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ABSTRACT OF THE DISSERTATION

CodingTechniquesfor High DataRatesin WirelessMultiple-InputMultiple-Output

Communications

by

Adina Matache

Doctorof Philosophyin ElectricalEngineering

Universityof California,LosAngeles,2004

ProfessorRichardD. Wesel,Chair

Theever-increasingdemandfor reliablehigh-data-ratecommunicationover thewire-

lesschannelhasleadto thedevelopmentof ef�cient modulationandcodingschemes.

Systemsemploying multiple antennasfor both transmittingand receiving promisea

substantialincreasein capacityoversingleantennasystems.

In this dissertationwe proposeseveral coding techniquesfor transmissionover

multiple-inputmultiple-output(MIMO) channels.Onecontribution of this work is a

simplecodingtechnique,which usesa singletrellis codewith �nite-tracebackViterbi

decodingfor Foschini's diagonallylayeredspace-timetransmissionsystemknown as

D-BLAST. We examinetheperformanceof universaltrellis codesdesignedto have a

distancestructurethat is matchedto theperiodicsignal-to-noiseratio variationof the

xvii



channelcreatedby D-BLAST, underthe assumptionthat the channelis staticduring

oneburstbut maychangefrom burst to burst. We prove thatD-BLAST undera min-

imum mean-squareerror (MMSE) interferencesuppressioncriterion is theoretically

optimalandachievestheMIMO channelcapacity. Undera constrainedinput scenario

andaGaussianapproximationontheMMSE �lter output,theparallelchannelscreated

by D-BLAST haveanaggregatecapacitythatis approximatelyequalto theconstrained

MIMO capacity. For largeantennacon�gurations,computingtheconstrainedergodic

capacityis numericallyintensive; however, the D-BLAST techniquecan be usedto

drasticallyreducethecomplexity of suchcalculationsfrom exponentialto linearin the

numberof antennas.

Another contribution of this work is the applicationof low-densityparity-check

(LDPC) codesfor multiple-antennawirelesschannels.We introducea schemeusing

a singleLDPC codespatiallymultiplexedon multiple antennasandaniterative detec-

tion anddecodingreceiver. We discussseveralreduced-complexity soft demodulation

techniquessuitablefor systemsthatachieve very high spectralef�ciencies. We com-

parethedifferentdetectionschemesin termsof their performanceandcomplexity. We

alsodemonstratethatproperlydesignedLDPC codesbehave very muchlike universal

codesin thesensethat their performancelies in closeproximity to theRootandVari-

ayacompoundchannelcapacityfor the linear Gaussianvectorchannelsfor all but a

few channels.

xviii



Chapter 1

Intr oduction

The ever-increasingdemandfor reliable high-data-ratecommunicationover the

wirelesschannelhasleadto thedevelopmentof ef�cient modulationandcodingschemes.

Thewirelesschannelsuffersfrom time-varyingimpairmentslikemulti-pathfading,in-

terference,andnoise. Diversity techniques(time, frequency, space,polarization)are

aneffectivemethodto combatthefadingin wirelesschannels.Timeandfrequency di-

versityyield a lossin bandwidthef�ciency. However, by employing multipleantennas

at the transmitterand/orreceiver, spatialdiversity is achieved without sacri�cing the

preciousbandwidthresource.Moreover, by employing multiple antennasfor boththe

transmittingandreceiving, asubstantialincreasein capacityis possibleover thesingle

antennasystems.Thebasicinformationtheoryresultsreportedby FoschiniandGans

[13] and independentlyby Telatar [40] have indeedpromisedextremely high spec-

tral ef�ciencies throughmultiple elementantennaarraysat both the transmitterand

1



receiver.

In this dissertationwe proposeseveral coding techniquesfor transmissionover

multiple-inputmultiple-output(MIMO) channelsandpresentanalyticalandsimulation

resultsfor thecodedMIMO systemunderanidealizedpropagationscenario.Onecon-

tributionof thiswork is asimplecodingtechniquewhichusesasingletrellis codewith

�nite-tracebackViterbi decodingfor Foschini's diagonallylayeredspace-timetrans-

missionsystem(betterknown asD-BLAST). In his original work [12], Foschinipro-

posedD-BLAST as a receiver architecturedesignedfor uncodedtransmissionover

MIMO systems.With zero-forcing(ZF) interferencesuppression,thisarchitecturehas

an “operational” capacityequalto a lower boundon the Shannonchannelcapacity.

However, D-BLAST is theoreticallycapacity-achieving if zero-forcingis replacedby

minimummean-squareerror(MMSE) interferencesuppression.In essence,MMSE D-

BLAST convertsa linearMIMO channelinto a periodicscalarchannelwith thesame

capacity.

In Chapter2 weexaminetheperformanceof universaltrellis codesfor theperiodic

fadingchannelin conjunctionwith full-overheadandreduced-overheadversionsof the

diagonallylayeredspace-timereceiverarchitecture.A universaltrellis codecan(to the

extentits blocklengthandcomplexity will permit)approachtheperformancepredicted

by the compoundchannelinformationtheoryfor linear Gaussianchannels.Rootand

Variaya[36] provedthat for a givenrateandinput distribution thereexistsa codethat

will reliably transmitthat rateover every linearGaussianchannelfor which the input

2



distribution inducesa mutual informationhigher thanthe coderate. In otherwords,

suchacodeworksoneverychannelthatit possiblycould,andoneachchannelit works

as if it weredesignedspeci�cally for that channel. In [48] Weselet al. constructed

universaltrellis codesfor periodicerasurechannels,whichweshow to beuniversalfor

moregeneralperiodicfading. We alsoshow that these�)� -stateuniversaltrellis codes

have frameerror rateswithin �"%,? - �&% � dB of the quasistaticRayleighfadingoutage

capacityof theperiodicfadingchannelcreatedby D-BLAST. An additionallossof #&%,�
- �)%,# dB is incurreddueto theoverheadpenaltyassociatedwith thediagonallayering.

At thesametime asour initial resultsin [33], CaireandColavolpe [9] proposeda

similarspace-timecodingtechniquefor thequasistaticmultipleantennachannel,called

the “wrapped”space-timecoding(WSTC)scheme.Themaindifferencein this work

is thatthedecodingof a “wrapped”space-timecodeis via Viterbi'salgorithmthrough

theuseof per-survivor processing(PSP)andthat thecomponentcodesfor theWSTC

schemeare off-the-shelfconvolutional codes,not designedfor the periodic channel

createdby D-BLAST.

Recently, El GamalandHammons[17] proposedaniterative codingtechniquefor

the layeredspace-timesystemswhich uses� constituentencoders,onefor eachlayer.

The main advantageof this scheme,which is referredto as the threadedspace-time

(TST) architecture,is that it doesnot incur theoverheadpenaltyinherentin theinitial

pilotsrequiredby diagonallayering.Onepotentialdrawbackof theTSTarchitectureis

thecomplexity of its iterativereceiverwhichcombinesaSISOmulti-userdetectormod-

3



ule and � separateSISOchanneldecodersfor eachof the componentchannelcodes.

TheTST resultsreportedin [17] arewithin � - � dB of theoutagecapacity. For higher

numberof transmit/receiveantennas,theTST architectureof El GamalandHammons

has �)% � - �*%,# dB betteraverageperformancein quasistaticRayleighfading thanour

scheme.The iterative MMSE receiver architectureof TST providesbetterdetection

andhasno overheadpenalty.

Anotherfactor that contributesto a betteraverageperformancein the TST archi-

tectureis theuseof smallerQPSKconstellations.However, our larger ��� -QAM con-

stellationspermitthecodeto operateon at leastsomechannelsthataresingular. Such

singularchannelswould forceuncodedperformancefor QPSKsystemssuchasthatof

El GamalandHammons.Anotherrecentwork includesthe multilayeredspace-time

architectureproposedby Tarokh,Naguib,Seshadri,andCalderbank[1]. The perfor-

manceobtainedwith this schemeis � dB or morefrom theoutagecapacity.

In Chapter3 weprovethatD-BLAST underanMMSE interferencesuppressioncri-

terionis theoreticallyoptimalandachievestheShannonchannelcapacity. This is anal-

ternative,simplerproofthantheonegivenby Ariyavisitakulin [7]. Underaconstrained

input scenarioanda Gaussianapproximationon the MMSE �lter output, the paral-

lel channelscreatedby D-BLAST have an aggregatecapacitythat is approximately

equalto theconstrainedmodulationMIMO capacity. For largeantennacon�gurations,

computingthe constrainedcapacityis numericallyintensive; however, the D-BLAST

techniquecanbe usedto drasticallyreducethe complexity of suchcalculationsfrom

4



exponentialto linearin thenumberof antennas.

In Chapter4,weintroduceaschemeusingasinglelow-densityparity-check(LDPC)

codespatiallymultiplexedonmultipleantennasandaniterativedetectionanddecoding

receiver. Recentresearchhasshown thatcombiningiterativesignalprocessingandde-

codingtechniquescanachieve near-capacityperformanceon multiple-inputmultiple-

outputchannels.This iterative detectionanddecodingmethodis basedon the turbo

decodingprinciple and is often referredto as Turbo-BLAST [37], [38], [43]. Sev-

eraltechniquesfor low-complexity, high-performanceiterativedetectionanddecoding

receiversareavailablein the literature. In [37] and[38] the authorsintroducea sub-

optimal receiver basedon a minimum mean-squareerror (MMSE) soft interference

cancellationdetector. In [41] a “list” spheredecoderis usedto iteratively detectand

decodeeithersimpleconvolutional or morepowerful turbo codes. In [5] the authors

presentaniterative-greedydemodulation-decodingtechniquefor turbocodesbasedon

agreedydetectionmethodfor multiusercommunications.Morerecentlyin [28] theau-

thorspresentanLDPCcodedMIMO OFDM systemusingeithertheoptimalsoftmax-

imum a posteriori (MAP) demodulatoror the low complexity minimummean-square

error soft interferencecancellation(MMSE-SIC) demodulator. The resultsreported

in [28] show that a systembasedon the MMSE-SIC detectorsuffers a performance

degradationin comparisonto a systembasedon theMAP detector. In our work how-

ever, we have observedvery little differencein theperformanceof thesetwo detection

schemesfor systemswith a smallnumberof transmitandreceive antennasandQPSK

5



modulation.

In this researchwe focuson an LDPC codedMIMO schemewhich usesa high-

performanceirregular LDPC codedesignedin our previous work [21], [20]. We dis-

cussseveralreduced-complexity softdemodulationtechniquessuitablefor systemsthat

achieveveryhighspectralef�ciencies. In particular, weconsiderthestandardsoftMAP

detector, theMMSE suppressionandMMSE-SICdetectors,andwe introduceasimple

maximalratio combining(MRC) detectorwith eithersoft or hardinterferencecancel-

lation. We comparethedifferentdetectionschemesin termsof their performanceand

complexity. Wealsoprovidecomparisonswith theShannoncapacitylimits for ergodic

multiple-antennachannels.Chapter4 alsoprovidesresultsthatshow thatproperlyde-

signedLDPC codesbehave very muchlike universalspace-timecodesandthat their

performancelies in closeproximity to the Root and Variayacapacityfor the linear

Gaussianvectorchannelsfor all but a few channels.
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Chapter 2

Trellis CodedD-BLAST Systems

2.1 SystemModel

Thesystemunderconsiderationis a MIMO systemwith � transmitand � receive

antennas.In a complex basebandrepresentation,thebasicvectorequationdescribing

thechanneloperatingon thesignalin aquasistaticscenariois

� 9�� > 
�����9�� >��
	�9�� > !�� 
��"! % % % !+	
� (2.1)

where	�� is thesizeof aframe,��9�� > 
 � � 5 9�� > � 4 9�� > % % % ��� 9�� > � T is thecomplex vectorof

modulationsymbolstransmittedin parallelby the � transmitantennasat symboltime

� , 	�9�� > 
 �
� 5 9�� > � 4 9�� > % % % �

� 9�� > � T is thevectorof independentGaussiannoisesamples

with zeromeanandvariance� 4 
�	 � � � perdimension,� 9�� > 
 ��� 5 9�� > � 4 9�� > % % % ��� 9�� > � T
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is thecorrespondingvectorof receivedsignalsamplesat theoutputof thereceive an-

tennas,and � 
 ��� 5 � 4 % % % � � � is thechannelmatrix.

Weassumethatthepoweremittedfromeachtransmitantennais proportionalto � � �

sothat thetotal radiatedpower is constantandindependentof thenumberof transmit

antennas.Theaveragesignal-to-noiseratio (SNR)at eachreceive antennais denoted

by � andis alsoindependentof � . Thepathgainsin thechannelmatrix � aremodeled

assamplesof independentcomplex Gaussianrandomvariableswith zero meanand

variance#*%'( perdimension.Thisis equivalentto theassumptionthateachpathbetween

a transmitanda receive antennahasfrequency-�at independentRayleighfading.This

modelsachannelwith enoughphysicalseparationwithin thetransmittingandreceiving

antennasto achieve independencein theentriesof � .

We considera communicationscenarioin which the channelcharacteristicsare

essentiallyunchangedduringa frame,but changerandomlyfrom oneframeto another

(quasistaticfading).We furtherassumethat thereceiver knows � perfectly, while the

transmitterhasnoknowledgeof � . In practice,theassumptionof perfectchannelstate

information(CSI) at thereceiver holdsapproximatelywhenthechannelvariesslowly

with respectto thedurationof aframe.This is arealisticassumptionin severalwireless

settingswheremobility is limited or absent(e.g. indoorwirelesslocal-areanetworks,

wirelesslocal loops,etc.).Furthermore,theassumptionof noCSIat thetransmitteris a

reasonableassumptionin situationswherefeedbackor time-divisionduplexing cannot

be exploited. However, the transmittermay useknowledgeof the channelstatistics
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(suchasaverageSNR)to selecta transmissionrateeventhoughit hasnoknowledgeof

theparticularrealizationof thechannelmatrix.

2.2 Overview of D-BLAST

Thetransmissionprocessin Foschini's layeredstructurewith � transmitand � re-

ceiveantennascanbesummarizedasfollows. Thedatastreamis demultiplexedinto �

datastreamsof equalrate,andeachsubstreamis modulatedusingthesameconstella-

tion. The � substreamsaretransmittedsimultaneouslyusing � antennaelements.Then

at the receiver, the � receive antennasareusedto decoupleanddetectthe transmitted

signals.

First, the transmittedsignalfrom antenna� is treatedasthe desiredsignal,while

the signalsfrom the other transmitantennasare treatedas interference.Linear pro-

cessingon thereceivedvectoris thenusedto suppressthe interferencefrom antennas

�"! % % % ! ��� � . This yieldsa diversityorderof one. Oncethesignaltransmittedfrom

antenna� is correctlydetected,it is canceledfrom thereceivedvector. Thenthesignal

from antenna��� � is treatedas the desiredsignal,while the signalsfrom antennas

�"! % % % ! ��� � aretreatedasinterference.Linear processingis usedto suppressthe in-

terferencefrom theremaining��� � signals,providing a diversityorderof two. This

processis continueduntil all thetransmittedsignalsaredetected.With thisscheme,the

diversity ordervariesacrossthe transmittedsignalcomponentsfrom a diversity gain
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of onefor thesignaltransmittedfrom antenna� to a diversitygainof � for thesignal

transmittedfrom antennaone.

To summarize,thedetectionof transmittedsignalcomponentsinvolvestwo major

steps:

1. interferencecanceling: interferencefrom alreadydetectedsymbolsis subtracted

out.

2. interferencesuppression: interferencefrom yet to be detectedsymbolsis sup-

pressedby linearoperations.

The interferencecancelingstepsubtractsout from the receivedvectorthealreadyde-

tectedsignalcomponents,while the interferencesuppressionstepremovesthe inter-

ferencestemmingfrom theasyet undecodedcomponentsusinglinearoperationsopti-

mizedunderaZF or anMMSE criterion.

