf the numberof

transmitterantennas;. The systemspectrakef ciency is RM_.n; bits/channelse.

4.3 lterati ve Detectionand LDPC Decoding

With the systemmodel describedabove, we canapply the turbo principle to de-
codethe receved signals. Iterative detection-and-decodinig usedto approachthe
maximum-likelihood (ML) performanceof joint MIMO detectionand LDPC decod-
ing. Figure4.3 givesa o wchartof the iterative detector/decodestructure. In this
structure the soft MIMO detectorincorporatesextrinsic information provided by the

LDPC decoderandthe LDPC decodelincorporatesoft informationprovided by the
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Figure 4.3: Turbo iterative detectionand decodingrecever for an LDPC codedMIMO

system.

MIMO detector Therearetwo kinds of iterationsinvolved: oneis the outerloop for
boththe detectoranddecoderthe otheris theinnerloop for thedecodeonly. For each
outerloop iteration, the soft detectoracceptsasits inputsthe channelobsenrationy
andthea priori information L4, of thecodedbits b andgeneratesxtrinsicinformation
L5,. This extrinsic informationbecomes priori input L4, for the LDPC decoderThe
LDPC decodercarriesout the message-passirfglsoknown asbelief-propagationjle-
codingalgorithm [35] andproduceghe extrinsic outputL$,. Then, L%, becomeshe
input L$, for the next outerloop iteration. Extrinsicinformationbetweerthe detector
anddecodelis exchangedn thisiterative fashionuntil anLDPC codevord is found or
a maximumnumberof iterationsis performed. With LDPC codes,corvergenceto a
codevordis easyto detectsincewe needonly verify thatthe parity checksaresatis ed.

In the following, we describein more detail how the soft extrinsic informationis

72



computedy eachcomponentWe focusonthesoft MIMO detectoanddiscussseveral
reduced-compbaty solutionsalongwith the standardnaximuma posteriori (MAP)
detector We examinethecompleity of eachschemeandselectspeci ¢ parameterfor
modulationcardinalityandtransmit-receie antennamultiplicity to facilitatea numeri-

cal comparisorof compleity.

4.3.1 MAP Detector

In the soft MAP detectoy the receved vectory is demappedy a log-likelihood
ratio (LLR) calculationfor eachof then; M, codedbits includedin the transmitvector
x. The extrinsic information provided by the MAP detectoris the differenceof the
soft-inputand soft-outputLLR valueson the codedbits. For the ith codebit b; (i =
1,...,n:M,.) of thetransmitvectorx, the extrinsic LLR value of the estimatedbit is

computedas

e 1y 1. Plbi =+1]y,H) Pbi =+1)
Lagtbo) = o8 5 — 1y 1) ~ '8 Bs, = —1) (4.6)
< 1 P Yix, H)P(x |
zlogz ext Pylx, H)P( )—L?u(bi)

Y ex Py H) P(x)

wherethe a priori information L, (b;) is equalto the extrinsic informationof the bit
b; computedby the LDPC decodelin the previousturboiteration(L$,(b;) = 0 atthe
rst iteration)and Xt is thesetof 27M-~1 vectorhypotheses having b; = +1, (X!

is similarly de ned). Assumingthe bits within x are statisticallyindependenof one
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anotherthea priori probability P(x) canbewritten as

ntMc ’fltMc

P(x) = H P(b;) = [ [1+exp(—x¥ L& ()], (4.7)

j=1

wherex’ correspondso thevalue(+1, —1) of the jth bit in thevectorx. In theabove
LLR valuecalculation thelikelihoodfunction P(y|x, H) is speci ed by amultivariate
Gaussiardensityfunction.

Sincethe cardinalityof the vectorsetsX;™* and X! in (4.6) equals2™™-~! | the
compleity of the soft MAP detectoris exponentialin the numberof transmitteran-
tennasandthe numberof bits per constellationsymbol. At eachiteration,the MAP
detectorhasto computethe LLRs for n; M, bitsin eachtransmitsymbolvector With
an equalnumberof transmitandreceve antennagn; = n, = n), evaluating(4.6)

involvesthefollowing steps:

for i =1 to 2"Me

1) Computethea priori probability P(x) in (4.7): 2nM, ops
end
fori=1tonM,

2) Computethe LLR valuein (4.6): 2 - 2"M¢ ops

end

Wede ne a op asasingleaddition,subtractionmultiplicationor divisionbetween

two complex numbers.Tablelookupsto exp andlog functionsarenotincludedin this
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complity analysisbecausave make the simpli cation thatsingleoperandunctions
have no cost. Insteadwe usean operandcountingapproactwherethe total numberof

“hashing”occurrencebetweerdifferentoperandss counted.For instancethe costof

evaluating(4.7)is found usingthis methodby countingthe costof theform (1 + z)~!

asasingle op (trivial additionswith constant@arenotincludedsincethey arenottrue
operands).This form is evaluatedn M, timesandnM,. — 1 multiplicationsform the
nal product. To simplify our countingapproachwe roundup the multiplication cost
to nM, andthetotal costis saidto be2n M, ops.

Thelikelihoodfunction P(y|x, H) is precomputedor all 2" hypothesest the
beginningof theiterative procesaindhasacostof 2n%+3n ops pervectorhypothesis.
Then,the (approximatexostof the MAP detectomperturboiterationis (4nM,) - 2"Me
ops andtheinitial costof precomputinghelik elihoodfunctionsfor all hypothesess

(2n? + 3n) - 2"Me ops.

4.3.2 MMSE-SIC Detector

The sub-optimaldemodulatoibasedon a minimum mean-squarerror soft inter-
ferencecancellatiofMMSE-SIC) criterion consistsf a parallelinterferencecanceler
followedby anMMSE lIter. It is analogougo a multiuserdetectorproposedn [45].
It is alsodescribedn [38] and[27]. Below we provide our review andcommenton
complity.