The interferencesuppressionalternatives(ZF andMMSE) aredescribedin detail

next. In theremainderof thediscussion,we dropthetime index � for brevity. Assum-

ing that the receiver hascorrectlydetectedthe last ���
�

signalcomponentsof � , we

cancancelthe interferencefrom thesecomponentsby subtractingthemout from the

receivedvector � . Then,theresultingvector � � is

� � 
 �
�

�
�
��� ��� 5

� � � � 

��

��� 5
� � � � �
	 % (2.2)
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2.2.1 ZF Interfer enceSuppression

Assumingthe last ���
�

signalcomponentshave beencorrectlydetectedandcan-

celedout,theinterferencestemmingfromthesimultaneoustransmissionof
� 5 ! % % %
! � � B 5

is nulledoutby projecting� � ontothenullspaceof thevectors
� 5 ! % % %
! � � B

5 . Let ��� 5�� � B 5��
denotethevectorspacespannedby thecolumnvectors

� 5 ! % % % ! � � B
5 , and �� � theresult

of theprojection

�� � 
 � �
� � � 5�� � B 5���� �
	� 5�� � B 5�� � � 5�� � B 5���� B

5
�
	� 5�� � B 5�� � � ! (2.3)

where 	 is the complex conjugateoperator. Note that the matrix � 	 � 5�� � B 5�� �
� 5�� � B 5�� is

invertibleundertheassumptionthat thevectors
� 5 ! % % % ! � � B

5 arelinearly independent.

Theaboveexpressioncanbefurthersimpli�ed to obtain

�� � 
 � � �� � ���	 ! (2.4)

where �� � and �	 aretheprojectionof
� � and 	 respectivelyontothenullspaceof ��� 5�� � B 5�� .

Using standardmaximumratio combining,thedecisionon the
�
th componentof � is

givenby

�� � 
 �� �� � � 4 �� 	� �� � 
 � � � �� �� � � 4 �� 	� �	 % (2.5)

Themean-squareerror(MSE)between
� � and

�� � is givenby
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MSE� 
 �� �� � � �
�� 	��� �� � ! (2.6)

where� 
 E � �	 �	 	�� is thecovariancematrixof thenoisevector �	 . Let

� 
�� � 5�� � B 5�� � � 	 � 5�� � B 5�� � � 5�� � B 5�� � B
5
� 	 � 5�� � B 5�� ! (2.7)

thenit is easyto seethat
� 
 � 	 , ��� 	 
 �

and �	D
 9�� � � � > 	 . It follows that

� 
A9	� � � � > E � 	 	 	 � 9	� � � � 	 >

A9	� � � � > 	 �
� � 9�� � � � 	 >

 	��F9�� � � � > %

(2.8)

Thissimpli�es theMSE for the
�
th channelto

MSE� 
 	 �� �� � � �
�� 	� 9	� � � � > �� �


 	 �� �� � � �
�� 	� 9	� � � � >
9	� � � � > � �


 	 �� �� � � �
�� 	� 9	� � � � > � �


 	 �� �� � � �
�� 	� �� � 
 	��� �� � � 4

(2.9)

Then,theresultingsignal-to-noiseratio for the
�
th channelis
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� ZF� 
 ���
	��
� �� � � 4 
 �

�

� �� � � 4 ! (2.10)

where��� is theaverageconstellationenergy and
� �� � � 4 is achi-squarerandomvariable

with � 9 � �
� �6� > degreesof freedom.Sincetheentriesof thechannelmatrix � arezero-

mean,unit-variancecomplex Gaussians,themeanof thechi-squarevariateis � �
� ��� .

Under the assumptionof correctdecisionsbeing canceledout, interferencesup-

pressionundertheZF criteriondecomposestheMIMO channelof (2.1) into � paral-

lel channelswith SNRs � ZF5 % % % � ZF� . This is equivalentto a single-inputsingle-output

(SISO)periodicallytime-varyingchannelof period � whosegainsarechi-squareran-

domvariableswith � � ! % % % ! � degreesof freedom.

2.2.2 MMSE Interfer enceSuppression

Again,assumingthelast � �
�

signalcomponentshavebeencorrectlydetectedand

canceledout,theinterferencefrom components
� 5 ! % % %
! � � B 5 is suppressedby minimiz-

ing themean-squareerrorbetween
� � and

�� � . Thedecisiononthe
�
th componentof � is

givenby
�� � 
�� 	� � � , where� � is an � -dimensionalcolumnvectorchosento minimize

themean-squareerror. TheMMSE solutionfor � � satis�es[31]

� � 

���� ��� ���	�
�
��� � � ���

! � 
A�� 	�
� ����� ����� ��� �����! 
�#"�
��� �����! 

$ ��� � �5 �
�
"
�
� 	�
� ��� � ���%� ��� �!���! 

� " �
��� �����! 

$ ��� � �
! � 
 �2! % % % ! �

(2.11)
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This yields a minimum mean-squareerror (MMSE) on the
�
th signalcomponent

givenby

MMSE� 
 � � � � � � 	� � � � (2.12)




���� ���
� �5 � �
�	�
�� ��� � �

! � 
 �� �5 �
�
"
�
� 	�
�
� � � ��� � ��� �!���! 

� " �
��� �����! 

$ ��� � �
! � 
 �*! % % %
! �

(2.13)

andacorrespondingsignal-to-noiseandinterferenceratio givenby

� MMSE� 

��� �� � �� 
 � � 5 � 4 ! � 
 �

� 	� � � 
� � � � � ��� 5�� � B 5�� � 	 � 5�� � B 5�� � B
5

� � ! � 
 �*! % % % ! �

(2.14)

Note that � MMSE5 hasa chi-squaredistribution with � � degreesof freedom.However,

� MMSE� 9 � � � �
� > hasadistributionwhich is differentfrom chi-square.

It canbeshown that � MMSE� is a randomvariablegivenby

� MMSE� 
 ���
	��
��� 5�� 4	� � � 4 ! (2.15)

where

� 5�� 4 
 Diag


�
��

� ��
 5 � �� 
 ! % % % ! ��
� ��
 � � �� 


��
(2.16)
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and
� � 
�� 	 � � is the projectionof the complex Gaussianvector

� � onto the space

spannedby the columnsof theunitarymatrix � . This is a direct consequenceof the

symmetriceigendecompositionof theHermitianmatrix

� � 5�� � B 5�� �
	� 5�� � B 5�� 
������ 	 ! (2.17)

where � is a diagonalmatrix whoseelementsare the eigenvalues 
 5 ! % % % ! 
 � of the

Hermitianmatrix in (2.17).

Observe that underthe sameassumptionsasbefore,the MMSE interferencesup-

pressionschemealsocreatesanequivalenttime-varyingchannelwith a periodicSNR

variationgivenby � MMSE5 % % % � MMSE�
. TheseSNRfactorsdo not haveaclosed-formdis-

tribution. Figure2.1 shows the empiricaldistribution of the 4 channelscreatedin a

� � � D-BLAST systemwith MMSE interferencesuppression.For comparison,on the

sameplot we show thechi-squaredistributionswith differentmeanscorrespondingto

the4 channelscreatedin aD-BLAST systemwith ZF interferencesuppression.

2.3 Space-Time Layering for D-BLAST

2.3.1 Full-Overhead

In the following we describea trellis codingtechniquefor the layeredspace-time

architectureof D-BLAST. We assumea single trellis codeproducingcodewords of
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BLAST, ���
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length 	 , including � tail bits to drive the encoderbackto statezero(where � is the

numberof memoryelementsof thecode). We furtherassumethat 	 is a multiple of

thenumberof antennas� . Then,thesymbolsin acodewordvector � areplacedmoving

left-to-right in diagonallayersof width � , in orderto form the � � 	 � codewordmatrix

� 
�� 9�� > , with 	�� 
�	 � � � 9 � ��� > � . Themapping� sendsthecodewordvector � to

a � � 	�� complex-valuedmatrix
�

whose 9 � ! � > th entryis equalto
� � 9�� > , i.e.

�
is the

basebandversionof thecodeword � astransmittedacrossthechannel.Themapping�

is de�ned by

� 9 � !��2> 

��� ��	� � if � ��
 � 	
# otherwise

(2.18)

where


 
 �
� � �E� �E9 � � � > � � � � ! (2.19)

for � � � �
� and � � � � 	�� .

Figure2.2(a)illustratesthesymbollayeringfor acodewordof length ��� in a � � �

systemwith diagonallayersof width � 
�� . Eachsquarerepresentsa symboltrans-

mitted from a single antennaat a single symbol time. The numbersin the squares

representthe processingorder of the Viterbi decoder. The empty squaresrepresent

overheadsymbolswherenothingis transmitted.
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Notice that this schemehasan inherentrate lossof approximately9 � � ��> �2� 	 �
becauseof the lower anduppertrianglesof overhead(zero)symbolsin thecodeword

matrix. This ignoresthesmall ratelossdueto thetail bits usedfor trellis termination.

Assuminga trellis codeof rate � anda modulationmappingeach��� -tupleof binary

symbolsinto a complex-valuedconstellationpoint, thespectralef�ciency of theabove

layeringschemeis

� 
 � ����� � � 9 � � � > �
	
� �����+% (2.20)

In thisformulationef�ciency is takento meanthenumberof informationbitspervector

channeluse.

In Fig. 2.2(a)we have useda codeword matrix that is conceptuallyappealing.The

orderin which thecolumnsof thecodewordmatrixaretransmittedis, in fact,arbitrary

sothatwe couldre-arrangethemasin Fig. 2.2(c)to avoid any delayin processing.In

thesequelwewill referto this schemeasthefull-overheadsystemin orderto differen-

tiate it from a variationof theschemethathasonly half of theoverheadpenalty. The

new reduced-overheadschemeis describednext.

2.3.2 Reduced-Overhead

The reduced-overheadschemeis a variationof the full-overheadsystemthat cuts

the overheadpenaltyin half. Thereare many possiblesymbol arrangementswhich
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yield a reduced-overheadsystem.Thesimplestoneis shown in Fig. 2.2(b),wherethe

only differencefrom thefull-overheadsystemis theplacementof symbols���*! � � above

��#&! � � . All four of thesesymbolsareintendedto bedecodedusingsuppression.Thus,

in this particulararrangementwe do not requireemptysquaresof pilot symbolsat the

endof theblock. Then,theoverheadpenaltyis cut in half andthespectralef�ciency of

thereduced-overheadsystemis increasedto

� 
 � ����� � � 9 � � � > �
�)	
� �����+% (2.21)

A slightly differentapproachis illustratedin Fig. 2.2(d),which preservesthe di-

agonalstructureof the block, but hashalf the diagonalwidth. Observe that in this

schemewe arrangethesymbolsmoving from bothendsof the frametowardthemid-

dle. While the �rst versionis conceptuallymore transparent,this approachhasthe

appealof a diagonalblock structure.This is in fact theversionimplementedin all our

simulations.However, we believe that thedifferencein performancebetweenthe two

reduced-overheadschemesshouldbenegligible.

2.4 Finite-TracebackViterbi Decoding

In this sectionwe presentboth an optimal “just-in-time” anda “not just-in-time”

Viterbi decodingmethodfor the layeredspace-timesystemsdiscussedin theprevious

section. Note that we make a Gaussianapproximationon the MMSE �lter output,
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(b) Reduced-overhead“just-in-time” system.
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(c) Reordered full-overhead “just-in-time”

system.
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(d) Reduced-overhead“just-in-time” system.

Figure 2.2: Symbolplacementfor full-overheadandreduced-overhead“just-in-time” sys-

tems,� ������ , blocklength��� datasymbols.

sothattheViterbi algorithmcanbeemployedto decodethelayeredsystems,provided

thattheappropriatevarianceis usedin themetriccalculation.For easeof expositionwe

consider� � � systems,however thedecodingmethodextendsto larger � � � systems

in a straightforwardmanner.

2.4.1 Optimal “J ust-in-Time” Traceback

First,considerthefull-overheadsystemin Fig. 2.2(a).Thediagonallayeringin this

exampleis well matchedfor �nite-tracebackViterbidecoding[46] with tracebackdepth
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� �� 
 � . Linear processingasdescribedin Section2.2 is usedto detectthe received

vectors.Thus,eachodd-numberedsymbolis detectedby cancelingtheeven-numbered

symbol below it, while eacheven-numberedsymbol is detectedby suppressingthe

symbolabove it.

Observe that in this diagonallayeringtherearefour pilot symbolsat thebeginning

of theblock. With thisarrangement,symbols�"!+�*! (*! � aredetectedby simplycanceling

theknown pilots below them,while symbols�*!$�&!+� aredetectedby suppressingthein-

terferencefrom thesymbolsabovethem.Thus,the�rst sevensymbolscanbedetected

without any Viterbi decoding.This is enoughto permit the�rst traceback.Thereafter,

thebottomeven-numberedsymbolsaredecoded“just-in-time” to provide thecancel-

lation requiredfor thenext Viterbi traceback.For example,aftersymbol ? is detected

by suppression,Viterbi tracebackis performedto decodesymbol � . This symbol is

decoded“just-in-time” to be canceledout from the received vectorso that symbol �

canbe detected.This processcontinuesuntil all the symbolsin the block have been

decoded.

With this decodingmethod,thebasicideais to choosea tracebackdepth � �� (per-

hapschosenaccordingto [6] or throughempiricalstudy)andadiagonallayeringwhich

togetherpermit thedecodingof a symbol“just-in-time” to besubtractedout from the

receivedvectors.In general,in orderto decodeasymbol“just-in-time” thestep-sizeof

thediagonallayeringmustbe

21



� 
 � �� � �
�

% (2.22)

Similar “just-in-time” decodingis supportedby the reduced-overheadsystemin

Fig. 2.2(b). The only differenceis in the detectionof symbols ��#*! � �*! � � ! ��� , which

mustbe receivedby suppressingthe interferingsymbolsabove or below them(in the

full-overheadsystemthesesymbolsmight alsobe detectedby suppression;however,

onecandobetterby cancelingtheknown pilot symbolsinstead).

2.4.2 “Not Just-in-Time” Traceback

For agiventracebackdepth � � , onemight considerloweringtheoverheadpenalty

by selectinga layerwidth � smallerthanwhat is requiredfor “just-in-time” decoding.

For illustration,considerusingthetracebackdepthof � with only two initial pilots(zero

symbols)asillustratedin Fig. 2.3.With only two initial pilots, the�rst four space-time

symbolsaredetectedin thesamemannerasbefore.However, theodd-numberedspace-

time symbols( and � have theundecodedsymbols� and � below them,thereforethey

mustbedetectedby suppressingthesymbols� and � respectively. In general,the�rst

Viterbi tracebackrequiresthelast � � � � � � � symbolsto bedetectedby suppression

only. After a traceback,the decodedeven-numberedsymbolsmustbe canceledfrom

anearlierreceivedvector, which impliesthatthelast � � � � � � � stagesof thetrellis

mustbeupdatedfor futuretracebacks.
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Figure 2.3: Symbolplacementfor “not just-in-time” traceback,� �� � � , blocklength ���

datasymbols.

While moregeneral,thisschemesuffersfrom theaddedcomplexity of updatingthe

last � � � � � � � stagesof thetrellis wheneveradecodedsymbolneedsto becanceled

out. In Section2.6 we take a closerlook at this decodingmethodandshow that the

addedcomplexity is not justi�ed by thegainin performance.In fact,our resultsshow

that the “just-in-time” decodingmethodprovidesthe bestperformance(measuredas

theSNRgapto outageprobability)for a �x edtracebackdepth � � .

2.5 Trellis CodesasUniversalSpace-Time Codes

2.5.1 ExcessMI versusSNRGap

Mutual information(MI) identi�es thefundamentalinformation-carryingpotential

of achannelfor aspeci�c inputdistribution. RootandVariaya[36] provedtheexistence

of codesthatcancommunicatereliablyoverany linearGaussianchannelfor which the
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MI exceedsthe informationrateof the code. A codehasuniversal propertyif it has

consistentlygood proximity to capacity(to the extent its blocklengthand decoding

complexity permit) over a classof channels. Thus a universalcodeshouldprovide

performancethat is consistentin termsof requiredexcessmutual information. The

excessMI is de�ned asthe capacitymargin betweenthe operationalchannelMI and

theinformationtransmissionrate.

Thecommonwayto plot bit-errorrate(BER)performanceis versuschannelsignal-

to-noiseratio (SNR). Sincecapacityon the additive white Gaussiannoise(AWGN)

channelis a monotonic(andalmostlinear)functionof SNRin dB, � AWGN 
������ 4 9 � �
SNR> , this representationis essentiallyequivalentto plotting BER againstMI. How-

ever, whenassessingtheperformanceof acodeoveravarietyof linearGaussianchan-

nels,consideringSNRperformanceor SNRgapis problematicbecausethemonotonic

relationshipbetweenSNR in dB andMI is differentfor differentchanneleigenvalue

skews.

To betterunderstandthepreviousstatement,considera � ��� linearGaussianvector

channel� andits perantennacapacity[40]

� 9 � > 
 �
�
����� 4 det � � 4 � � � � 		�


 �
�
����� 4 9 � � � 
 5 > 9 � � � 
 4 >


 �
�
����� 4 9 � � � 
 5 > 9 � � �2� 
 5 > ! (2.23)
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where 
 5 and 
 4 arethe eigenvaluesof � � 	 , � 
 
 4 � 
 5 is the eigenvalueskew and

� is the SNR per transmitsymbol. For a �x ed transmissionrate � , the SNR gapin

dB � SNRdB is de�ned asthedifferencebetweenthe �*� (in dB) requiredto achieve the

desiredBERandthe � (in dB) atwhichthechannelcapacityin (2.23)is equalto � bits

pertransmitantenna.

Without lossof generality, let 
 5 
 � and�nd � at which the channelcapacityis

equalto � bitspertransmitantenna:

�
4�� 
�� �

4 ��9 ��� � > � � �"! (2.24)

whichyields

� 
 � 9 ��� � > � � 9 � �E� > 4 �8� � � 5
�"� % (2.25)

Then,theSNRgapin dB is givenby

� SNRdB 
A��# � � � 5 � � � �E� # ����� 5 � � ! (2.26)

from which theSNR � � canbeexpressedas

� � 
A� # ���
5��	�

SNRdB
� 5 ��

���

�

���� 
 � ��# ���

5��
SNRdB % (2.27)
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TheexcessMI pertransmitantenna� MI is givenby thedifferencebetweenthechannel

capacityin (2.23)at theSNR �2� andtheinformationrate � . It canbewritten in terms

of theSNRgapin dB asfollows

� MI 
 �
�
����� 4 9 � � � � > 9 � � � � � > �8� (2.28)


 �
�
����� 4 � � � � ��# ���

5��
SNRdB � � � � � � ��# ���

5��
SNRdB � �8� ! (2.29)

where� is givenin (2.25)above.

Figure2.4 illustratesthe excessMI per antennaasa function of the SNR gapin

dB for � 
 � bit/transmitantennaanddifferenteigenvalueskews � . Note that the

excessMI curvesareapproximatelylinear functionsof the SNR gapin dB, however

theslopedependsontheeigenvaluespread(eigenskew) of thechannel.In otherwords,

aconstantlevel of excessMI is achievedby differingexcessSNRlevels(dependingon

theeigenskew of thechannel).TheMI availablein thechannelis theabsolutemeasure

for performance,while anexcessSNRmeasuredependsbothon theMI level andthe

speci�c channelrealization(eigenskew).

2.5.2 Universal CodeDesignfor Periodic Erasures

In Section2.2 we saw that the layeredarchitecturewith linear processingat the

receiver createsa periodic fadingchannel,thereforewe requirea trellis codethat is

effective on suchperiodicvariationsin SNR.A specialcaseof theresultsof Rootand
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Varaiya[36] indicatesthat a singlecodecanguaranteea rate � over every periodic

Gaussianchannelthathasamutualinformationgreaterthantherate � , where

MI 
 �
�

�
�
� � 5 � ��� 4

�
� ��� �� � � 4 � �	���� ! (2.30)

and �� � are the periodicscalefactors. One implication of this result is that gooder-

ror performanceover oneparticularchanneldoesnot have to comeat the expenseof

signi�cant performancedegradationoverothers.

The designof trellis codesfor channelsthat are characterizedby additive white

Gaussiannoisewith a distinctperiodicvariationin signal-to-noiseratio is investigated

in [48], [47], [14], [23], and [32]. The caseof periodic Rayleighfading is treated

in [47], [23], [32]. In [48] Weselet. al constructuniversaltrellis codesfor periodic

erasurechannels.A family of trellis codesfor periods � - ( aredesignedto provide

robustperformanceoverall periodicerasurepatternsfor whichthenumberof unerased

codedbits perperiodis at leastequalto thenumberof informationbits perperiod. A

brief review of thedesignapproachfor thesetrellis codesis presentednext.

Let the � -elementvector �� 
 � �� 5 ! % % % ! �� � � containthe periodicscalefactorswith

�� 4 
 � � �� 5 � 4 ! % % % !�� �� � � 4 � . Also let the normalizedsymbol-wisesquaredEuclideandis-

tancebetweentwo constellationpointsbe � 4� 9 ��� �� >�
�� �� � � � � � 4 �)� � , where
� � and

�� � arethecorrectandincorrectconstellationpointsassociatedwith the
�
th symbolsof

a trellis errorevent
�	� ��

. Theperiodicerasureof symbolsscalesdistanceswith the
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sameindex modulo � by thesamebinaryscalefactor �� � . De�ne theperiodicsquared

distance �� 4� 9 � � �� > for
� 7  �"! �*! % % % ! �=. asthesumof thesquareof thedistancesthat

arescaledby thesamefactor �� � for a givenerrorevent: �� 4� 9 � � �� >�
 ���
� � � � 4��� � � %

The � values �� 4 5 ! % % % ! �� 4� form theperiodicdistancevector

�� 4 
 � �� 4 5 ! % % %
! �� 4� � % (2.31)

Theminimumdistanceof valid erroreventsundera periodicerasurepatternis re-

ferred to as the squaredresidualEuclideandistance(RED) for a speci�ed periodic

attenuationvector ��

RED9 �� > 
��	��
�
 � � �� 4 ! �� 4�� ! (2.32)

wherethe expression
� �� 4 ! �� 4 � representsan inner product. Trellis codedesignfor all

possibleerasurepatternsis a multi-criterion problemsincewe have to minimize bit-

errorrate(BER) (essentiallymaximizeRED) atall erasurepatternssimultaneously.

The primary approachdescribedin [48] is to seekto maintainthe samerequired

excessmutual information for all erasurepatterns,which is motivatedby the desire

of having similar error performanceover all erasurepatternswith the sameMI. The

searchfor trellis codesthatmaintaina similar level of excessmutualinformationover

all erasurepatternsproducesadesigncriterionbasedon maximizing � MI ,
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� MI 

�
�
9 � ��� � � � > � ��� 4 9 RED

4 9 �� � ><> ! (2.33)

where� � is thenumberof elementsof the � th erasurepattern �� � equalto zero.

Thecodesin [48] weredesignedto beuniversalonly for periodicerasureschannels.

However, we show that code @6� designedin [48] using � MI astheobjective function

is a universaltrellis codefor generalperiodicfadingandhenceD-BLAST. First, con-

sidertheperformanceof the �)� -state,rate-� �)� , 8-PSKcode @6� overperiodicerasures.

For a BER of ��#2B2C , this coderequiresan excessmutual informationof #&% �)� bits on

thechannelwhereevery othersymbolis anerasure( ���
 � #&! � � ), andanexcessmutual

informationof #&% ? � bits on thechannelwith no erasures( �� 
 � �)! � � ). Figure2.7shows

an extensionof the resultspresentedin [48], by consideringthe excessmutualinfor-

mationrequiredfor BER 
 ��# B2C on a periodicchannel �� 
 � �� 5 ! �� 4 � whentheratio of

squaredscalefactors/ 
 � �� 4 � 4 � � �� 5 � 4 variesfrom # to � . In this plot thecurve labeled

Period-2TFB is generatedusingatransferfunctionboundto obtaintheSNRnecessary

to achieve BER 
 ��# B2C for valuesof / between# and � . Observe thatas / increases

from # to � the excessmutual information is monotonicallyincreasingfrom #&% �)� to

#&% ? � , whichcorrespondto theexcessMI �gures on thetwo erasurechannels.For com-

parison,thebestEuclideandistance�)� -statetrellis codefor transmissionof onebit per

symbol (rate-��� � maximumHammingdistanceconvolutional codeusedwith Gray-

labeledQPSK)requiresan SNR of � %,� dB to achieve BER 
 ��# B2C in additive white
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Gaussiannoise. At this SNR,thecapacityof theAWGN channelis �)%,?"? bits/symbol

andthusthis coderequiresan excessMI of #&% ?"? bits. Therefore,our universalcode

haslessexcessMI on every period-2channelthanthestandardamountof excessMI

requiredby a �)� -statecodeat this ratefor theAWGN channel.

Practicallimitationson thenumberof memoryelementsandtheconstellationsize

make the designof universaltrellis codesfor periodicfadingchannelswith large pe-

riods a very challengingtask. This is why the family of codesfound in [48] arefor

periodsno larger than� ve. However, thereexistsa classof trellis codesfor period-8

designedin [47]. Thesecodesarenot universalfor all period-8channels,but they are

still robustcodesandreasonablecandidatesfor larger ? ��? full-overheadsystemsor

� � � reduced-overheadsystems.

2.5.3 Universal Performanceof Trellis CodedD-BLAST Systems

Next considertheperformanceof anMMSE full-overheadD-BLAST systemusing

code@6� overasetof linearGaussianchannelsobtainedby samplingthecontinuumof

� ��� channels.For thatit is suf�cient to considerchannelsof theform

� 

� 
 5

��
� � #
# � �

���
�

��
� � �
	 9 0 > 	 ��
 9 0 >�� ��

��	 ��
 9 0 >�� B ��
 � ��	�9 0 >

���
� (2.34)

where 
 5 ! 
 4 are the eigenvaluesof the Hermitianmatrix � � 	 with 
 4 � 
 5 , � 


 4 � 
 5 is the eigenvalue skew, 0 7 � #&! �F; � , and � 7 � #&! � ; � . We samplethe above
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matrixvia theparameters
 5 
A� , � 
  #&!+#&%3� �"(2!+#&% �"(*!+#&%,(*!+#*%'�"(2! �). , 0 
  #&!<; �)�&!<;=� �2. ,
and � 
 ;=��� . The periodicSNRs � MMSE5 and � MMSE4 turn out to be independentof � ,
thereforewecanchoose� arbitrarily. This is easilyshown giventheaboveformulation

for thechannelmatrix � . TheperiodicSNRstake thefollowing form:

� MMSE5 
 � �
	 � 9 � �
	 4 0 � � 	 � 
 4 0 > (2.35)

� MMSE4 
 	 � 
 4 0 � � � �
	 4 0 � � �� 
 �
� 	 � 
 4 0 � � �
	 4 0 � � � �� 
 � B 5 % (2.36)

Oneimmediateobservation is that for � 
 � , theabove equationsyield � MMSE5 

� MMSE4 
 ���F�
	�� . Let / betheratioof periodicSNRsinducedby theMMSE processing

in D-BLAST:

/ 
 � MMSE4 �F� MMSE5 % (2.37)

Assuming� MMSE5 � � MMSE4 , it followsthatfor unitarychannels,/D
A� regardlessof the

angle0 andhencetheparticularsamplingof thechannel.A plot of theratioof periodic

SNRs / asa functionof the angle 0 is shown in Fig. 2.5 for the differenteigenvalue

skewsconsideredandunder�x edmutualinformation,MI 
��"%'( bits/antenna.Observe

that whenthe channelis singular( � 
 # ) and 0 is a multiple of ;=� � , the SNR ratio

/ is zero(which correspondsto a periodicerasurechannel);however, / is onewhen

0 is approximatelya multiple of ;=�)� . The sameresultsareshown in Fig. 2.6, where
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insteadwe plot the achievable � MMSE5 - � MMSE4 pairs. Sincethe mutualinformationis

constant,the differentchannelsamplingsyield the sameachievableregion, although

the individual pairsin theachievableregion aredifferentunderthesamevalueof the

angle 0 .

Performanceon eachchannelin this samplingis measuredby themutualinforma-

tion in excessof thetransmissionrate � requiredto achievea BER of ��# B2C . Figure2.7

plotsthis requiredexcessmutualinformationpertransmitantennaasindividualpoints

againstthe correspondingratio of periodicSNRs / . The points labeledwith circles

correspondto ablocklengthof ��#&��� symbolsandanoverall rate � 
��)% � (��"? , while the

pointslabeledwith squarescorrespondto a blocklengthof � �"� symbolsandanoverall

rate � 
��)%,�"? �*� . Observe thatwith thelargerblocklengthwheretheoverheadpenalty

is negligible, theexcessMI pointsobtainedon theindividualchannelsin thesampling

setarevery closeto the excessMI curve for the periodicchannel.In the caseof the

smallerblocklength,the lossin excessMI is relatively constantfor all channelsin the

setandaround#&%3� ( bitsperantenna.

For bothblocklengths,thereis asinglepoint thathasnoticeablypoorperformance.

Both pointscorrespondto �D
 # and 0�
 ;=�)� . Thepoorperformanceis dueto error

propagation,as shown by the solid points which simulatedecodingon this channel

with the cancellationperformedusingthe correctsymbols. Note that simulationsfor

9 � 
 #&! 0 
 # > and 9 � 
 #&! 0 
 ; � �"> showed no performancedegradationdueto

error propagation. For the blocklength ��#&��� casethe ratio of periodic SNRs / for
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9 � 
1#&! 0�
 ;=�)�"> changeswhenerrorpropagationis removedbecause/ dependson

theoperatingSNR.

It is not surprisingthatwe observe errorpropagationeffectsin a decisiondirected

cancellationalgorithmlike D-BLAST. In fact,perhapsit is surprisingthaterrorprop-

agationis only observed under the particularchannelcondition where ��
 # and

0 is particularly unfavorable. Sucha channelis essentiallythe scalarchannel
� 


� ��	 9 0 > � 5 � 	 ��
 9 0 > � 4 � � . Onsuchachannel,when � �
	�9 0 > 
�# or 	 ��
 9 0 > 
 # , wehave

a periodicerasurechannelwhich our trellis codehandlesquite well. However, this

scalarchannelwith � ��	 9 0 > and 	 ��
 9 0 > of similar magnitudepresentsthetoughestchal-

lengefor thesuppressionalgorithm,often leadingto errorpropagation.Froma prac-

tical point of view, thechannelswith this degeneratesingularvaluestructure( ��
1# )
are line-of-sightchannelsand“keyhole” channels[4]. UnderRayleighstatistics,the

��� # channelsoccur frequentlyenough,thuserror propagationcan be a problem.

Onepossibleremedyis to useaprecodersimilar to theTomlinson-Harashimaprecoder

[42], [19], sincethe processingof BLAST canbe viewed asa generalizeddecision

feedbackequalizer(GDFE) [18]. However, theuseof a precoderrequiresknowledge

of thechannelstatisticsat thetransmittersite.

Theaboveresultsshow thatcode @6� is auniversalspace-timecodefor D-BLAST,

with consistentlyperformanceoverthesetof � � � matrixchannels,with theexception

of the channel 9 � 
 #&! 0 
 ;=�)� > . For large blocklengthsand ignoring error propa-

gation,this coderequiresanexcessMI of around#&%'� bits perantennaunderthemost
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favorablechannelandaround #&% � bits per antennaunderthe leastfavorablechannel.

This is in agreementwith theresultsin [24] whichshow thatin amoregeneralsetting,

the performanceof universaltrellis codesobtainedby an exhaustive minimax search

ona � � � compoundchannelfallswithin thesamerangeof excessmutualinformation

requirement.Oneimmediateimplicationof theuniversalpropertyoverthesetof linear

Gaussianchannelsis agoodproximity to capacityonany fadingchannel,regardlessof

thechannelfadingstatistics.Thus,thiscodemaybedeployedfor any � ��� transmission

scenario,not justRayleighfading.