The MMSE-SIC detector rst forms soft estimatef the transmittedsymbolsby
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computingthe symbolmeanz ; basedn the availablea priori information:

Z; = ZxP(xj = 1), (4.8)

T€eA

where A is the complex constellationset. The a priori probabilitiesare calculated

assuminghe bits within a symbolarestatisticallyindependentf oneanother:

M,
P(z; =z) = [ [[1 + exp(—a" L, (bg-1)ar.+0))] (4.9)
=1

wherez” indicateshevalueof theith bit of symbolz. At thebeginningof theiterative
processall symbolsareequallylik ely andtheir probabilityis 2=, It follows thatfor
acomplex symmetricconstellationik e QP SK,the soft estimatesareequalto zeroand
in effect no cancellationis performedin the rst iteration. In subsequenterations,as
thebit reliabilities provided by the LDPC decodelimprove, the soft estimatedecome
closerto their truevalue.

For the kth transmitantennathe softinterferencédrom the othern, — 1 antennass

canceledo obtain

Ye = Y — Z Z;h; (4.10)
i=Lj#k
ng
= .’L‘khk—f— Z (xj—jj)hj+n. (411)
J=1j#k

A detectionestimatez;, of the transmittedsymbolon the £th antennas obtainedby

applyingalinear lter w; toyy:
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By = Wiyk (4.12)

nt
= (W,Tchk)a:k + Z (w}hj)(a:j —Z;)+ w,tn. (4.13)
=Lk

In theabove equationthe rst termrepresentshe desiredterm,thesecondermis the
residualinterferencerom the othertransmitterantennasandthe lasttermis a phase
rotatednoiseterm.

The lter wy, is chosento minimize the mean-squarerror betweenthe transmit
symbolz; andthe Iter outputz, anddepend®nthevarianceof the symbolsusedin

the cancellatiorstep.It canbe shovn thatthe MMSE-SIC solutionis givenby

—1
W), = <%In + HAkHT) hy, (4.14)

wherethe covariancematrix Ay is

0_2 0.2 0.2 0_2
A, =diag |2, ... St g SER P 4.15
k g E;c ) ’ E;c 4y E;p ) ) E;p 3 ( )
andagi is thevarianceof theith antennasymbolcomputeds:
oz, =Y |v—;*P(x; = ). (4.16)

€A
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Note thatthe MMSE-SIC lter adjustsits weightsaccordingto the quality of the soft
canceledsymbolsthroughthe covariancematrix A,. In the two extremecasesthe
MMSE-SIC Iter reducedo a simplesuppressionter or a maximalratio combining
(MRC) lIter. The rst casecorrespond$o the casein whichthe canceledsymbolsare
all zero (i.e. no cancellationsiandthe symbolvariances@%i areall equalto E,. It
followsthatthe covariancematrix A, becomesnidentity matrixandthe Iter reduces

to thewell-known MMSE suppressioriter:

N —1
Wy = (E—OIn + HH*) hy. (4.17)

The secondcasecorrespondso the casein which the canceledsymbolsare the true
symbols(i.e. perfectcancellations)andthesymbolvariancesai areall zero.It canbe

shown thatthe MMSE-SIC lter reducego a lter of theform

N -1
Wy = (E_O + h,thk) hy, (4.18)

whichin effectformsamaximalratiocombiningwith thecorrespondingolumnvector
of thechannematrix.

Thereforejn generalthe MMSE-SIC detectomperformsa combinationof suppres-
sionsandcancellationsTheamountof suppressiomloneby the detectoris determined
by the quality of the canceledsymbols,which ultimately dictatesthe performanceof

the MMSE-SICdetector
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As we saw before,the outputof the MMSE-SIC Iter includesthe desiredsymbol,
residualco-antennanterferenceandnoise.Note thatundera Gaussiannput, the out-
putof the Iter is alsoGaussianHowever, undera constrainednput scenaridn which
the symbolsbelongto a complex constellationlike QPSK,the Iter outputis neither
Gaussiamori.i.d. Despitethis fact, following [45], we approximatez,, by the output

of anequivalentAWGN channeWwith z, = pgxy + 2, Where

jx = wihy, (4.19)

andz; is azero-meartomplex Gaussiarvariablewith variancen? givenby

me = Ex(pe — 13)- (4.20)

Then, the extrinsic log-likelihood ratio computedby the MMSE-SIC detectorfor

thelthbit (I = 1,..., M.) of thesymbolzx, transmittedoy the kth antennas:

P b1y 1 = +1[3
L3 (bk—1)m.+1) =log PE (k—=1)Mc+1 |Zk)

~ log P(bg-1ym,+1 = +1)
bk—1)Mo+1 = —1|Zk) Pg-1yp 11 = —1)
D eeart P(Ee]z) P(z) e )
ZzeAfl P(i|z)P(z) MA\O(k—1)M +1

(4.21)
=log

whereA;! is thesetof 2M-~! hypotheses for whichthelth bitis +1 (A4; " is similarly
de ned). In the above calculationof the extrinsic LLR value,the a priori probability

P(z) is givenby (4.9) andthelik elihoodfunction P(z|x) is approximatedy
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. 1 1.
P(2g|r) ~ —5 exp (——Q\xk - ,uka:|2) . (4.22)
Tl M

Notethatfor the LLR valuecalculation,only thetermin the exponentis relevant; the
constanfactoroutsidethe exponentcanbe dropped.

The MMSE-SIC detectothasa lower compleity thanthe MAP detector This can
beseenfrom (4.21)wheretheextrinsic LLR is computedrom the scalaroutputz, of
the MMSE lter, in contrastwith (4.6) wherethe extrinsic LLR is computedrom the
recevedvectory. With n transmitandn receve antennasevaluating(4.21)involves

thefollowing steps:

fork=1ton
fori =1to2Me
1) Computethea priori probability P(x) in (4.9):2M,. ops
end
2) Evaluatethe symbolmeanz; andvariances; : 5 - 2 ops
3) Cancelthe softestimatesn (4.11):2n? ops.
4) Evaluatethematrix G = (%In + HAkHT) :2n3 +n? + 3n ops
5) Solve Gwy, = hy, for wy: n®/3 ops usingCholeskifactorization[15]
6) Computethe detectionestimatez,: 2n ops
7) Computeyy, andn?: 2n ops

for I =1 to2Me
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8) Evaluatethelik elihoodfunction P(Zx|z) in (4.22):4 ops
end
forl =1to M,

9) ComputetheLLR valuein (4.21):2 - 2M< ops
end

end

Then the(approximatefomputationatomplexity of theMMSE-SICdetectoiis 7n* /3+

3n® +7n? + (4nM,) - 2Me + (9n) - 2Me ops perturboiteration.