2.6 PerformanceResultsin RayleighFading

In this sectionwe presentperformanceresultsfor the codedlayeredspace-time

architectureof D-BLAST. As performancemeasurewe considerboth the frame-error

rate (FER) and the bit-error rate (BER) under the assumptionof an ideal Rayleigh

channelwith perfectCSI at the receiver and a burst-modecommunicationscenario.

The resultsareobtainedthroughMonte Carlo simulation. The FER is averagedover

enoughchannelrealizationsso that ��#)#"# erroneousframesare accumulatedin each

simulation.

In orderto comparethe performanceresultsto channelcapacity, we alsoprovide

thetheoreticaloutageprobabilitycurves. In thequasistaticcase,it is assumedthatthe

channelmatrix � is chosenrandomlyat the beginning of a frameandheld �x ed for
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the entire durationof the frame. The Shannoncapacityof the channelis zero. No

matterhow small we make the rate � at which we try to communicateat, thereis a

non-zeroprobability that the channelrealizationis incapableof supportingthat rate

regardlessof how long we make thecodelength. In this casea channeloutageis said

to have occurredandthe channelis consideredto be in the OUT state. Thus,under

thequasistaticchannelmodelandin the limit of largeblock lengths,thebestpossible

achievableFERof theMIMO channelis givenby theoutageprobabilityde�ned by

�
out 
 P 9 � 9 � > � � > % (2.38)

In thefollowing exampleswe provide simulationresultsfor several layeredspace-

time codedsystemsunder the optimal MMSE criterion, and whenever possiblewe

make comparisonswith the bestperformanceof previously reportedspace-timesys-

tems. In general,the ZF criterion yields a performancethat is � - � dB worsethan

MMSE. Figure 2.8 illustratesthe FER performanceof code @6� in [48] for period-

2 erasuresin a full-overheadsystemunderthe ZF criterion togetherwith the outage

probabilitycurvesat theoverall ratewhich takestheoverheadpenaltyinto accountand

at the ratewhich neglectsthe overheadpenalty. On the sameplot we show the FER

performanceof code @6� over an equivalentperiodicfadingchannelwhosegainsare

givenby thechi-squaredrandomvariablesin (2.10)andobservethatit matchesclosely

theperformanceof theZF full-overheadsystem.
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Example1: Here we considera � � � MMSE full-overheadlayeredspace-time

codedsystemin conjunctionwith code @6� in [48]. This is a rate-� �)� , �)� -state,? -PSK

trellis codewith octalgenerators9�� 5 !�� 4 !���� > 
 9 � ���&!+� �*! �"� ("> . The ? -PSK labeling

is the sameas in [48], i.e. #&! �2!+�&! �"!+(*! �*!+�*!$� in octal going aroundthe circle. The

underlyingsymbollayeringis for a codeword (with trellis termination)of length �"(��
informationbits ( � �"� informationbits per transmitantenna).The tracebackdepthis

� �� 
�� � , which determinesthe“just-in-time” step-sizeof thediagonallayeringto be

� 
 �*� . Thespectralef�ciency of this systemis � 
��"% �"? �*� bits/s/Hz.

Figure2.9providestheFERandBER performancewith thehorizontalaxisshow-

ing the averageSNR per receive antenna.For comparisonwe alsoprovide the FER

performanceof the ��� -statespace-timetrellis codewith similar complexity andsame

blocklengthdesignedandsimulatedby Tarokhin [39]. Thesameor betterperformance

is achieved by the space-timeparallelconcatenatedfull-diversity turbo codein [26].

Eventhoughour codewasdesignedto berobuston all periodicerasurechannels,and

not speci�cally matchedto the Rayleighstatistics,our performancein Rayleighfad-

ing is essentiallythesameasTarokh's. Furthermore,theTarokhcodeperformspoorly

on channelswhereaneigenvalueis closeto zero,becausefor sucha channelthecode

effectively hasno redundancy.

Thepreviousparagraphignorestheoverheadpenaltyrequiredby D-BLAST to cre-

atethe periodicchannel.For demonstratingthe performanceof the trellis code,it is

reasonableto neglect the overheadand look at how closely eachcodecomesto the
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theoreticaloutagecurve that appliesto the codeitself (the rate � 
 � outagecurve

in Fig. 2.9 for bothTarokh's codeandtheuniversalcodeon theperiodicchannelcre-

atedby D-BLAST). However, to analyzetheoverallsystemperformance,theoverhead

penaltymust be considered.At ��#�� outagethe performanceof our universalcode

is within �"%,? dB from the theoreticaloutagecurve neglectingoverheadandwithin �
dB from thetheoreticaloutagecurvewhich takesinto accounttheoverheadpenaltyre-

quiredby D-BLAST. Sothecodeloses�"% ? dB from idealperformanceandtheoverhead

penaltyincursanadditional �"% � dB of loss.

Figure2.9alsoprovidestheperformanceof the � � � systemwhenperfectdecisions

areusedin thecancellationstep. As seenfrom theplot, the errorpropagationdueto

non-perfectdecisionshasno effect on the frame-errorrateperformance.This fact is

alsoobserved in [10], wherethe authorsconcludethat the PSP-baseddecoderis not

affectedby errorpropagationprovidedthat � � ��� (which in our casecoincideswith

thetracebackdepth���� ) is largeenoughin orderto haveaveryhighprobabilityof path

mergeatdelaylessthan� � � � . However, asexpected,theBERperformanceis affected

by errorpropagationanda lossof about � dB is observeddueto non-perfectdecisions.

Example2: Herewe consideragain � transmitand � receive antennas,however a

reduced-overheadlayeredspace-timecodedsystemis usedto cut in half theoverhead

penalty. We usethe samecodeas in the precedingexample,with tracebackdepth

� ���
�� � anda corresponding“just-in-time” diagonalwidth of � 
 ��# . Thespectral

ef�ciency of this systemis � 
 �)%,?&� � � bits/s/Hz. Figure2.10providesthe FER and
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BERperformanceversustheaverageSNRperreceiveantenna.For comparisonwealso

provide theoutageprobabilitycurvesfor a � � � MIMO systemata transmittedrateof

� bits/s/Hzand �"% ?&� � � bits/s/Hzrespectively. TheabsoluteFERandBERperformance

of this systemis very closeto the performanceof the full-overheadsystem,however

becausetheoverheadis cut in half, thegapto outageis decreased.For example,at ��#��
outage,the FER performanceis around �2% � dB from the outagecurve that takesinto

accounttheoverheadpenalty.

Example3: In thisexampleweconsiderthe � � � reduced-overheadlayeredspace-

timesystemwhenthediagonalwidth is variedandthetracebackdepthis �x edto � � 

� � . Figure2.11shows theFERperformancefor � # differentlayeringscorresponding

to diagonalwidths � 
 �"! � % % %
� # . As expected,performancedegradeswith smaller

diagonalwidths sincethe Viterbi decoderhasto tracethroughmany bad symbols-

symbolsdetectedby suppressionwith a diversity gain of one,and only a few good

symbols- symbolsdetectedby cancelingandsuppressionwith adiversitygainof two.

However, the rate loss incurredby overheadis directly proportionalto the diagonal

width, thereforethe betterperformanceresultscomeat the expenseof a higher rate

penalty. In order to correctly assessthe performancewith variousdiagonalwidths,

we considerthe SNR gap to the outagecurve associatedwith eachlayering and its

overall transmissionrate.Figure2.12shows theseSNRgapsat ��#�� outageversusthe

correspondingdiagonalwidth � . Thisplot illustratesthetrade-off betweenperformance

relative to outage(includingtheoverheadpenalty).It demonstratesthata layeringfor
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continuousViterbi decodingwith the“just-in-time” diagonalwidthdiscussedin Section

2.4.1(which correspondsto the point for � 
 ��# in Fig. 2.12) is in fact the optimal

choicefor agiventracebackdepth� � .

Example4: Here we consider4 transmitand4 receive antennasanda reduced-

overheadlayeredspace-timecodedsystem. For this systemwe usecode @ � in [47]

designedfor period-8Rayleighfading.Thisis arate-1/4,�)� -state,��� -QAM trellis code

with octalgenerators9�� 5 !�� 4 !���� !�� � > 
 9 �)�&! � �"(2! ��� (*! ��#"� > . Thelabelingusedfor the

��� -QAM constellationis thesameasin [47], i.e. �&! �"! (*! �2! �*!+#&!<� !+�&! � !+?*! � ! �"!���! �&! � ! � in

hexadecimalin rasterorder. Thesymbollayeringis for acodewordof �"�"? information

bits ( � �)� information bits per transmitantenna). The tracebackdepthis � �� 
 � �

andthe corresponding“just-in-time” diagonalwidth is �D
 ( . The resultingspectral

ef�ciency of this systemis � 
 �&%'( �"�)� bits/s/Hz.Figure2.13showstheFERandBER

performanceof the � � � layeredspace-timesystemtogetherwith thetwo outagecurves

at a rateof � % # bits/s/Hzand �&%,( �"�)� bits/s/Hz. At ��# � outage,the FER performance

of this systemis around � dB from the theoreticaloutagecurve neglectingoverhead,

and �&% � dB from theoutagecurve at the overall rateof �&%,( �"��� bits/s/Hz,which takes

the overheadpenaltyinto account.Figure2.13alsoprovidesthe performanceof the

� � � systemwhen perfectdecisionsare usedin the cancellationstep. Again, the

FER performanceis unaffectedby error propagation,whereasthe BER performance

degradesby #*%'( dB or moredueto nonperfectdecisions.

Including the lossdueto the overheadpenaltyincurredby D-BLAST, the perfor-
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manceof this codeis approximately�"% � dB worsethanthe performanceobtainedby

El GamalandHammonsin [17] with the TST architecture.At � #�� outagethe TST

schemewith rate-1/2componentcodes,QPSKmodulation,and � bits/s/Hzspectralef-

�ciency, performsaround �*%,( dB from the outagecapacity. The performancegainof

the TST schemecanbe attributedto two factors: the iterative MMSE receiver anda

smallerQPSKconstellation.However, the TST schemewith rate-1/2QPSKcompo-

nentcodesperformspoorly whentwo of thechanneleigenvaluesarezero,sinceit has

no remainingredundancy in thatcaseandthebestit canachieve is anuncodedperfor-

mance.Our ��� -QAM trellis codecanpotentiallywork in this scenariosinceit still has

redundancy left.

Example5: In thisexampleweconsideran ?�� ? full-overheadlayeredspace-time

systemcodedwith code @ � in [47]. Theunderlyingsymbollayeringis for acodeword

of �"�"� informationbits ( � �)� informationbits per transmitantenna)with a traceback

depth � �� 
 � � . The “just-in-time” step-sizeof the diagonallayering is � 
 ( and

the resultingoverall spectralef�ciency is � 
 �*% �)� �)? bits/s/Hz. Figure2.14provides

theFER andBER performanceof the ? � ? full-overheadlayeredspace-timesystem

togetherwith the theoreticaloutagecurves. At ��#�� outage,this systemhasa FER

performanceof �&%,� dB from theoutagecurveneglectingoverhead(the � 
 � %,# curve).

An additionallossof �"%,� dB is incurreddueto the inherentoverheadpenalty. How-

ever, from ourexperiencewe predictthata reduced-overheadsystemwould yield very

similar performanceto the full-overheadsystem.Moreover, with a reduced-overhead
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systemtheoverall rateis increasedto �*% �"? �)? bits/s/Hzandthelossdueto theoverhead

penaltyis decreasedto #&% � dB. This canalsobeseenin Fig. 2.14which providesthe

� 
��*% �"? �)? outagecurvecorrespondingto a reduced-overheadsystem.

TheTSTarchitecturewith rate-1/2QPSKcomponentcodesandspectralef�ciency

? bits/s/Hzis againaround�*%'( dB from theoutagecapacity, having aperformancegain

of � dB or moreovera ��� -QAM trellis codedD-BLAST systemincludingthelossdue

theoverheadpenalty. As in thepreviousexample,thisgainin performanceis attributed

to thesuperiorityof theiterativeMMSE receiverandtheuseof asmallerconstellation.

2.7 Conclusion

In this chapterwe haveconsideredasimpletrellis codingtechniquefor thelayered

space-timearchitectureof D-BLAST which employs a single trellis codeand �nite-

tracebackViterbi decodingwith tracebackdepth � � . Several resultsusinguniversal

trellis codesarepresentedfor differentantennacon�gurations. We show thata � � �

reduced-overheadtrellis codedD-BLAST systemperformswithin �*%,( dB of theoutage

curve which takesthe overheadpenaltyinto accountandis competitive with the best

availablespace-timetrellis/turbocodes.

Oneadvantageof thecodedD-BLAST systemis thefactthatit usesasingletrellis

codeandanMMSE detectorthatpermitsdecodingvia Viterbi'salgorithm,without the

needfor iterative decoding.Also, this systemscalesnicely with thenumberof trans-
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mit/receive antennas.Thecomplexity of theMMSE detectoris dominatedby � times

thecomplexity of computingthesuppressionvectors� � in (2.11). This complexity is

polynomialin � , in comparisonwith multiuserdetectionmethodswith �

�
complexity

( � is thesignalconstellationsize). Onedrawbackof D-BLAST is the inherentover-

headpenaltydueto thediagonallayering.However, oneway to eliminatetheinherent

ratelossis by concatenatingconsecutiveblockssuchthattheleadinglower triangleof

overheadsymbolsin ablock is �lled by thetailing lower triangleof datasymbolsfrom

thepreviousblock. Anothersolutionis simply to uselongerblocks.Thissolutiondoes

not work well if low raw FERis thedesignobjectivebecauselongerblocklengthslead

to higherraw FER.However, if low BER is thedesignobjectiveor if outercodingcan

correcta �x ed percentageof bit errorsas framelength is increased,thenD-BLAST

becomesa competitivesolutionwith bothgoodperformanceandasimpledecoder.
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Chapter 3

GaussianInput and Constrained

Modulation Capacity of D-BLAST

Systems

3.1 GaussianInput

Theresultsof Ariyavisitakul [7] show thatD-BLAST undertheMMSE criterionis

optimal in thesensethat it achievestheGaussianinput capacityfor MIMO channels.

Below wegiveanalternativeproofof thisresult.Wehavelearnedthatthisproof is also

containedin soon-to-bepublished[2].

Theorem 1 Space-timeprocessingbasedon successivecancellationsand MMSEin-
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terferencesuppressionsconvertsa � � � MIMO channelinto an equivalentperiod-�

scalar channelwith the samechannelcapacityper � -symbolperiod as the original

��� � channel,

� 9 � > 
 ����� 4 det

�
� � � ���

	�� � � 	 � 

�

�
� � 5 � � � 4 �+� � �

MMSE� � % (3.1)

Proof. For simplicity assumethat � �F��	�� 
 � . Using the determinant

identitydet9	� � ��� > 
 det9	� � � � > , wecanrewrite thecapacityequation

as

� 9 ��> 
 � � � 4 det � � � �
� 	 � � % (3.2)

Let � 
 � � � 5�� � B 5�� � � � . Then,it follows that

� � � � 	 � 

� � � B 5 � � 	 � 5�� � B 5�� ��� 5�� � B 5�� � 	 � 5�� � B 5�� � �� 	� ��� 5�� � B 5�� � � � 	� � ��� % (3.3)

Usingthefactthat

det

� � �� ��� 
 det9 � > det9 � � � � B 5 � > (3.4)

when
�

is nonsingular, weobtain

� 9 � > 
 ����� 4�� det � � � B 5 �
� 	 � 5�� � B 5�� � � 5�� � B 5�� � � � � � 	�
	 � � ��� ! (3.5)
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where

	 
 � � � � � 5�� � B 5���� � � B 5 � �
	� 5�� � B 5�� � � 5�� � B 5���� B
5
�
	� 5�� � B 5�� % (3.6)

The Sherman-Morrison-Woodbury formula [15, p.50] provides a conve-

nientsimpli�cation for (3.6),namely

	 
 � � � �
�
� 5�� � B 5�� � 	 � 5�� � B 5�� � B
5
% (3.7)

This in turn reducesequation(3.5) to

� 9 � > 
 � ��� 4�� det � � � B 5 � � 	 � 5�� � B 5�� � � 5�� � B 5�� � ��
� � � 	� � � � � � � 5�� � B 5�� �
	� 5�� � B 5�� � B

5
� � ���


 � ��� 4�� det � � � B 5 � � 	 � 5�� � B 5�� ��� 5�� � B 5�� � �
� � �8� MMSE� � � !

(3.8)

wheretheexpressionfor � MMSE�
is givenin (2.14).Repeatedapplicationof

theaboveprocedureto furtherfactordet � � � B 5 � �
	� 5�� � B 5�� � � 5�� � B 5���� , yields

� 9 � > 
 ����� 4 � � � � � MMSE5 � % % % � � �8� MMSE� � � % (3.9)

Therefore,

� 9 � > 

�

�
� � 5 � ��� 4 � � �8�

MMSE� � ! (3.10)

andtheproofof thetheoremis complete.
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Theabovetheoremprovestheoptimalityof thelayeredspace-timesystemunderthe

assumptionof perfectcancellations,i.e. no decisionerrorsaffect thedetectionin sub-

sequentlayers.Thisproofalsoprovidessomeinsightinto how D-BLAST achievesthe

MIMO channelcapacity. In particular, observe thatthescalarperiodicSNRsproduced

underMMSE suppressionare in generalnot equal to the eigenvaluesof the matrix

� � 	 .
UndertheZF criterion,theoperationalcapacityof D-BLAST is a lower boundon

thetrueMIMO channelcapacity, asshown in [13],

� 9 � > � � ZF-DBLAST 9 � > 

�

�
� � � � 4 �<� � � ZF� � % (3.11)

Figure3.1showstheMIMO capacityin (3.1)togetherwith its lowerboundin (3.11)

underRayleighfadingfor � � � , � � � , and ? � ? systems.Thesecurveswereevaluated

numericallyusingMonteCarlomethods(samplingof thechannelmatrix). Notethatthe

capacitylowerbound(operationalcapacityof ZF D-BLAST) becomeslooserfor larger

antennacon�gurations.Also notethat theMMSE andZF solutionsfor D-BLAST are

equivalentin thelimit of largeSNR.

3.2 ConstrainedModulation Input

Herewe assumethat the transmitvector � hasentrieschosenfrom somecomplex

constellationwith ����� 9 ��� � � > possiblesignalpoints.Werestrictourattentionto PSK
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or QAM constellations.To seetheeffectof aconstellationonthemaximumachievable

rate,wecomputethemutualinformationbetweentheoutput� andtheinput � assuming

theentriesof � arechosenindependentlyandequallylikely from theconstellation.The

mutualinformationis computedas

� 9���� � � � > 
�� 9 � ��� > ��� 9 � � � ! � > ! (3.12)

where� 9��'>�
 � E � ��� 4	� 9��'> is theentropy function. It is easyto show that

� 9 � � � ! � > 

� 9 	 > 
 � � ��� 4 9 �F; � � 4 > (3.13)

for our channelmodelwith any constellation.Theterm � 9 � ����> in (3.12)is in general

moredif�cult to computesincetheexpectationin � 9 � � � >�
 � E � ��� 4 � 9 � ����> is over

two sourcesof randomnessin thechoicesof � and 	 . Theexpectationover � canbe

computedusingasum,

� 9 � ��� > 
 � E � ��� 4
�

�
�
�
� � 9 �F; � 4 >

� �
���������
�

�
� � 4

� �
� � � � 4 ��� ! (3.14)

wherethesumover � runsfor all �
�
� � possiblecombinationsof theconstellationval-

ues.Theaboveexpectationis now over thenoisevector 	 . Theexpectationover 	 can

beevaluatedvia numericalintegrationmethods.Note,however, thatif an � � � grid is

usedto quantizeeachcomplex receiveddimension(antenna)in � then � 4
�

pointsexist
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in thePMF approximationof � 9 � ����> andnumericalevaluationbecomescomputation-

ally intensive.

Instead,wenotethatundertheassumptionof correctdecisionsbeingcanceledout,

D-BLAST with MMSE interferencesuppressiondecomposestheMIMO channelinto

� parallelcomplex constantfadingchannelswith SNRs� MMSE5 !<� MMSE4 % % % � MMSE�
given

by (2.14),suchthat the aggregatecapacityis the sameasthe original capacity. In a

constrainedmodulationsetting,theresidualinterferenceplusnoiseat theoutputof the

MMSE �lter is neitherGaussiannor i.i.d. Let
�� � bethedetectionstatisticfor the



th

antennaat theoutputof theMMSE suppressionstep,

�� � 
 � 	� � � (3.15)


 9�� 	� � � > � �� ��� �

desiredterm

�
� B
5

�
� � 5 9�� 	� � � > � �
� ��� �

co-antennainterference

� � 	� 	� ��� �

phase-rotatednoise

% (3.16)

In theabove expression,the �rst termrepresentsthedesiredterm, the secondterm is

the residualinterferencefrom the suppressed


�A� antennas,and the last term is a

phase-rotatednoiseterm.

In thefollowing,asdonein [10], wemakeaGaussianapproximationfor theMMSE

�lter output:

�� � � � Gauss� 
 � � � � ��� � ! (3.17)
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where

� ���
� 9:#&! � 4� > % (3.18)

In otherwords,theGaussiannoisevector � is assumedto have independententries

with zero-meanandvariancegivenby �
4� , where

� 4� 
 � � � � 9 � � � � > ! and (3.19)

� � 
 � 	� � � % (3.20)

With theaboveGaussianapproximationtheresultingmutualinformationis anapprox-

imationlowerboundto thetruemutualinformation:

� 9���� � � � > 
 � 9������� ��� > (3.21)


 � 9��� ��� > � � 9��� � � ! � > (3.22)

� � 9��� ��� > � � 9�� ����> (3.23)

� � 9�� Gauss� � > ��� 9�� ��� > (3.24)


 � 9���� � Gauss� � > % (3.25)

where(3.23) follows from the fact that Gaussiandistribution maximizesthe entropy

over all distributionswith the samecovarianceand(3.24) follows from the Gaussian

approximationin (3.17).

61



Then, the mutual information calculationis simpli�ed since the expectationin

(3.14)now reducesto thefollowing expectation

� 9 � � � > � � �
�
��� 5 E � ��� 4

�
�
� � �

�
�

�
; � 4�

����� �
�

�
� 4�
� � Gauss�

�

� � � � 4 ��� ! (3.26)

wherethesummationover
�

is for all � � � pointsin theconstellation.

In essence,the D-BLAST approachwith Gaussianapproximationcanbe usedto

linearizethe constrainedchannelcapacitycalculationin (3.12), thussigni�cantly re-

ducingthecomputationalcomplexity for systemcon�gurationswith morethan � trans-

mit/receive antennas. The expectationover � can be evaluatednumericallyusing

Monte-Carlosamplingof the channelmatrix. From our experience,this technique

yieldsatight approximationfor low andmediumSNRs(within thousandsof abit). Fig-

ures3.2, 3.3, and3.4 show theaverageinformationrateobtainedwith theD-BLAST

techniquewith Gaussianapproximationfor BPSK, QPSK,and 8-PSK constellation

constrainedinput respectively, underRayleighfading and � � � , ���E� , and � � �
antennacon�gurations.
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input,Rayleighfading.

64



-2 -1 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
0

1

2

3

4

5

6

7

8

9

10

11

12

SNR (dB)

A
ve

ra
ge

 In
fo

rm
at

io
n 

R
at

e 
(b

/s
/H

z)

2x2 8PSK
3x3 8PSK
4x4 8PSK

Figure 3.4: Informationratesfor � � � , � � � , and � ��� 8-PSKconstellationconstrained
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Chapter 4

Low-DensityParity-Check Coded

MIMO Systems

4.1 LDPC Basics

Low-densityparity-check(LDPC) codeswereproposedby Gallagerin the early

1960s[16]. The structureof Gallager's codes(uniform columnandrow weight) led

themto becalledregularLDPC codes.Gallagerprovidedsimulationresultsfor codes

with blocklengthsontheorderof hundredsof bits. However, thesecodesweretooshort

for the spherepackingboundto approachShannoncapacity, and the computational

resourcesfor longerrandomcodesweredecadesaway from beingbroadlyaccessible.

Following thegroundbreakingdemonstrationby Berrouetal. [8] of theimpressive
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capacity-approachingcapabilityof long randomlinear(turbo)codes,MacKay[30] re-

establishedinterestin LDPC codesduring the mid to late 1990s. Luby et al. [29]

formally showedthatproperlyconstructedirregularLDPC codescanapproachcapac-

ity morecloselythanregularones.Richardson,ShokrollahiandUrbanke [34] created

a systematicmethodcalleddensityevolution to analyzeandsynthesizethedegreedis-

tributionin asymptoticallylargerandombipartitegraphsunderawiderangeof channel

realizations.Theauthorsshowedthat it is possibleto predicta noisethresholdbelow

whichacoderealizedfrom agivenensemblecanbeexpectedto convergeto zeroerrors

with highprobability.

In anutshell,anLDPCcodeis a linearbinaryblockcodespeci�edby averysparse

parity-checkmatrix. Theparity-checkmatrix � of aregular 9 � ! 
 !��"! � > LDPCcodeis a

9 � �

 > � � matrix,whichhas� onesin eachcolumnand � � � onesin eachrow where

����� � , andtheonesaretypically placedat randomin theparity-checkmatrix. When

thenumberof onesin every columnis not thesame,thecodeis known asanirregular

LDPC code.

Associatedwith the codethere is a simple bipartite graphrepresentationwhich

consistsof two typesof nodes:variableor left nodesandcheck or right nodes.Each

codebit is a variablenodewhile eachparity checkor eachrow of the parity-check

matrix representsa checknode.An edgein thegraphis placedbetweenvariablenode

�
andchecknode� if � � � � 
 � . In otherwords,eachchecknodeis connectedto code

bits whosesummodulo-� shouldbezero.As anexample,considerthecodeof length
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� 
���# and

 
 ( , where

� 


�������������
�

� � � � # � � # # #
# # � � � � � � # #
# � # � # � # � � �
� # � # � # # � � �
� � # # � # � # � �

��������������
�
% (4.1)

Thebipartitegraphrepresentingthecodeis shown in Fig.4.1.Notethateachcheck

noderepresentsonelinearconstraint(onerow of � ). In this example,every variable

nodehasdegreethreeandeachchecknodehasdegreesix. Therefore,thiscodeis called

a 9:�&!+� > regularlow-densityparity-checkcode.

As shown in [29] theperformanceof anLDPC codecanbeimprovedconsiderably

if we allow nodesof variousdegreesand if we choosethe proportionof the various

degreescarefully. An irregular LDPC codeis speci�ed by a degreedistribution pair.

In general,we call � 9 � > a degreedistribution if � 9 � > is a realvaluedpolynomialwith

non-negative coef�cients and � 9 � > 
 � . Let ��� and ��� denotethe maximumvariable

nodeandchecknodedegrees,respectively. Also let


 9 � > 

����
� � 5 
 � � � B 5 ! and (4.2)

� 9 � > 

����
� � 5 � � � � B

5
(4.3)
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Figure4.1: A
�����
��� regularLDPC codeof length10.
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be two degreedistributions. The coef�cients of 
=9 � >
9 � 9 � > > representthe fraction of

edgesemanatingfrom variable(check)nodesof degree
�
. Note that the fraction of

edgesthatemanatefrom adegree
�
nodeis thecoef�cient of

� � B 5 . Conversionbetween

edgeandnodeperspective is useful for de�ning the rateof the codein termsof the

degreedistribution pair 9 
 ! �2> . Let � be the total numberof edgesin thegraph,then

� 
 � � � denotesthenumberof variablenodeswith degree
�
. It is easyto checkthat the

designrate � 9 
 ! �2> is givenby

� 9�
 ! �2> 
 � �
� �

��� �
��

 
�� �

� 5
� � 9 � > � �� 5
� 
 9 � > � � % (4.4)

4.2 SystemModel

The systemmodelunderconsiderationis an LDPC-codedMIMO systemwith ���
transmitterantennasand� � receiverantennas,signalingthroughfrequency-nonselective

fading.Thetransmitterstructureis illustratedin Fig. 4.2. Theinformationdatais �rst

encodedby a rate-� LDPC code,modulatedby a complex constellationwith � ��� pos-

siblesignalpointsandaverageenergy � � , andthendistributedamongthe ��� antennas.

Let � bean ��� � � vectorof transmittedsymbolswith components
� 5 ! � 4 ! % % %
! ����� and

� an � � � � vectorof receivedsignalswith components
� 5 ! � 4 ! % % % ! � � � , relatedby

� 
�� � � 	�! (4.5)
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Figure4.2: Transmitterstructureof anLDPCcodedMIMO system.

where� 
 � � 5 � 4 % % % � � � � is the � � � ��� complex channelmatrixknownperfectlyby the

receiver, and 	 is a vectorof independentzero-mean,complex Gaussiannoiseentries

with variance� 4 
�	�� � � per real component.We assumethat theaveragesignal-to-

noiseratio at eachreceiver antenna,denotedby � , is independentof the numberof

transmitterantennas��� . Thesystemspectralef�ciency is ��� � � � bits/channeluse.

4.3 Iterati veDetectionand LDPC Decoding

With the systemmodeldescribedabove, we canapply the turbo principle to de-

codethe received signals. Iterative detection-and-decodingis usedto approachthe

maximum-likelihood(ML) performanceof joint MIMO detectionandLDPC decod-

ing. Figure 4.3 givesa �o wchart of the iterative detector/decoderstructure. In this

structure,the soft MIMO detectorincorporatesextrinsic informationprovidedby the

LDPC decoder, andtheLDPC decoderincorporatessoft informationprovidedby the
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Figure 4.3: Turbo iterative detectionanddecodingreceiver for an LDPC codedMIMO

system.

MIMO detector. Therearetwo kindsof iterationsinvolved: oneis theouterloop for

boththedetectoranddecoder, theotheris theinnerloop for thedecoderonly. For each

outer-loop iteration, the soft detectoracceptsas its inputs the channelobservation �

andthea priori information � �

� of thecodedbits � andgeneratesextrinsic information

� �

� . This extrinsic informationbecomesa priori input � � � for theLDPC decoder. The

LDPC decodercarriesout themessage-passing(alsoknown asbelief-propagation)de-

codingalgorithm [35] andproducesthe extrinsic output � � � . Then, � � � becomesthe

input � �

� for thenext outer-loop iteration.Extrinsic informationbetweenthedetector

anddecoderis exchangedin this iterative fashionuntil anLDPC codeword is foundor

a maximumnumberof iterationsis performed.With LDPC codes,convergenceto a

codewordis easyto detectsinceweneedonly verify thattheparitychecksaresatis�ed.

In the following, we describein moredetail how the soft extrinsic informationis
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computedby eachcomponent.WefocusonthesoftMIMO detectoranddiscussseveral

reduced-complexity solutionsalongwith the standardmaximuma posteriori (MAP)

detector. Weexaminethecomplexity of eachschemeandselectspeci�c parametersfor

modulationcardinalityandtransmit-receiveantennamultiplicity to facilitateanumeri-

cal comparisonof complexity.

4.3.1 MAP Detector

In the soft MAP detector, the received vector � is demappedby a log-likelihood

ratio (LLR) calculationfor eachof the � � ��� codedbits includedin thetransmitvector

� . The extrinsic informationprovided by the MAP detectoris the differenceof the

soft-inputandsoft-outputLLR valueson the codedbits. For the
�
th codebit � � (

� 

�"! % % % ! � � ��� ) of the transmitvector � , the extrinsic LLR valueof the estimatedbit is

computedas

� �

� 9 � � > 
 �����
� 9 � � 
 � � � � ! � >
� 9 � � 
 ��� � � ! � > � � ���

� 9 � � 
 � � >
� 9 � � 
 � � >


 �����
�
�
����� ��

� 9 � � � ! � > � 9��=>
�
�
��� ����

� 9 � � � ! � > � 9�� > �8�
�

� 9 � � >
(4.6)

wherethe a priori information � �

� 9 � � > is equalto the extrinsic informationof the bit

� � computedby theLDPC decoderin the previous turbo iteration( � �

� 9 � � > 
 # at the

�rst iteration)and
� � 5� is thesetof �

� �
� � B

5
vectorhypotheses� having � � 
 � � , (

� B
5�

is similarly de�ned). Assumingthe bits within � arestatisticallyindependentof one
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another, thea priori probability
� 9��=> canbewrittenas

� 9��=> 

� �
� ��
� � 5

� 9 � � > 

� �
� ��
� � 5 � � � ��� � 9 � �����
� �

� 9 � � ><> � B
5
! (4.7)

where� ��� correspondsto thevalue( � �"! � � ) of the � th bit in thevector � . In theabove

LLR valuecalculation,thelikelihoodfunction
� 9 � � � ! � > is speci�edby amultivariate

Gaussiandensityfunction.