4.3.3 MRC-SIC Detector

A sub-optimunsolutionto the MMSE-SICdetectoris to replacethe Iter in (4.14)
with the simpleMRC lIter in (4.18). This requiresa scalarinversiononly andelimi-
nategheneedfor matrixinversion.Thesoftinterferencecancellations still performed
asabove. The only differenceis the useof the simple MRC Iter at eachiteration,
exceptat the rst iterationwherethe MMSE suppressionlter is usedinstead,since
no cancellationsarebeingperformed.Again, we make a Gaussiarapproximatiorfor
the MRC lter output,z; ~ N (uxzk,n7). The correspondingneanandvarianceare

re-computedo be
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e = wih (4.23)
nt

o=y onlwibi + Noflwi (4.24)
i=1,i#k

The MRC-SIC detectornoffersanadditionalreductionthroughthe simpleMRC |-
ter, which canbe evaluatedat the beginning of the iterationprocess.With n transmit

andn receve antennasgvaluatingthe LLR valuesinvolvesthefollowing steps:

fork=1ton
fori = 1to2M
1) Computethea priori probability P(x) in (4.9):2M,. ops
end
2) Evaluatethe symbolmeanz; andvariances? : 5 - 2/ ops
3) Cancelthesoftestimatesn (4.11):2n2 ops
4) Computethedetectionestimatez,: 2n ops
5) Computen?: 2n ops
for | =1 to 2Me
6) Evaluatethelik elihoodfunction P(Z|z) in (4.22):4 ops
end
forl=1to M,
7) Computethe LLR valuein (4.21):2 - 2M- ops

end
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end

It followsthatthecompleity perturboiterationis 2n3 +2n? + (4nM,) - 2Me 4 (9n) -
2Me ops. Moreover, the initial costof evaluatingthe MRC and MMSE suppression
lters is 7Tn*/3 + n% + 3n ops andthe costof evaluating; andthe vectornorms
appearingn the computationof n? is 2n® + 2n? ops, yielding a total initial costof

n*/3 + 2n3 4+ 3n% + 3n ops.

4.3.4 MRC-HIC Detector

The MRC-HIC detectoris similar in natureto the MRC-SIC detectoy exceptthat
hard decisionsareusedin the cancellatiorstep.Hard decisionestimate®n the LDPC

codebitsb; (: = 1,...,n;M.) canbeobtainedirom
b; = sign[L% (b;) + Lo (5] (4.25)
andaharddecisionestimateon the kth antennasymbolcanbeformedas
Fo=f (B(k_l)MCHz}(k_DMCH N .Bko) (4.26)

where f is a function that mapsan input bit vectorto a complex constellationpoint.
Assumingthesehard decisionsymbol estimatesare correct,their cancellationwould
provide a betterdetectionestimatefor the antennaof interest. As in the caseof the

MRC-SIC detectoy the MMSE suppressioretectoris usedin the rst iterationand
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the simple MRC lIter is appliedwhene&er hard decisionsare canceledo obtainthe
detectionestimatety,.

Obsene that the assumptiorof correcthard decisionsdoesnot hold very well in
the early stagesof the iterative process. In orderto avoid error propagationdue to
incorrectharddecisionsit is veryimportantthatcancellationdeperformedonly when
thereliability of the canceledsymbolsis high accordingo somecancellatiorcriterion.
We experimentedvith differentcriteriafor interferencecancellatiorandfoundthatthe

following two methodgyive the bestresults:

e Averageof LLRs

With this criterion, rst thefollowing averageis computedandthencomparedo

apredeterminethresholdvalue:

T, = > LG ()] > O.. (4.27)

The threshold©®, is found experimentallyas the thresholdthat yields the best
bit-error rate performance Note thata too low thresholdvaluewould introduce
undesirableerror propagationdue to incorrectcancellationswhile a too high
thresholdvaluewould give the sameperformanceasthe MMSE suppressioile-

tectorsinceno cancellationgreperformedn this case.

e Probability of bit vector
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With this criterion, the probability of a bit vectoris rst computedandthencom-

paredto athresholdvalue:

ns M,
®, = P(biby.. . boar,) = [] (1 +exp(—|L5(0:))] 7" > ©,.  (4.28)
=1

As before thethresholdo, is foundexperimentallyto optimizethe BER perfor

mance.

Thecomputationatompleity of theMRC-HIC detectolis approximatelythesame

asthe complity of the MRC-SICdetector

4.3.5 MMSE SuppressionDetector

An evenfurtherreductionin compleity is obtainedwith a simpleMMSE suppres-
siondetector Sinceno interferencecancellations performedthe MMSE suppression
Iter w, from (4.17)is evaluatedonly once,atthe beginningof theturboiterative pro-
cessandappliedto therecevedvectory to obtaina detectionestimatez, for the kth

antenna.
Assumingan equalnumberof transmitandreceve antennasgvaluatingthe LLR

valuesinvolvesthefollowing steps:

fork=1ton

for i = 1 to2Me
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1) Computethea priori probability P(x) in (4.9):2M,. ops
end
forl =1to M,

2) ComputetheLLR valuein (4.21):2 - 2M< ops
end

end

Then,thecompleity perturboiterationis (4nM.,) - 2V ops. Moreover, theinitial
costof evaluatingthe MMSE suppressionlters wy, the detectionestimatest;, and
the likelihood functions P(z|x) is 7n*/3 + 5n* + (4n) - 2™ ops. Note thatthe
MMSE suppressiodetectoreduceshecompleity perturboiterationfrom O(n*) (for
the MMSE-SIC detector)to O(n). Of course the overall compleity for the MMSE
suppressioschemeaemainsO(n*) becausef requiredinitial processingHowever, a
more e xible allocationof computationakesourcedecomegossiblegiventhe need
to solve a systemof equationgo determinew, only onceratherthanon a periteration
basis.