Sincethecardinalityof thevectorsets
� � 5� and

� B
5� in (4.6) equals�

� �
� � B

5
, the

complexity of the soft MAP detectoris exponentialin the numberof transmitteran-

tennasandthe numberof bits per constellationsymbol. At eachiteration, the MAP

detectorhasto computetheLLRs for � � ��� bits in eachtransmitsymbolvector. With

an equalnumberof transmitand receive antennas( � � 
 � � 
 � ), evaluating(4.6)

involvesthefollowing steps:

for
� 
�� to �

�
� �

1) Computethea priori probability
� 9��=> in (4.7): � � � � �ops

end

for
� 
�� to � ���

2) ComputetheLLR valuein (4.6): � � � � � � �ops

end

Wede�ne a�op asasingleaddition,subtraction,multiplicationor divisionbetween

two complex numbers.Tablelookupsto
�����

and ����� functionsarenot includedin this
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complexity analysisbecausewe make thesimpli�cation thatsingleoperandfunctions

haveno cost.Instead,weuseanoperandcountingapproachwherethetotal numberof

“hashing”occurrencesbetweendifferentoperandsis counted.For instance,thecostof

evaluating(4.7) is foundusingthis methodby countingthecostof theform 9 � � � > B 5

asasingle�op (trivial additionswith constantsarenot includedsincethey arenot true

operands).This form is evaluated� � � timesand � � � � � multiplicationsform the

�nal product.To simplify our countingapproach,we roundup themultiplicationcost

to � ��� andthetotal costis saidto be � � � � �ops.

The likelihoodfunction
� 9 � � � ! � > is precomputedfor all �

�
� � hypothesesat the

beginningof theiterativeprocessandhasacostof � �
4 �6� � �ops pervectorhypothesis.

Then,the(approximate)costof theMAP detectorperturboiterationis 9:� � � � > � � � � �
�ops andtheinitial costof precomputingthelikelihoodfunctionsfor all hypothesesis

9 � �
4 � � � > � � � � � �ops.

4.3.2 MMSE-SIC Detector

The sub-optimaldemodulatorbasedon a minimum mean-squareerror soft inter-

ferencecancellation(MMSE-SIC)criterionconsistsof a parallelinterferencecanceler

followedby anMMSE �lter . It is analogousto a multiuserdetectorproposedin [45].

It is alsodescribedin [38] and[27]. Below we provide our review andcommentson

complexity.

The MMSE-SIC detector�rst forms soft estimatesof the transmittedsymbolsby
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computingthesymbolmean �
� � basedon theavailableapriori information:

�
� � 
 �

� � �
� � 9 � � 
 � > ! (4.8)

where
�

is the complex constellationset. The a priori probabilitiesare calculated

assumingthebitswithin asymbolarestatisticallyindependentof oneanother:

� 9 � � 
 � > 
 � ��

� � 5
� � � � � � 9 � � � � � �

� 9 �
� � B
5 �
� �

� � > > � B
5
! (4.9)

where
�
�
�
indicatesthevalueof the � th bit of symbol

�
. At thebeginningof theiterative

process,all symbolsareequallylikely andtheir probabilityis � B ��� . It follows thatfor

a complex symmetricconstellationlike QPSK,thesoft estimatesareequalto zeroand

in effect no cancellationis performedin the�rst iteration. In subsequentiterations,as

thebit reliabilitiesprovidedby theLDPC decoderimprove, thesoft estimatesbecome

closerto their truevalue.

For the


th transmitantenna,thesoft interferencefrom theother � � � � antennasis

canceledto obtain

� � 
 �
�

���
�
� � 5�� ���� � �

� � � � (4.10)


 � � � � �
� �
�
� � 5�� ���� � 9

� �
���
� � > � � �
	 % (4.11)

A detectionestimate
�� � of the transmittedsymbolon the



th antennais obtainedby

applyinga linear�lter � � to � � :
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�� � 
 � 	� � � (4.12)


 9 � 	� � � > � � �
���
�
� � 5�� ���� � 9 � 	� � � > 9 � � � �

� � > � � 	� 	 % (4.13)

In theaboveequation,the�rst termrepresentsthedesiredterm,thesecondtermis the

residualinterferencefrom the othertransmitterantennas,andthe last term is a phase

rotatednoiseterm.

The �lter � � is chosento minimize the mean-squareerror betweenthe transmit

symbol
� � andthe�lter output

�� � , anddependson thevarianceof thesymbolsusedin

thecancellationstep.It canbeshown thattheMMSE-SICsolutionis givenby

� � 

� 	 �
� � �

� � �
� � � � 	 � B
5

� � ! (4.14)

wherethecovariancematrix
���

is

� � 
 diag

�
� 4� �� � ! % % % !

� 4���
������ ! �"! �

4��� � �� � ! % % % ! �
4� � �
� � � ! (4.15)

and � 4� �
is thevarianceof the

�
th antennasymbolcomputedas:

� 4� �

 �
� � �
� � � �

� � � 4 � 9 � � 
 � > % (4.16)
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Note that theMMSE-SIC �lter adjustsits weightsaccordingto thequality of thesoft

canceledsymbolsthroughthe covariancematrix
� � . In the two extremecases,the

MMSE-SIC�lter reducesto a simplesuppression�lter or a maximalratio combining

(MRC) �lter . The�rst casecorrespondsto thecasein which thecanceledsymbolsare

all zero (i.e. no cancellations)and the symbolvariances� 4� �
are all equalto ��� . It

followsthatthecovariancematrix
� �

becomesanidentitymatrixandthe�lter reduces

to thewell-known MMSE suppression�lter:

� � 

� 	��
� � �

� � �
� � 	 � B
5

� � % (4.17)

The secondcasecorrespondsto the casein which the canceledsymbolsare the true

symbols(i.e. perfectcancellations)andthesymbolvariances� 4� �
areall zero.It canbe

shown thattheMMSE-SIC�lter reducesto a �lter of theform

� � 

� 	 �
� � �

� 	� � � � B
5

� � ! (4.18)

whichin effectformsamaximalratiocombiningwith thecorrespondingcolumnvector

of thechannelmatrix.

Therefore,in general,theMMSE-SICdetectorperformsacombinationof suppres-

sionsandcancellations.Theamountof suppressiondoneby thedetectoris determined

by the quality of the canceledsymbols,which ultimately dictatesthe performanceof

theMMSE-SICdetector.
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As wesaw before,theoutputof theMMSE-SIC�lter includesthedesiredsymbol,

residualco-antennainterference,andnoise.Notethatundera Gaussianinput, theout-

putof the�lter is alsoGaussian.However, underaconstrainedinputscenarioin which

the symbolsbelongto a complex constellationlike QPSK,the �lter output is neither

Gaussiannor i.i.d. Despitethis fact, following [45], we approximate
�� � by theoutput

of anequivalentAWGN channelwith
�� � 
 � � � � � � � , where

� � 
 � 	� � � ! (4.19)

and � � is azero-meancomplex Gaussianvariablewith variance�
4� givenby

� 4� 
 ��� 9 � � � � 4� > % (4.20)

Then,the extrinsic log-likelihoodratio computedby the MMSE-SIC detectorfor

the � th bit ( � 
��"! % % % ! � � ) of thesymbol
� � transmittedby the



th antennais:

� �

� 9 �
� � B
5 �
� �

� �-> 
 � ���
� 9 � � � B

5 �
���

� � 
�� � � �� � >
� 9 � � � B

5 �
���

� � 
 ��� � �� � > � �����
� 9 � � � B

5 �
� �

� � 
 � ��>
� 9 � � � B

5 �
���

� � 
 ����>

 � ���

� � � � � ��
� 9 �� � � � > � 9 � >

� � � � ����
� 9 �� � � � > � 9 � > � �

�

� 9 �
� � B
5 �
� �

� � >
(4.21)

where
� � 5
� is thesetof � � � B

5
hypotheses

�
for whichthe � th bit is � � (

� B
5

� is similarly

de�ned). In theabove calculationof theextrinsic LLR value,thea priori probability

� 9 � > is givenby (4.9)andthelikelihoodfunction
� 9 �� � � � > is approximatedby
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� 9 �� � � � > � �
; � 4�

� � � �
�

�
� 4� � �� � � � � � � 4 � % (4.22)

Notethat for theLLR valuecalculation,only thetermin theexponentis relevant; the

constantfactoroutsidetheexponentcanbedropped.

TheMMSE-SICdetectorhasa lower complexity thantheMAP detector. This can

beseenfrom (4.21)wheretheextrinsicLLR is computedfrom thescalaroutput
�� � of

theMMSE �lter , in contrastwith (4.6) wheretheextrinsic LLR is computedfrom the

receivedvector � . With � transmitand � receive antennas,evaluating(4.21)involves

thefollowing steps:

for

 
�� to �

for
� 
A� to � � �

1) Computethea priori probability
� 9 � > in (4.9): � � � �ops

end

2) Evaluatethesymbolmean �
� � andvariance� 4� �

: ( � � � � �ops

3) Cancelthesoftestimatesin (4.11): � �
4

�ops.

4) Evaluatethematrix
� 
 � � 
� � � � � �
� � � � 	 � : � �

� � �
4 � � � �ops

5) Solve
� � � 
 � � for � � : �

� ��� �ops usingCholeskifactorization[15]

6) Computethedetectionestimate
�� � : � � �ops

7) Compute� � and �
4� : � � �ops

for � 
�� to ��� �
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8) Evaluatethelikelihoodfunction
� 9 �� � � � > in (4.22):4 �ops

end

for � 
�� to � �

9) ComputetheLLR valuein (4.21): � � � � � �ops

end

end

Then,the(approximate)computationalcomplexity of theMMSE-SICdetectoris � �
� ��� �

� �
� � � �

4 ��9 � � � � > � � � � ��9 � � > � � ��� �ops perturboiteration.

4.3.3 MRC-SIC Detector

A sub-optimumsolutionto theMMSE-SICdetectoris to replacethe�lter in (4.14)

with thesimpleMRC �lter in (4.18). This requiresa scalarinversiononly andelimi-

natestheneedfor matrix inversion.Thesoft interferencecancellationis still performed

asabove. The only differenceis the useof the simple MRC �lter at eachiteration,

exceptat the �rst iterationwherethe MMSE suppression�lter is usedinstead,since

no cancellationsarebeingperformed.Again, we make a Gaussianapproximationfor

theMRC �lter output,
�� � �

� 9 � � � � ! � 4� > . Thecorrespondingmeanandvarianceare

re-computedto be
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� � 
 � 	� � � (4.23)

� 4� 

� �
�
� � 5�� � �� � �

4� �
� � 	� � � � 4 � 	�� � � � � 4 % (4.24)

TheMRC-SICdetectoroffersanadditionalreductionthroughthesimpleMRC �l-

ter, which canbeevaluatedat thebeginningof the iterationprocess.With � transmit

and � receiveantennas,evaluatingtheLLR valuesinvolvesthefollowing steps:

for

 
�� to �

for
� 
A� to � � �

1) Computethea priori probability
� 9 � > in (4.9): � � � �ops

end

2) Evaluatethesymbolmean �
� � andvariance� 4� �

: ( � � � � �ops

3) Cancelthesoftestimatesin (4.11): � �
4

�ops

4) Computethedetectionestimate
�� � : � � �ops

5) Compute�
4� : � � �ops

for � 
�� to � � �

6) Evaluatethelikelihoodfunction
� 9 �� � � � > in (4.22):4 �ops

end

for � 
�� to � �

7) ComputetheLLR valuein (4.21): � � � � � �ops

end
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end

It followsthatthecomplexity perturboiterationis � �
� � � �

4 � 9 � � ��� > � � � � � 9 � � > �
� � � �ops. Moreover, the initial costof evaluatingthe MRC andMMSE suppression

�lters is � �
� �)� � �

4 � � � �ops and the costof evaluating � � and the vectornorms

appearingin the computationof �
4� is � �

� � � �
4

�ops, yielding a total initial costof

� �
� �)� � � �

� � � �
4 � � � �ops.

4.3.4 MRC-HIC Detector

The MRC-HIC detectoris similar in natureto the MRC-SIC detector, exceptthat

hard decisionsareusedin thecancellationstep.Harddecisionestimateson theLDPC

codebits � � ( � 
��"! % % % ! ��� ��� ) canbeobtainedfrom

�
� � 
 sign

� � � � 9 � � > � � � � 9 � � > �"! (4.25)

andaharddecisionestimateon the


th antennasymbolcanbeformedas

�� � 
�� � �� � � B 5 � ��� � 5 �� � � B 5 � � � � 4 % % % �� � � � � (4.26)

where � is a function that mapsan input bit vector to a complex constellationpoint.

Assumingtheseharddecisionsymbolestimatesarecorrect,their cancellationwould

provide a betterdetectionestimatefor the antennaof interest. As in the caseof the

MRC-SIC detector, the MMSE suppressiondetectoris usedin the �rst iterationand
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the simpleMRC �lter is appliedwhenever harddecisionsarecanceledto obtain the

detectionestimate
�� � .

Observe that the assumptionof correctharddecisionsdoesnot hold very well in

the early stagesof the iterative process. In order to avoid error propagationdue to

incorrectharddecisions,it is very importantthatcancellationsbeperformedonly when

thereliability of thecanceledsymbolsis highaccordingto somecancellationcriterion.

Weexperimentedwith differentcriteriafor interferencecancellationandfoundthatthe

following two methodsgivethebestresults:

� Averageof LLRs

With this criterion,�rst thefollowing averageis computedandthencomparedto

apredeterminedthresholdvalue:

�
� 
 �

��� ���

� �
� ��
� � 5 � � � � 9 � � > � ��� � % (4.27)

The threshold
�

� is found experimentallyas the thresholdthat yields the best

bit-error rateperformance.Notethata too low thresholdvaluewould introduce

undesirableerror propagationdue to incorrectcancellations,while a too high

thresholdvaluewould give thesameperformanceastheMMSE suppressionde-

tectorsinceno cancellationsareperformedin this case.

� Probability of bit vector
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With thiscriterion,theprobabilityof abit vectoris �rst computedandthencom-

paredto a thresholdvalue:

��� 
 � 9 � 5 � 4 % % % � � � � � > 

� �
� ��
� � 5

� � � � � � 9 � � � � � 9 � � > � > � B 5 � � � % (4.28)

As before,thethreshold
� �

is foundexperimentallyto optimizetheBERperfor-

mance.

Thecomputationalcomplexity of theMRC-HIC detectoris approximatelythesame

asthecomplexity of theMRC-SICdetector.

4.3.5 MMSE SuppressionDetector

An evenfurtherreductionin complexity is obtainedwith a simpleMMSE suppres-

siondetector. Sinceno interferencecancellationis performed,theMMSE suppression

�lter � � from (4.17)is evaluatedonly once,at thebeginningof theturboiterativepro-

cess,andappliedto thereceivedvector � to obtaina detectionestimate
�� � for the



th

antenna.

Assumingan equalnumberof transmitandreceive antennas,evaluatingthe LLR

valuesinvolvesthefollowing steps:

for

 
�� to �

for
� 
A� to � � �
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1) Computethea priori probability
� 9 � > in (4.9): � � � �ops

end

for � 
�� to � �

2) ComputetheLLR valuein (4.21): � � � � � �ops

end

end

Then,thecomplexity perturboiterationis 9:� � � � > � � ��� �ops. Moreover, theinitial

costof evaluatingthe MMSE suppression�lters � � , the detectionestimates
�� � , and

the likelihood functions
� 9 �� � � � > is � �

� �)� �A( �
4 ��9:� � > � � ��� �ops. Note that the

MMSE suppressiondetectorreducesthecomplexity perturboiterationfrom
� 9 �

� > (for

the MMSE-SIC detector)to
� 9 � > . Of course,the overall complexity for the MMSE

suppressionschemeremains
� 9 �

� > becauseof requiredinitial processing.However, a

more�e xible allocationof computationalresourcesbecomespossiblegiven the need

to solvea systemof equationsto determine� � only onceratherthanon aperiteration

basis.

In Table4.1 we give a complexity comparisonexamplebasedon a �op countfor

theMAP, MMSE-SIC,MRC-SIC,andMMSE suppressiondetectorsfor � � � antenna

con�gurationswith � 
 �*!$�&!+? , usingQPSKmodulation.For eachdetector, weprovide

theinitial cost(which is thecostof computationsthatmustbedoneonly oncefor all of

the iterations),thecostper turbo iteration,andthe total computationalcostassuming
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� 
 � � 
 � � 
�?
MAP initial � ��� �"%-� � � ��# �

�&% �"������#��
MAP periteration �)()� ?&%3� ������# � � %3� ������# �

MAP total (30 iterations) �*% �"#�����# � �*%,("� ����#�C �"% �"������# �

MMSE-SICinitial # # #
MMSE-SICperiteration � �"( �"%3� � ����# � �"% �*� ����# �

MMSE-SICtotal (30 iterations) �*%'�)����� # � �&%,( � ����# � �&% �"������#�C
MRC-SICinitial �*� �)? ( �"%,#)? � ��# �

MRC-SICperiteration ���"# � � � �"%,� � ��# �

MRC-SICtotal (30 iterations) (2%'()?���� # � �"% � � ����# � �&%3� � ����# �

MMSE suppressioninitial ? � ��� � �)%,# � ��# �

MMSE suppressionperiteration ��� � ��? �"(��
MMSE suppressiontotal (30 iterations) �*% #�� ��# � � %,()?�����# � �"%,�"� ����# �

Table4.1: Cost(in �ops) of computingtheLLRs for differentMIMO detectors.

�"# iterations.

4.3.6 Belief PropagationDecodingof LDPC Codes

The standardmessage-passing(alsoknown asbelief-propagation)decodingalgo-

rithm [35] is usedto decodetheLDPC code.In thebipartitegraphof theLDPC code,

the variablenodesarenumberedfrom � to � , andthe checknodesfrom � to � �


.
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Denoteby
 � �� � 5 ! � �� � 4 ! % % %
! � �� � ��� . thesetof edgesconnectedto the

�
th variablenodeand

by
 � �� � 5 ! � �� � 4 ! % % % ! � �� � � � . thesetof edgesconnectedto the

�
th checknode.Themessage-

passingalgorithmof LDPC codescanbesummarizedasfollows:

� Iteratebetweenvariablenodeupdateandcheck nodeupdate:

– Variable nodeupdate: For eachof thevariablenodes,for every edgecon-

nectedto thevariablenode,computetheextrinsicmessagepassedfrom the

variablenodeto thechecknodealongtheedge

� � � 9 � �� � � > 
�� � � 9 � � > �
����

��� 5�� � �� � � � � 9 � �� � � > ! (4.29)

where � � �
is setto zeroat the�rst iteration.

– Check nodeupdate: For eachof thechecknodes,for all edgesconnectedto

thechecknode,computetheextrinsicmessagepassedfrom thechecknode

to thevariablenode

� � � 9 � �� � � > 
 � ��� 
�� B 5 � �
��

��� 5�� � �� � ��� 
��
� � � � 9 � �� � � >

� � � % (4.30)

� Computeextrinsicmessagespassedback to thedemodulator:

� � � 9 � � > 

�	��
��� 5 �

� � 9 � �� � � > % (4.31)
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4.4 LDPC CodesasUniversalSpace-Time Codes

4.4.1 Mutual Inf ormation Performance under MAP Detection on

�����
Channels

In this sectionthe performanceof two different rate-1/3length-15,000spatially-

multiplexedLDPC codesmodulatingQPSKon parameterized� � � MIMO channels

(for anetrateof 4/3bitspertransmission)usingtheMAP detectorwill bedescribed.

Ratherthan computingaverageperformanceover randomlydrawn channels,we

examineperformanceon a representative setof speci�c � � � channels.Eachof the

��� � channelswill becharacterizedby threeparameters:two rotationparametersand

theratioof theeigenvaluesin thesystem(or eigenskew), speci�cally,

� 

� 
 5

��
� � #
# � �

���
�

��
� � �
	 9 0 > 	 ��
 9 0 >�� ��

��	 ��
 9 0 >���B ��
 � ��	�9 0 >

���
� (4.32)

where � 
 
 4 � 
 5 is theeigenvalueskew of theHermitianmatrix � � 	 (with 
 4 � 
 5 ),
0�7 � #&!<; � � � , and � 7 � #&! �F; � . We sampletheabove matrix via theparameters
 5 
1� ,
�6
  #&!+#&%3� �"(*!$#&% �)(*!+#&%,(*!+#&%,�"(*! �). , 0 
  #&!<; ���&. and � 
  ;=���&!+��;=���*. .

Thevalueof suchaparameterizedassessmentis thatit explicitly showshow excess

MI performancevariesacrossthe set of channelsand in fact allows worst and best

channelsfor a given codeword to be identi�ed. Furthermore,�atness of the excess

mutualinformationmeasureversuschannelskew becomesacriteriafor comparingthe
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degreeof robustnesspossessedby a given code. Again, in our terminology, a code

is universalif reliablecommunication(for instanceBER = � # B2C ) occursat the same

(small)excessmutualinformationlevel acrossall channels.TheabsoluteSNRrequired

to achieveagivenmutualinformationlevel will varywith thedegreeof fadingimposed

by thechannelmatrix.

Performanceon eachchannelin thesamplingis measuredby themutualinforma-

tion in excessof thetransmissionrateof � �)� bits/channeluserequiredto achieveaBER

of ��# B2C . Notethattheproductof adiagonaleigenmatrixandacomplex Givensrotation

(therightmostmatrix in (4.32))doesnot parameterizeevery � � � matrix,but doespa-

rameterizeevery interesting� � � matrixbecausematricesnotdescribedby (4.32)can

befoundthroughasymmetricre�ection of theeigenmatrix.A simpleexampleof this is

thata �6
 # channelerasesall receivedsymbolsin evenpositions(all
� 4 observations).

Thematrixcouldbereformulatedto eraseoddreceivedsymbolsby swappingelements

on thediagonalin theeigenmatrix.

Our LDPC codeswereactuallydesignedfor periodicfadingSISOchannels.Note

thata period-� SISOfadingchannel,
� � 
 � � ��� ��� 4 � � � � � � , with fadingvector � 


� � 
 5 ! � 
 4 � is equivalentto a diagonal( 0 
 # ) � � � matrix fadingchannel(but re-

quirestwo channelusesto relaythesameinformation).Following thework in [22], we

areableto optimizeLDPC degreedistributionsfor period-� fadingvia an adaptation

of theGaussianapproximationto densityevolution. Speci�cally, at iteration � , degree

�
variablenodeshave their meanvaluesupdatedin correspondenceto theperiodicini-
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tial meansgiven by � �

� 

4 � ��� � (where � � areknown fadinggains)andthe meansof

messagesarriving from checknodes( ��� ):

�
� � �
�
� � 9 �2>�
 � �

� � 9 � �E� > �
� � B
5 �

� !�� 
  #*! % % % ! � �E�). % (4.33)

Then,randomlyselectededgesemanatingfrom variablenodesadhereto thefollowing

Gaussianmixturedensity,

�
� � �
� 


�

B
5

�
� � �

� ��
� � 4


 �� � � �
� � �
�
� � 9 �2> ! � �

� � �
�
� � 9 �*> � % (4.34)

Using this kernel,codeswereoptimizedfor ��
 � �"! � � and ��
 � �"!+#�� period-2fading

channels.Thesecodeswerethentestedacrosstheparameterizationof ��� � channels.

Theresultingdegreedistributionsaregivenin Table4.2. In general,acodefor periodic

fadingdoesnot have to be a goodcodefor MIMO channels.However, LDPC codes

arerandomenoughthatourcodes,designedfor periodicfading,exhibit anexceptional

degreeof universalityon MIMO channels.

4.4.2 Gaussian,Constellation Constrained, and Parallel Indepen-

dent DecodingMutual Inf ormation

We next describethe mutual informationmeasures( � 9��'> ) that canbe considered

whenanalyzingthe universalpropertyof LDPC codes. Of course,the mutual infor-

mationbetweentransmitterandreceiver usinga Gaussiancodebookis independentof
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� 
 � [1,1] 
 � [1,0] � � [1,1] � � [1,0]

2 0.27603 0.354954 - -

3 0.11195 - - -

4 0.17229 0.249982 - -

5 0.01712 0.065503 - 0.5000

6 - - 1.0 0.5000

15 0.42261 0.329558 - -

Table 4.2: DegreedistributionsoptimizedusingGuassianapproximationto densityevo-

lution adaptedto periodic fading. Columnslabeledwith
�
�
�����

indicatethe distribution

resultingfrom optimizationfor theperiod-2channelwherehalf of all receivedsymbolsare

erased.Columnslabeledwith
�
�
�
�
�
indicateaperiod-2codeoptimizedfor AWGN.
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Givensrotationparameters,� and 0 , andis givenby:

� Gauss 
 � ��� 4
�
� � ���

	�� 
 5 � � � � � �
	�� 
 4 � % (4.35)

However, two othercapacitymeasuresarerelevantto asystemthatmodulatesanLDPC

codedirectly ontoa channelandthesemeasuresdo dependon thechannelparameters

� and 0 . The�rst is theQPSKconstellationconstrained( � QPSK) capacity:

� QPSK 
 � 9���� � ! � > 
 � �
����
� � 5

� 9���� � � � ! � � ��� � ! % % %
! ��� ����� > % (4.36)

If thedependenciesbetweenthebit levelsareneglectedfor decoding,weobtainthepar-

allel independentdecodingconstellationconstrained( � PID QPSK) capacity[44], which

hasa lowermutualinformation:

� PID QPSK 

� �
� ��
� � 5

� 9���� � � � ! � > � � QPSK% (4.37)

For SISOchannelsit hasbeenshown [11] that theparallelindependentdecodingcon-

stellationconstrainedcapacitysuffers only a negligible losscomparedto modulation

constrainedcapacityprovidedthataGraylabelingof signalpointsis possible.

Lampeet al. in [25] suggestedthat in fast fadingchannels,approachesthat use

multi-level coding(MLC) with multi-stagedecoding(MSD) canachieve theconstella-

tion constrainedcapacityof a MIMO channel.In particular, they showedthatsystems
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which appliedseparatecodeson eachantennacould approachthe modulationcon-

strainedergodiccapacityof thefastfadingMIMO channel.

Without channelinterleaving, MLC/MSD approacheswill not performwell under

certainparameterizationsof thestaticfadingchanneldescribedabove. For example,a

channelwith parameterization� 
 # and 0 
 # has
� 5 
 � 5 � �

5 and
� 4 
 � 4 . In this

scenario,thecodesymbolsfrom code(s)on thesecondtransmitantennaarecompletely

puncturedatthereceivearrayandtheinformationassociatedwith thesecodewordscan-

notberecovered.Thiswork focusesonspatiallymultiplexedsystemsin whichasingle

codeis appliedto theentiretransmitarray. Bit-interleavedcodedmodulation(BICM)

systemssuchasthishave lowercomplexity ascomparedto MLC/MSD approaches.

Therobustnessresultsfor thelength15,000,� 
 � �"!+#�� optimizedcodeappliedto a

� � � channelunderspatialmultiplexing aregivenin Fig. 4.4.Thecurveswith circular

and squaremarkers show excessmutual information on the 0 
 ; ��� (worst case)

channelwhenexcessMI is measuredfrom � QPSK capacity(circle)or � PID QPSK capacity

(square)(theraw underlyingsimulationdatafor thesetwo curvesarethesame).

On theworst casechannel( 0 
1;=��� ) when ��
 # , theexcessMI for thecodeto

operateatBER=��#2B2C asmeasuredfrom � QPSK is 0.67bits,while thegapto � PID QPSK is

0.09bits. Thedifferencebetweenthesetwo capacitymeasuresat this operatingSNR

is therefore0.58bits. Figure4.5showshow thesetwo measuresdiffer at thisoperating

SNRnotonly at 0 
 ; ��� (wherethedifferenceis 0.58bits),but acrosstheentirerange

of interestfor thisparameter. This �gure alsoprovidesmutualinformationplotsfor the
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Figure 4.4: Excessmutualinformationperformanceof length15,000,rate-1/3� � � �
	����
optimizedLDPC codeat BER = � � ��� asmeasuredfrom QPSKconstellationconstrained

capacity( � QPSK), and parallel independentdecodingconstellationconstrainedcapacity

( � PID QPSK) acrosseigenskew andtwo distinctvaluesof
�
. Also plottedis theperformance

of a rate-2/3,length7,500LDPC code(of samemaximumleft degreeastherate-1/3code)

modulatingQPSKinto 2 � 2 Alamouti space-timeblockcode.
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SNR associatedwith BER=��# B2C operationon the 0 
 # , � 
 # channel(excessMI

resultsfor whichareprovidedin Fig. 4.4).

Note that channelswith 0E
 ; ��� !+��; ��� maximize � QPSK andminimize � PID QPSK.

At theseangles,wealsoobserve thattheconstellationconstrainedcapacityapproaches

the Gaussianalphabetcapacityclosely (which is reasonablegiven the relatively low

rate loading of the QPSK constellations). Thoughnot shown in Fig. 4.5, as � ap-

proachesunity, the constellationconstrainedandparallel independentdecodingcon-

stellationconstrainedmutual informationsdo not drift from eachother, nor do they

varyabsolutelyacrosstheparameterizationof 0 becausethe �6
 � unitarychannelis a

generalizationof a diagonalchannelwhere � QPSK and � PID QPSK areequivalent(within

thelossof � PID QPSK to Graylabeling,which is negligible).

Theopposingdiamondcurvesin Fig. 4.4 measuretheperformanceof thecodeon

the 0 
�# channelacross� (theraw underlyingsimulationdataof thesetwo curvesare

alsothe same).The �atnessof the gapsto � QPSK and � PID QPSK mutualinformationis

indicative of the robustnessof thecodeon this subsetof channels(diagonalchannels

yield � PID QPSK that is approximatelyequalto � QPSK). We notetheobservation that in

all caseswhere � PID QPSK is �at acrossagivenparameterization,sois theexcessmutual

informationperformanceof thecode.

We conjecturethat a binary codedsystem(without feedback)can achieve � QPSK

capacitymeasuresonly in caseswhere � PID QPSK approaches� QPSK. All other cases

mustdependonfeedbackbetweendetectoranddecodertopushthesystemperformance
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Figure4.5: Channelmutualinformationversuschannelmatrixparameter
�

andeigenskew.

Gaussianinput ( � Gauss), QPSKconstellationconstrained( � QPSK), andparallelindependent

decodingconstellationconstrained( � PID QPSK) capacitiesareshown at theSNRlevels that

yield BER=� ����� for � � � on
�

equalto � (thebest)and � 	 � (theworst)channels.The

dataon this plot canbe usedto understandthe excessMI datapresentedfor the � � �
channelsin Fig. 4.4.
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closerto theconstellationconstrainedcapacity. Evenso,all of theresultspresentedin

Fig. 4.4 have appliedfeedbackbetweendetectoranddecoderandtheremaininglarge

gapsto � QPSK capacityevidencetheineffectivenessof thesimplestfeedbackapproach.