In Table4.1 we give a compleity comparisorexamplebasedona op countfor
theMAP, MMSE-SIC,MRC-SIC,andMMSE suppressionetectorgor n x n antenna
con gurationswith n = 2, 4, 8, usingQPSKmodulation.For eachdetectoywe provide
theinitial cost(whichis thecostof computationshatmustbedoneonly oncefor all of

the iterations),the costperturbo iteration,andthe total computationatostassuming
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n=2 n=4 n=2~8
MAP initial 224 1.13 x 10* | 9.96 x 108
MAP periteration 256 8.19 x 103 | 4.19 x 10°
MAP total (30iterations) 7.90 x 10% | 2.57 x 10° | 1.36 x 108
MMSE-SICinitial 0 0 0

MMSE-SICperiteration 225 1.17 x 10% | 1.21 x 10*
MMSE-SICtotal (30iterations) 6.76 x 10 | 3.52 x 10* | 3.63 x 10°
MRC-SICinitial 71 785 1.08 x 10%
MRC-SIC periteration 160 432 1.7 x 10®
MRC-SICtotal (30iterations) 5.58 x 103 | 1.37 x 10* | 6.17 x 10*
MMSE suppressioimitial 89 741 1.0 x 10*

MMSE suppressiomperiteration 64 128 256
MMSE suppressiototal (30iterations)| 2.0 x 10® | 4.58 x 103 | 1.77 x 10*

Table4.1: Cost(in ops) of computingthe LLRs for differentMIMO detectors.

30 iterations.

4.3.6 Belief PropagationDecodingof LDPC Codes

The standardmessage-passin@lsoknown asbelief-propagationfiecodingalgo-
rithm [35] is usedto decodethe LDPC code.In the bipartitegraphof the LDPC code,

the variablenodesare numberedrom 1 to n, andthe checknodesfrom 1 to n — k.
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Denoteby {e} |, e},,..., €}, } thesetof edgesconnectedo the ith variablenodeand
by {ef, €5, ..., €5, } thesetof edgesconnectedo theith checknode. The message-

passingalgorithmof LDPC codescanbe summarizedsfollows:

e lteratebetweervariablenodeupdateandched nodeupdate

— Variable nodeupdate For eachof the variablenodes for every edgecon-
nectedo thevariablenode,computethe extrinsic messagpassedrom the

variablenodeto the checknodealongtheedge

dy

Ly(el,) = L)+ > Lé(ely), (4.29)
k=1,k#j

whereL¢, is setto zeroatthe rst iteration.
— Che& nodeupdate For eachof thechecknodesfor all edgesconnectedo
the checknode,computethe extrinsic messag@assedrom the checknode

to thevariablenode

dc e (¢
L (ef ;) = 2 tanh™" [ H tanh <LB(2€i’k)>] . (4.30)

k=1,k#j

e Computeextrinsic messgespassedad to thedemodulator
Ly(b) =) Le(ely). (4.31)
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4.4 LDPC CodesasUniversal Space-Tme Codes

4.4.1 Mutual Information Performance under MAP Detection on

2 x 2 Channels

In this sectionthe performanceof two differentrate-1/3length-15,00Cspatially-
multiplexed LDPC codesmodulatingQPSKon parameterize@ x 2 MIMO channels
(for anetrateof 4/3 bits pertransmissionusingthe MAP detectomwill bedescribed.

Ratherthan computingaverageperformanceover randomlydravn channelswe
examineperformanceon a representatie setof speci c 2 x 2 channels.Eachof the
2 x 2 channelswill becharacterizetby threeparameterstwo rotationparameterand

theratio of the eigervaluesin the system(or eigenslkew), speci cally,

He /i 1 0 cos(9) sin(¢)e’? (4.32)
0 k| |—sin(g)e™¥®  cos(¢)
wherex = )Xo/ )\, istheeigevalueskew of the Hermitianmatrix HHT (with A, < );),
¢ € [0,7/2], and@ € [0, 27]. We samplethe above matrix via the parameters,; = 1,
x ={0,0.125,0.25,0.5,0.75,1}, ¢ = {0, 7/4} andd = {r /4, 31 /4}.
Thevalueof sucha parameterizedssessmeis thatit explicitly shovshow excess
MI performancevariesacrossthe setof channelsandin fact allows worst and best

channelsfor a given codavord to be identi ed. Furthermore, atness of the excess

mutualinformationmeasurerersuschannekkew becomes criteriafor comparinghe
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degreeof robustnesgpossessedy a given code. Again, in our terminology a code
is universalif reliablecommunication(for instanceBER = 10~°) occursat the same
(small)excesanutualinformationlevel acrossall channelsTheabsoluteSNRrequired
to achieve agivenmutualinformationlevel will varywith thedegreeof fadingimposed
by thechannematrix.

Performancen eachchannelin the samplingis measuredy the mutualinforma-
tion in excesf thetransmissiomateof 4 /3 bits/channeliserequiredio achiz’eaBER
of 10~°. Notethatthe productof a diagonaleigenmatrixandacomplex Givensrotation
(therightmostmatrixin (4.32))doesnot parameterizevery2 x 2 matrix, but doespa-
rameterizeaveryinteresting2 x 2 matrix becausenatricesnotdescribedy (4.32)can
befoundthroughasymmetricre ection of theeigenmatrix A simpleexampleof thisis
thatax = 0 channekrasesll recevedsymbolsin evenpositions(all ¥, obsenations).
Thematrix couldbereformulatedo erasenddrecevedsymbolsby swappingelements
onthediagonalin theeigenmatrix.

Our LDPC codeswereactuallydesignedor periodicfadingSISOchannels.Note
thata period2 SISOfadingchannely, = ak moa 2)Tx + 1k, With fadingvectora =
[VA1, VA2 is equivalentto a diagonal(¢ = 0) 2 x 2 matrix fading channel(but re-
quirestwo channelsedo relaythesamenformation).Following thework in [22], we
areableto optimize LDPC degreedistributionsfor periody fadingvia an adaptation
of the Gaussiarapproximatiorto densityevolution. Speci cally, atiteration/, degree

1 variablenodeshave their meanvaluesupdatedn correspondenci® the periodicini-
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2 . .
tial meansgivenby m,; = 20%? (wherea; areknown fadinggains)andthe meansof

messagearriving from checknodeqm,):

m(§) = ma; + (i — Ym{Y,j = {0,...,p — 1}. (4.33)

Then,randomlyselectecedgesemanatingrom variablenodesadhereto thefollowing

Gaussiammixture density

10 =33 AN (m), 2m00) (4.34)
Usingthis kernel,codeswereoptimizedfor a = [1, 1] anda = [1, 0] period-2fading
channelsThesecodeswerethentestedacrosghe parameterizationf 2 x 2 channels.
Theresultingdegreedistributionsaregivenin Table4.2. In generala codefor periodic
fadingdoesnot have to be a goodcodefor MIMO channels.However, LDPC codes
arerandomenoughthatour codesdesignedor periodicfading,exhibit anexceptional

degreeof universalityon MIMO channels.

4.4.2 Gaussian,Constellation Constrained, and Parallel Indepen-

dent DecodingMutual Information

We next describethe mutualinformation measuregJ(-)) that canbe considered
whenanalyzingthe universalpropertyof LDPC codes. Of course,the mutualinfor-

mationbetweertransmitterandrecever usinga Gaussiarcodebookis independentf
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2 | 0.27603| 0.354954 - -

3 [ 0.11195 - - -

4 [ 0.17229| 0.249982 - -

5 [ 0.01712| 0.065503 - 0.5000

6 - - 1.0 | 0.5000

15| 0.42261| 0.329558 - -

Table 4.2: Degreedistributions optimizedusing Guassiarapproximationto densityevo-
lution adaptedto periodic fading. Columnslabeledwith [1,0] indicatethe distribution
resultingfrom optimizationfor the period-2channelwherehalf of all receved symbolsare

erasedColumnslabeledwith [1, 1] indicatea period-2codeoptimizedfor AWGN.
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Givensrotationparameters] and¢, andis givenby:

E, Ey
JGauss: IOgQ (]. + ﬁo/\1> (1 + FQ)\Q) . (435)

However, two othercapacitymeasurearerelevantto asystenthatmodulateanLDPC
codedirectly ontoa channelandthesemeasureslo dependon the channelparameters

§ and¢. The rst is the QPSKconstellatiorconstrained.Jqopsk) capacity:

ns M,
Jopsk=Z(x;y, H) = Y I(x";y, Hx", ... x"1). (4.36)

=1
If thedependencidsetweerthebit levelsareneglectedfor decodingwe obtainthepar
allel independentlecodingconstellationconstrained Jpip gpsk) capacity[44], which

hasa lower mutualinformation:

ns M,
JpIDQPsk = Z Z(x";y, H) < Jopsk (4.37)
i=1
For SISOchannelst hasbeenshavn [11] thatthe parallelindependentiecodingcon-
stellationconstrainectapacitysuffers only a negligible losscomparedo modulation
constrainedapacityprovidedthata Graylabelingof signalpointsis possible.
Lampeet al. in [25] suggestedhat in fastfading channelsapproacheshat use

multi-level coding(MLC) with multi-stagedecodingMSD) canachieve the constella-

tion constrainectapacityof aMIMO channel.In particular they shavedthatsystems
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which applied separatecodeson eachantennacould approachthe modulationcon-
strainedergodic capacityof the fastfadingMIMO channel.

Without channelinterleaving, MLC/MSD approachesvill not performwell under
certainparameterizationsf the staticfadingchanneldescribedcabove. For example,a
channelwith parameterizatiom = 0 and¢ = 0 hasy; = x; + n; andy, = n». In this
scenariothe codesymbolérom code(s)on the secondransmitantennarecompletely
puncturedatthereceve arrayandtheinformationassociatewvith thesecodavordscan-
notberecovered.Thiswork focuseson spatiallymultiplexedsystemsn which asingle
codeis appliedto the entiretransmitarray Bit-interleaved codedmodulation(BICM)
systemssuchasthis have lower compleity ascomparedo MLC/MSD approaches.

Therobustnessesultsfor thelength15,000,a = [1, 0] optimizedcodeappliedto a
2 x 2 channelunderspatialmultiplexing aregivenin Fig. 4.4. The curveswith circular
and squaremarkers shov excessmutual informationon the ¢ = /4 (worst case)
channeWwhenexcessMI is measuredrom Jgopsk capacity(circle) or Jpip gpsk Capacity
(square)theraw underlyingsimulationdatafor thesetwo curvesarethe same).

On theworstcasechannel(¢p = 7/4) whenx = 0, the excessMI for the codeto
operateat BER=10"° asmeasuredrom Jopsk is 0.67 bits, while thegapto Jpip opsk is
0.09bits. The differencebetweerthesetwo capacitymeasuresit this operatingSNR
is therefore0.58bits. Figure4.5 shovs how thesetwo measuresliffer at this operating
SNRnotonly at¢ = 7/4 (wherethedifferences 0.58bits), but acrosgheentirerange

of interestfor this parameterThis gure alsoprovidesmutualinformationplotsfor the
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Figure 4.4: Excessmutualinformationperformanceof length15,000,rate-1/3a = [1, 0]

optimizedLDPC codeat BER = 10> asmeasuredrom QPSK constellationconstrained
capacity (Jopsk), and parallelindependentlecodingconstellationconstrainedcapacity
(Jrip gpPsk) acrosseigenskw andtwo distinctvaluesof ¢. Also plottedis the performance
of arate-2/3Jength7,500LDPC code(of samemaximumleft degreeastherate-1/3code)

modulatingQPSKinto 2x 2 Alamouti space-timédlock code.
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SNR associatedvith BER=10"° operationonthe ¢ = 0, x = 0 channel(excessMI
resultsfor which areprovidedin Fig. 4.4).