Theexistenceof feedbackschedulesandtechniquesthatcausetheoperationalcapacity

to closelyapproachthenetconstellationconstrainedcapacityof thesystemis anopen

researchproblem. Othersolutionsmay includedesignof multidimensionalmappings

to �atten the parallel independentdecodingconstellationconstrainedcapacityacross

all channelparameterizations,or symbolwisemessagepassingoverGF(�
� �
� � ) soasto

avoid bit marginalizationof thereceivedvectorbeforedecoding.

Onemight suspectthata betterapproachto achieving space-timediversitywith a

binarylinearcodeis to concatenatea relatively high ratecodewith a space-timeblock

codesuchas the codedevisedby Alamouti in [3]. The channelsamplingapproach

providesa detailedbasisfor the comparisonof direct bit-multiplexing andAlamouti

concatenation.Thediamondandpentagoncurvesof Fig. 4.4 describetheexcessmu-

tual informationperformanceof arate-2/3,length7,500LDPCcodeconcatenatedwith

a � � � Alamouti space-timeblock code. Note that the rateandblock lengthof this

codehavebeenchosensothateachframecontainsthesamenumberof vectorsymbols

andinformationbits asin therate-1/3,length15,000bit-multiplexedcase.Themutual

informationdifferencebetweenthesetwo Alamouti curvesis entirelydueto thediffer-

encein QPSKconstellationconstrainedcapacityat angle 0 
 # andangle 0 
�;=���
(theraw simulationdataunderlyingbothcurvesis thesame).
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The Alamouti concatenationperformswell on the �E
 # channelssincethe era-

sureof onetransmitantennaat thereceive arrayis perfectlyabsorbedby theAlamouti

schemeanda completesetof observationsremainsfor eachrate2/3 codeword. The

penalty, however, for usinganorthogonalspace-timecodeis severeonunitary( �6
A� )
channels.Speci�cally, thepenaltyfor usingAlamoutionaunitarychannelis about0.1

bits in excessof thepenaltyof usingbit-multiplexing on asingularchannel.

4.4.3 Mutual Inf ormation Performanceunder MMSE Detectionon

�����
Channels

In this sectionwe examinetheMI performanceof thespatially-multiplexedLDPC

codeunderMMSE detectionby consideringthe set of ��� � parameterizedmatrix

channelspreviously de�ned.

ThematrixparameterizationmakestheMMSE suppressiondetectoreasyto analyze

andofferssomeinsightto whatcanbeexpectedin termsof universalperformancewith

this simpledetector. Let � 5 and � 4 betheSNRsat theoutputof theMMSE detector. It

is easyto show thatwe obtainthefollowing formulationfor theSNRsat theoutputof

theMMSE �lter:

� 5 
 � 	 5 � 	 �� � � 4 � � 4 � 	4 � B
5

� 5 (4.38)


 � 	 ��
 4 9 0 > � � �
	 4 9 0 > � � ���F�
	��	�� �)� � � � � �
	 4 9 0 > � 	 � 
 4 9 0 > ! (4.39)
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� 4 
 � 	4 � 	 �� � � 4 � � 5 � 	 5 � B
5

� 4 (4.40)


 � � �
	 4 9 0 > � 	 ��
 4 9 0 > � � ���F�
	��
	�� �)� � � � 	 ��
 4 9 0 > � � ��	 4 9 0 > % (4.41)

Note that the angle � doesnot matterat all andthat for unitarychannels( � 
 � ) the

SNRsreduceto � 5 
 � 4 
 � �F� 	 � . In thecaseof singularchannels( � 
 # ), theabove

SNRsbecome

� 5 
 � �
	 4 9 0 >	�� �)� � � 	 ��
 4 9 0 > ! (4.42)

� 4 
 	 ��
 4 9 0 >
	�� �)� � � � �
	 4 9 0 > (4.43)

Observe thaton sucha channel,when � �
	�9 0 > 
�# or 	 ��
 9 0 > 
 # , we have in effect a

scalarperiod-� erasurechannel.However, when 	 � 
 9 0 > 
 � �
	�9 0 > (i.e. 0 
�;=�F� or a

multiple of ;=��� ), we obtain � 5 
 � 4 
 � � � � 
4 � � � � � 
 anda periodicscalarchannelof the

form
� 5 
�� 44 � 5 ��� 44 � 4 � � 5 , � 4 
 � 4 . This representsthemostchallengingchannel

for ourMMSE suppressiondetector.

In orderto betterunderstandtheeffectof theeigenvalueskew � andtherotationan-

gle 0 ontheperformancewith MMSE suppression,weneedto considertheoperational

capacityof theMMSE detector, givenby

� MMSE 
 � ��� 4 9 � �8� 5 >
9 � �8� 4 > % (4.44)
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Figure4.6 shows theoperationalcapacityof theMMSE suppressiondetectorasa

functionof theangle 0 for differenteigenskews � . Thecurvesareplottedat � Gauss 
��
bits,where� Gaussis theGaussianinputcapacityde�nedin (4.35).This�gure showsthat

theoperationalcapacityof theMMSE detectorcanbeaslow ashalf theactualShannon

capacityfor someparticularunfavorablerotationin thechannelmatrixparametrization.

Theworstcaseis � 
 # and 0 a multiple of ; ��� . This is exactly thesameastheworst

channelidenti�ed earlierunderMAP detection.

Figure4.7shows theexcessMI resultsfor therate-1/3,�6
 � �)! � � optimizedLDPC

codeusingtheMAP, MMSE-SIC,andMMSE suppressiondetectors.For eacheigen-

valueskew, thereare two points for eachdetectorcorrespondingto the angles 0�

#&! 0 
 ;=�F� , which de�ne the rangebetween“best” and“worst” channels.Note that

this rangeis largestfor � 
1# andMMSE suppressiondetector. For all detectorsthis

rangediminisheswith increasingskew values.Theperformancelossontheworstchan-

nelsis attributedto thegapbetweentheoperationalcapacitywith thedifferentdetectors

andthetrueShannoncapacity, ratherthantheperformanceof theLDPC codeitself.

4.5 Simulation Resultsin RayleighFading

In this sectionwe examinethe performanceof LDPC codedMIMO systemsin

Rayleighfadingusingthe soft detectorsintroducedearlier. In our study, we assume

thatthenumberof receiveantennasis thesameasthenumberof transmitantennas.
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We assumea fastRayleighfadingscenario,wherethe channelmatrix is realized

independentlyfrom onetransmissiontime to the next. We compareour bit-error re-

sultswith thetheoreticalchannelcapacitylimit. Underthefastfadingassumption,the

theoreticalcapacitylimit is theergodicchannelcapacitygivenby [40]:

� 
 � � � ��� 4 det

�
� � � � � �

	 � � � 	 � � % (4.45)

Figures4.8 and4.9 show the BER performanceof the rate-1/3, � 
 � �)!+#�� optimized

LDPC codeversusaverageSNR per receiver antennaon ��� � , � � � , and ? �E?
fastfadingRayleighchannels.The�rst plot assumesa QPSKmodulatedsystemwith

resultingspectralef�ciencies of �"% �"�&! �*%,�)� and (2%,�"� bits/s/Hzrespectively. Thesecond

plot assumes16-QAM modulation,resultingin spectralef�ciencies of �*% �"�&! (2%,�"� and

��#&% �"� bits/s/Hzrespectively. On theseplots we alsoshow the channelcapacityat the

correspondingtransmissionbit ratefor thesesystems.As expected,theMAP detector

yields thebestperformance,which is �"%,( dB from the theoreticalcapacityat BER 

��# B �

on the � � � systemmodulatingQPSKandaround �*% # dB on the � � � system

modulating16-QAM. TheMMSE-SICdetectorhasessentiallythesameperformance

astheMAP detectoron the � � � and � � � systems.For the � � � 16-QAM and ? ��?
QPSKand16-QAM systemsthe computationalcomplexity associatedwith theMAP

detectoris prohibitiveandtheseresultwerenot simulated.

Our simulationresultsshow that thevery low complexity MMSE suppressionde-
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Figure 4.8: Performanceof length15,000,rate-1/3,� � � �
	���� optimizedLDPC codeon

MIMO systemswith MAP, MMSE-SIC,MRC-SICandMMSE suppressiondetectorsand

QPSKmodulation.
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Figure 4.9: Performanceof length15,000,rate-1/3,� � � �
	���� optimizedLDPC codeon

MIMO systemswith MMSE-SIC, MRC-SIC and MMSE suppressiondetectorsand 16-

QAM modulation.
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tectorhasa performanceloss(with respectto theMMSE-SICdetector)of only #&%,( dB

or lessunderQPSKmodulation,but losesaround �"%'( dB under16-QAM modulation

and ? � ? channel. The MRC-SIC detectorclosely follows the performanceof the

MMSE-SICdetector, with a lossof atmost #&%,( dB.

Thenext setof resultsarepresentedin Figs. 4.10,4.11,and4.12,wherewe show

the BER performanceversusaverageSNR per receiver antennaon � � � , � ��� , and

? � ? channelswhenthe � 
 � �"! � � optimizedLDPC codeis usedundera QPSKmap-

ping. Again,thesesimulationresultsshow thattheMMSE-SICdetectorhasessentially

thesameperformanceastheMAP detector, andthat thevery low complexity MMSE

suppressiondetectorhasaperformancelossof only #*%'( dB or less.This lossis approx-

imatelycut in half if theMRC-HIC detectorwith anoptimizedcancellationthreshold

is usedinstead.In fact,in the ����� system,theMRC-HIC detectorperformanceis very

closeto theMAP andMMSE-SICdetectors.

Thoughthemajorityof thissectionhasfocusedonacomparisonof theperformance

of thedifferentdetectorsin termsof SNRin Rayleighfastfading,we againemphasize

the robustnessof the codesas measuredin termsof excessmutual information via

Fig. 4.13. In this �gure we show theexcessMI perantennarequiredby the � 
 � �"! � �
optimizedcodemodulatingQPSKto achieveBER 
�� # B �

with differentdetectorsand

differentantennacon�gurations.

Thecasesplottedin this �gure arecontrastedfrom theexhaustively parameterized

� � � casewherewewereableto determinebestandworstcasechannels.Here,instead,
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Figure 4.10: Performanceof length15,000,rate-1/3,��� � �
	 � � optimizedLDPC codeon

� � � systemwith MAP, MMSE-SIC,MRC-HIC andMMSE suppressiondetectors.
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Figure 4.11: Performanceof length15,000,rate-1/3,��� � �
	 � � optimizedLDPC codeon

� � � systemwith MAP, MMSE-SIC,MRC-HIC andMMSE suppressiondetectors.
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Figure 4.12: Performanceof length15,000,rate-1/3,��� � �
	 � � optimizedLDPC codeon

� � � systemwith MMSE-SIC,MRC-HIC andMMSE suppressiondetectors.
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all channelresultsareaveragetogetherin conjunctionwith theRayleighdistribution.

Note that underMAP andMMSE-SIC detection,the excessMI per antennaremains

essentiallyconstant,at 0.25bits, asthenumberof transmit/receive antennasincreases

from 2 to 4.

4.6 Conclusion

In thischapterwehaveintroducedseveralsoftreduced-complexity detectionschemes

suitablefor systemsthatachieve high spectralef�ciencies. The soft MAP detectoris

optimal,howevertheMMSE-SICdetectorexhibitssimilarperformanceandhasalower

overallcomputationalcomplexity. TheMMSE suppression,MRC-SIC,andMRC-HIC

detectorsoffer lower complexities for relatively small performancepenalties.As an

example,for the � � � system,consideringthe MAP detectoras the norm, the total

complexity (with �"# iterations)of the MMSE-SIC detectoris � times lower, that of

the MRC-SIC detectoris � � time lower, andthat of the MMSE suppressiondetector

is ()� timeslower. A performancelossof around #&%,( dB is observedwith the MMSE

suppressiondetectorandQPSK,anda largerloss( �"%'( dB) with 16-QAM.

We have alsoshown that the excessmutualinformationrequiredto achieve a bit-

error rateof ��# B2C on the � � � channelwith MAP detectionandour bestLDPC code

(therate-1/3,� 
 � �"!$#�� optimizedcode)variesby approximately0.5bits betweenthe

bestandworstcasechannelwhenexcessMI is measuredagainstnetQPSKconstella-
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tion constrainedcapacity. However, excessMI is essentiallyconstantwhenmeasured

againstparallel independentconstellationconstrainedcapacity. Moreover, the excess

MI measurewith respectto the Gaussianinput capacityof our � 
 � �"! � � optimized

LDPC codewith thesimpleMMSE suppressiondetectorvariesmoresigni�cantly on

channelswherethe eigenskew approacheszerodueto the loss in operationalmutual

informationof theMMSE detector. In otherwords,we observe thatcodeperformance

closelytracksavailableoperatingmutualinformation. Therefore,LDPC codesthem-

selvesarerobustto channelvariation.Theinformationlossincurredduringthedetec-

tion processis therootcauseof excessmutualinformationvariationwith eigenskew.
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Chapter 5

Conclusions

In this dissertationwe presentedseveral coding techniquesfor transmissionover

wirelessmultiple-inputmultiple-outputchannels.

In Chapter2 weintroducedasimplecodingtechniquefor D-BLAST thatusesasin-

gle trellis codewith �nite-tracebackViterbi decoding.We examinedtheperformance

of universaltrellis codesdesignedto haveadistancestructurethatis matchedto thepe-

riodic signal-to-noiseratio variationof thechannelcreatedby D-BLAST. We showed

that a universal �)� -statetrellis codeon a � � � D-BLAST systemwith long enough

blocklengthsdisplaysuniversalbehavior working on almostevery � � � channelwith

at leastthemutualinformationrequiredby astandard�)� -stateAWGN trellis code.The

only � � � channelwheremoremutualinformationis requiredis a certainrotationof

thezeroeigenvaluechannel.

We introducedfull-overheadandreduced-overheadversionsof thetrellis codedD-
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BLAST systemtogetherwith layeringmethodsfor bothanoptimal“just-in-time” anda

“not just-in-time” �nite tracebackViterbi decoding.We presentedperformanceresults

for severaltrellis codedD-BLAST systemsandshowedthattheir frame-errorratesare

within �"% ? - �&% � dB of thequasistaticRayleighfadingoutagecapacity. An additional

lossof #&%,� - �"% # dB is incurreddueto theoverheadpenaltyassociatedwith thediagonal

layering.

In Chapter3 weprovedthatD-BLAST undertheMMSE criterionis optimalin the

sensethat it achievestheShannoncapacityfor MIMO channels.We alsoshowedthat

undera constrainedinput scenarioanda Gaussianapproximationon theMMSE �lter

output,the parallelchannelscreatedby D-BLAST have an aggregatecapacitythat is

approximatelyequalto theMIMO constellationconstrainedcapacity. TheD-BLAST

techniqueis usefulin reducingthecomputationalcomplexity for theconstellationcon-

strainedcapacityfrom exponentialto linearin thenumberof antennas.

In Chapter4 we introduceda schemethatusesa singleLDPC codespatiallymul-

tiplexed on multiple antennasand an iterative detectionand decodingreceiver. We

presentedseveral variantsof LDPC codedMIMO systemswith reduced-complexity

detectorsthat performroughly � - � dB from the theoreticalcapacityof theRayleigh

MIMO channel.TheMMSE-SICdetectorexhibits similar performanceastheoptimal

MAP detectorandhasa loweroverallcomputationalcomplexity. TheMMSE suppres-

sion, MRC-SIC, andMRC-HIC detectorsoffer yet lower complexities, for relatively

smallperformancepenalties.
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We showed that the excessmutual informationrequiredfor reliablecommunica-

tion variesmoresigni�cantly with the matrix channelparameter0 as the eigenskew

approacheszero. This variation is most severe for the MMSE suppressiondetector.

We attribute the loss in performanceon the zeroeigenskew channelswith particular

unfavorablerotationsto thegapbetweentheoperationalcapacitywith thedifferentde-

tectorsandthe trueShannoncapacity, ratherthantheperformanceof theLDPC code

itself. WeconcludethatproperlydesignedLDPC codesbehaveverymuchlikeuniver-

sal codesin thesensethat their performancelies in closeproximity to thecompound

channelcapacityfor thelinearGaussianvectorchannelsfor all but a few channels.
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