Note that channelswith ¢ = 7/4, 37 /4 maximize Jopsk and minimize Jpip gpsk-
At theseangleswe alsoobsenre thatthe constellatiorconstrainedapacityapproaches
the Gaussiaralphabetcapacityclosely (which is reasonablajiven the relatively low
rate loading of the QPSK constellations). Thoughnot shavn in Fig. 4.5, as x ap-
proacheaunity, the constellationconstrainedand parallelindependentiecodingcon-
stellationconstrainednutual informationsdo not drift from eachothet nor do they
vary absolutelyacrosghe parameterizatioof ¢ becaus¢hex = 1 unitarychannels a
generalizatiorof a diagonalchannelwhere Jopsk and Jpip opsk are equivalent(within
thelossof Jpp gpsk to Graylabeling,whichis negligible).

The opposingdiamondcurvesin Fig. 4.4 measurghe performanceof the codeon
the¢y = 0 channelcross: (theraw underlyingsimulationdataof thesetwo curvesare
alsothe same). The atnessof the gapsto Jopsk and Jpip gpsk Mutualinformationis
indicative of the robustnesof the codeon this subsef channelgdiagonalchannels
yield Jpip gpsk thatis approximatelyequalto Jopsk). We notethe obserationthatin
all casesvhereJppgpskis at acrossagivenparameterizatiorsois theexcessmutual
informationperformancef thecode.

We conjecturethat a binary codedsystem(without feedback)can achieve Jopsk
capacitymeasure®nly in caseswvhere Jpp gpsk approaches/opsk. All other cases

mustdependnfeedbacketweerdetectoanddecodeto pushthesystenperformance
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Figure 4.5: Channemutualinformationversuschannematrix paramete andeigenslew.
Gaussiarnnput (Jcausy, QPSKconstellatiorconstrainedJopsk), andparallelindependent
decodingconstellatiorconstrainedJpip gpsk) capacitiesareshavn atthe SNRlevelsthat
yield BER=1075 for x = 0 on ¢ equalto 0 (the best)andr/4 (the worst) channels.The

dataon this plot can be usedto understandhe excessMI datapresentedor thex = 0

channelsn Fig. 4.4.
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closerto the constellatiorconstrainedcapacity Evenso,all of the resultspresentedn
Fig. 4.4 have appliedfeedbacketweendetectoranddecoderandthe remaininglarge
gapsto Jopsk capacityevidencethe ineffectivenesf the simplestfeedbackapproach.
Theexistenceof feedbackschedulesndtechniqueshatcausaheoperationatapacity
to closelyapproactthe netconstellationconstrainedapacityof the systemis anopen
researchproblem. Othersolutionsmay include designof multidimensionaimappings
to atten the parallelindependentiecodingconstellationconstrainedcapacityacross
all channeparameterizationgr symboivise messag@assingover GF(2"<) soasto
avoid bit mawginalizationof therecevedvectorbeforedecoding.

Onemight suspecthat a betterapproacho achieszing space-timediversity with a
binarylinearcodeis to concatenata relatively high ratecodewith a space-timelock
codesuchasthe codedevised by Alamouti in [3]. The channelsamplingapproach
provides a detailedbasisfor the comparisonof direct bit-multiplexing and Alamouti
concatenationThe diamondandpentagorcurvesof Fig. 4.4 describethe excessmu-
tualinformationperformancef arate-2/3Jength7,500LDPC codeconcatenatedith
a2 x 2 Alamouti space-timeblock code. Note that the rate and block length of this
codehave beenchosersothateachframecontainghe samenumberof vectorsymbols
andinformationbits asin therate-1/3 length15,000bit-multiplexedcase.The mutual
informationdifferencebetweerthesetwo Alamouti curvesis entirelydueto thediffer-
encein QPSK constellationconstraineccapacityat angle¢ = 0 andangle¢ = = /4

(theraw simulationdataunderlyingbothcurvesis thesame).
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The Alamouti concatenatiomperformswell on the x = 0 channelssincethe era-
sureof onetransmitantennaat thereceve arrayis perfectlyabsorbedy the Alamouti
schemeanda completesetof obsenationsremainsfor eachrate 2/3 codevord. The
penalty however, for usinganorthogonakpace-timesodeis severeonunitary (k = 1)
channelsSpeci cally, the penaltyfor usingAlamouti on aunitarychannels about0.1

bits in excessof the penaltyof usingbit-multiplexing on a singularchannel.

4.4.3 Mutual Information Performanceunder MMSE Detectionon

2 x 2 Channels

In this sectionwe examinethe MI performancef the spatially-multiplexed LDPC
codeunder MMSE detectionby consideringthe setof 2 x 2 parameterizeanatrix
channelgpreviously de ned.

ThematrixparameterizatiomakestheMMSE suppressiodetectoreasyto analyze
andofferssomeinsightto whatcanbeexpectedn termsof universalperformancevith
this simpledetector Let y; and~, bethe SNRsat the outputof the MMSE detector It
is easyto shawv thatwe obtainthe following formulationfor the SNRsat the outputof

the MMSE lter:

N -1
v = hi (E—012+h2h£> h, (4.38)

Kk sin?(@) + cos?(@) + kE, /Ny
Ny/E, + Kk cos?(¢) + sin®(¢) ’

(4.39)
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N -1
Yo = h; (E—012+h1h]{) h,y (4.40)

Kk cos?(¢) + sin®(@) + kE, /Ny

Ny/E, + ksin?(¢) + cos?(¢) (4.41)

Note thatthe anglef doesnot matterat all andthatfor unitary channelgx = 1) the
SNRsreduceto y; = v, = E,/Ny. In the caseof singularchannelgx = 0), theabove

SNRsbecome

)
T N s (o) e
sin2(¢)
7 No/E, + cos?() (4.43)

Obsere thaton sucha channelwhencos(¢) = 0 orsin(¢) = 0, we have in effecta

scalarperiod2 erasurechannel.However, whensin(¢) = cos(¢) (i.e. ¢ = n/4 ora

E./No

multiple of 7 /4), we obtainy, = 7, = 777

anda periodicscalarchannelof the
formy, = ?ml + ?a:g + n1, y2 = ng. Thisrepresentshe mostchallengingchannel
for our MMSE suppressionletector

In orderto betterunderstandheeffect of theeigervalueskew x andtherotationan-

gle ¢ ontheperformancevith MMSE suppressionye needto considettheoperational

capacityof the MMSE detectoygivenby

CMMSE = 10g2(1 + ’Yl)(l + ’Yg). (444)
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Figure 4.6 shows the operationakcapacityof the MMSE suppressiomletectorasa
functionof theangle¢ for differenteigenslews . Thecurvesareplottedat Jgauss= 3
bits,whereJgausdS the Gaussiamputcapacityde nedin (4.35). This gure shovsthat
theoperationatapacityof the MMSE detectorcanbeaslow ashalf theactualShannon
capacityfor someparticularunfavorablerotationin thechannematrix parametrization.
Theworstcases k = 0 and¢ amultiple of /4. Thisis exactly the sameasthe worst
channeidenti ed earlierunderMAP detection.

Figure4.7 shavstheexcessMI resultsfor therate-1/3,a = [1, 1] optimizedLDPC
codeusingthe MAP, MMSE-SIC,andMMSE suppressiomletectors.For eacheigen-
value skew, therearetwo pointsfor eachdetectorcorrespondingo the angles¢ =
0,¢ = m/4, which de ne the rangebetween'best” and“worst” channels.Note that
this rangeis largestfor k = 0 andMMSE suppressiomletector For all detectorghis
rangediminisheswith increasingskew values.Theperformancéossontheworstchan-
nelsis attributedto thegapbetweertheoperationatapacitywith thedifferentdetectors

andthetrue Shannorcapacityratherthanthe performancef the LDPC codeitself.

4.5 Simulation Resultsin Rayleigh Fading

In this sectionwe examinethe performanceof LDPC codedMIMO systemsin
Rayleighfading usingthe soft detectorantroducedearlier In our study we assume

thatthe numberof receve antennass the sameasthe numberof transmitantennas.
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Figure 4.7: ExcesaMI performancef length15,000 rate-1/3a = [1, 1] optimizedLDPC
codeat BER = 10~* asmeasuredrom the Gaussiarinput capacityacrosseigenskw and
two distinctvaluesof ¢. The MAP, MMSE-SIC,andMMSE suppressiometectorshavn

for comparison.
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We assumea fast Rayleighfading scenariowherethe channelmatrix is realized
independenthfrom one transmissiortime to the next. We compareour bit-error re-
sultswith thetheoreticalchannelcapacitylimit. Underthe fastfadingassumptionthe

theoreticakapacitylimit is theemgodicchannekapacitygivenby [40]:

E,
C=E [log2 det <IW + FHH*)] . (4.45)
0

Figures4.8 and4.9 shawv the BER performanceof therate-1/3,a = [1, 0] optimized
LDPC codeversusaverageSNR per recever antennaon 2 x 2, 4 x 4, and8 x 8
fastfadingRayleighchannels.The rst plot assumes QPSKmodulatedsystemwith
resultingspectrakef ciencies of 1.33, 2.66 and5.33 bits/s/Hzrespectiely. Thesecond
plot assumed6-QAM modulation,resultingin spectralef ciencies of 2.66, 5.33 and
10.66 bits/s/Hzrespectiely. On theseplots we alsoshawv the channelcapacityat the
correspondingransmissiorbit ratefor thesesystems As expectedthe MAP detector
yields the bestperformancewhich is 1.5 dB from the theoreticalcapacityat BER =
10~* onthe 2 x 2 systemmodulatingQPSKandaround2.0 dB onthe2 x 2 system
modulatingl16-QAM. The MMSE-SIC detectorhasessentiallythe sameperformance
asthe MAP detectoronthe2 x 2 and4 x 4 systemsForthe4 x 4 16-QAM and8 x 8
QPSKand16-QAM systemghe computationatompleity associateavith the MAP
detectotis prohibitive andtheseresultwerenot simulated.

Our simulationresultsshov thatthe very low compleity MMSE suppressiome-
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Figure 4.8: Performancef length15,000,rate-1/3,a = [1,0] optimizedLDPC codeon
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QPSKmodulation.
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tectorhasa performancedoss(with respecto the MMSE-SIC detector)of only 0.5 dB
or lessunderQPSKmodulation,but losesaround1.5 dB under16-QAM modulation
and8 x 8 channel. The MRC-SIC detectorclosely follows the performanceof the
MMSE-SICdetectoywith alossof at most0.5 dB.

The next setof resultsarepresentedn Figs. 4.10,4.11,and4.12,wherewe shav
the BER performanceversusaverageSNR per recever antennaon 2 x 2, 4 x 4, and
8 x 8 channelsvhenthea = [1, 1] optimizedLDPC codeis usedundera QPSKmap-
ping. Again,thesesimulationresultsshav thatthe MMSE-SIC detectohasessentially
the sameperformanceasthe MAP detectorandthatthe very low compleity MMSE
suppressionetectohasa performancéossof only 0.5 dB or less.Thislossis approx-
imately cutin half if the MRC-HIC detectorwith an optimizedcancellatiorthreshold
is usedinstead In fact,in the2 x 2 systemthe MRC-HIC detectomperformances very
closeto theMAP andMMSE-SICdetectors.

Thoughthemajority of this sectiorhasfocusedonacomparisorof theperformance
of thedifferentdetectorsn termsof SNRin Rayleighfastfading,we againemphasize
the robustnessof the codesas measuredn termsof excessmutual information via
Fig. 4.13. In this gure we showv the excessMI perantennaequiredby thea = [1, 1]
optimizedcodemodulatingQPSKto achieze BER = 10~* with differentdetectorsand
differentantennacon gurations.

The caseglottedin this gure arecontrastedrom the exhaustvely parameterized

2 x 2 casewherewe wereableto determinebestandworstcasechannelsHere,instead,
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Figure 4.11: Performancef length15,000,rate-1/3,a = [1, 1] optimizedLDPC codeon
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Figure 4.12: Performancef length15,000,rate-1/3,a = [1, 1] optimizedLDPC codeon

8 x 8 systemwith MMSE-SIC,MRC-HIC andMMSE suppressiouetectors.
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all channelresultsare averagetogetherin conjunctionwith the Rayleighdistribution.
Note thatunderMAP and MMSE-SIC detection,the excessMI perantennaremains
essentiallyconstantat 0.25bits, asthe numberof transmit/receie antennasncreases

from2to 4.

4.6 Conclusion

In thischaptemwe haveintroducedseveralsoftreduced-complaty detectiorschemes
suitablefor systemgshatachieve high spectralef ciencies. The soft MAP detectoris
optimal,howevertheMMSE-SICdetectomexhibits similar performancendhasalower
overall computationatompleity. The MMSE suppressionyIRC-SIC,andMRC-HIC
detectorsoffer lower compleities for relatively small performancepenalties. As an
example,for the 4 x 4 system,consideringthe MAP detectorasthe norm, the total
compleity (with 30 iterations)of the MMSE-SIC detectoris 7 timeslower, that of
the MRC-SIC detectoris 19 time lower, andthat of the MMSE suppressiomletector
is 56 timeslower. A performancdossof around0.5 dB is obsered with the MMSE
suppressiodetectorandQPSK,andalargerloss(1.5 dB) with 16-QAM.

We have alsoshown thatthe excessmutualinformationrequiredto achiese a bit-
errorrateof 107° onthe 2 x 2 channelwith MAP detectionandour bestLDPC code
(therate-1/3,a = [1, 0] optimizedcode)variesby approximately0.5 bits betweerthe

bestandworstcasechannelWwhenexcessMI is measuredgainsinetQPSKconstella-
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tion constrainectapacity However, excessMI is essentiallyconstantvhenmeasured
againstparallelindependentonstellationconstrainectapacity Moreover, the excess
MI measurewith respecto the Gaussiarinput capacityof oura = [1, 1] optimized
LDPC codewith the simple MMSE suppressiomletectorvariesmoresigni cantly on
channelswherethe eigenskew approachezerodueto the lossin operationaimutual
informationof the MMSE detector In otherwords,we obsenre thatcodeperformance
closelytracksavailable operatingmutualinformation. Therefore LDPC codesthem-
selvesarerobustto channelariation. Theinformationlossincurredduring the detec-

tion processs theroot causeof excessmutualinformationvariationwith eigenslew.
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Chapter 5

Conclusions

In this dissertationwe presentedseveral coding techniquedor transmissiorover
wirelessmultiple-inputmultiple-outputchannels.

In Chapter2 we introducedasimplecodingtechniqudor D-BLAST thatusesasin-
gle trellis codewith nite-tracebackViterbi decoding.We examinedthe performance
of universaltrellis codesdesignedo have a distancestructurethatis matchedo the pe-
riodic signal-to-noiseatio variationof the channekreatedoy D-BLAST. We shaved
that a universal64-statetrellis codeon a2 x 2 D-BLAST systemwith long enough
blocklengthdisplaysuniversalbehaior working on almostevery 2 x 2 channelwith
atleastthemutualinformationrequiredby a standard4-stateAWGN trellis code.The
only 2 x 2 channelwheremoremutualinformationis requiredis a certainrotationof
thezeroeigervaluechannel.

We introducedfull-overheadandreduced-gerheadversionsof thetrellis codedD-
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BLAST systentogethemwith layeringmethoddor bothanoptimal“just-in-time” anda
“not just-in-time” nite traceback/iterbi decoding.We presentegherformanceesults
for severaltrellis codedD-BLAST systemsandshovedthattheir frame-erroratesare
within 1.8 - 3.6 dB of the quasistatidRayleighfadingoutagecapacity An additional
lossof 0.6 - 1.0 dB is incurreddueto the overheadpenaltyassociateavith the diagonal
layering.

In Chapter3 we provedthatD-BLAST underthe MMSE criterionis optimalin the
sensehatit achiezesthe Shannorcapacityfor MIMO channelsWe alsoshavedthat
undera constrainednput scenaricanda Gaussiarapproximatioron the MMSE Iter
output,the parallelchannelscreatedoy D-BLAST have an aggreatecapacitythatis
approximatelyequalto the MIMO constellationconstrainecdcapacity The D-BLAST
techniques usefulin reducingthe computationatompleity for the constellatiorcon-
strainedcapacityfrom exponentialto linearin the numberof antennas.

In Chapterd we introduceda schemehatusesa singleLDPC codespatiallymul-
tiplexed on multiple antennasand an iterative detectionand decodingrecever. We
presentedseveral variantsof LDPC codedMIMO systemswith reduced-compbaty
detectorghat performroughly 2 - 4 dB from the theoreticalcapacityof the Rayleigh
MIMO channel. The MMSE-SIC detectorexhibits similar performancesthe optimal
MAP detectorandhasalower overallcomputationatompleity. The MMSE suppres-
sion, MRC-SIC, and MRC-HIC detectorsoffer yet lower compleities, for relatively

smallperformanceenalties.
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We showved that the excessmutual information requiredfor reliable communica-
tion variesmore signi cantly with the matrix channelparameter) asthe eigenslew
approachegero. This variationis most severe for the MMSE suppressiordetector
We attribute the lossin performanceon the zero eigenskew channelswith particular
unfavorablerotationsto the gapbetweerthe operationatapacitywith thedifferentde-
tectorsandthe true Shannorcapacity ratherthanthe performanceof the LDPC code
itself. We concludethatproperlydesigned.DPC codesbehae very muchlik e univer-
sal codesin the sensehattheir performancdies in closeproximity to the compound

channelkapacityfor thelinear Gaussiarvectorchanneldor all but afew channels.
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