Dynamics

Reference:

» Senturia’s Book: Chapter 7
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Equivalent Circuit for
Spring-Mass-Dashpot Systems

1/k
mf{—>»F F % m
b
Spring-mass-dashpot systzem Equivalent circuit

(All 3 elements share the same displacement) Series Connection

Connection rule for the equivalent circuit for e > V convention:
* Elements share a common Flow or Displacement = Connected in Series
* Elements share a common Effort > Connected in Parallel
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Dynamic Response from Equivalent Circuit
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Dynamic Response - Laplace Transform 1/k +
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Electrical-to-Mechanical Mapping Second-order system
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b—sb e(s) > F(s)
: £(8) = %(s)
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Linear Systems

Consider mass-spring-dashpot system:

F=k-x+b-x+m-x

The “state” of the system can be described by the position and velocity.

x, : Position

x, = x, : Velocity

Define state variables:
X X
X = = .
X, X

X, =X,

. k b 1

X, =——x,——x,+—F
m m m
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State Equations:
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Matrix Formulation for Linear Systems
(% *, 0
xX= =| k b +| 1
%) |——x——x,| | - F
m m m
0 1 0
—— x=|_k _b x4 1]|F j
m m m
Generalize:
. 0 1 10
X = Ax+Bu A=|_k _b C=(O 1]
m m
y=Cx+Du 0
ol g
x: state variable m D= 0
u: system inputs
y: output vector
A,B,C,D: matrices constitute the system
lll'FT
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Numerical Solution (MathCAD Example)
Parameters  m:=1 k=1 b:=05 Fi=1
Initial Conditions x;:(oj u:=F
0
State Equation 0 1 ) ( 0
D(t,x) == % b |x+| 1 |u
m mJ Lm
Numerical Solu: 2 := rkfixed .0, 30, 100,D) Fourth-order Runge-Kutta method
i:=0..rows(Z) — 1
Position vs. Time Velocity vs. Time
2
0.5
@), )
— — 0
0
(] 10 20 30 0 10 20 30
(z9). ()
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Dynamic Response
b=02*m b=1*m
£, 2 daad, 2
), |\ AAA ), |\
i /Y i1 \v4
O 0,
0 5 10 15 20 25 30 0 5 10 15 20 25 30
o0, (7). 30, 0 (7). 30,
Under-damping Under-damping
b=2*m b=5*m
2 2 2
( <1>) ( <1>)
V4 i1 V4 i1
- - vy
0, 0 £, 0
0 5 10 15 20 25 30 0 5 10 15 20 25 30
0, (Z<0>)i 30, 0, ( Z<o>)i 30,
Critical-damping Over-damping i I“
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Q and Frequency Response
a m@ i
. . _ 0 0 Fourier Transform
Quality Factor: Q - 20{ - b of Temporal Response
, 2 10 T
Q=5 L ]
Under-Damped (), A Iy /\
- ol b
0. o 1
0 4.969.9214.889.8424.829.77 0.01 1 10 100
0, (£0) 29766, )
i 1
2 2 1 T
Q=0.5 ()
es z7h [vil o1l -
Critically Damped — —
(VN |
0 4.969.9214.889.8424.829.77 0.01
o (0) 29766, ! 10 190
, 2 ‘ 10 T
Q=0.25 (7). = Ivi T i
Over-Damped — — ouf .
0 0 4.969.9214.889.8424.829.77 0.01 L
o, (79) 29766, ! 1]0 100 dll I“
Time Frequency
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Laplace Transform (Frequency Domain)

Single-sided Lapalace transform:

X(s) = f x(t)dt

State equation:
sX(s)—x(0)=AX(s)+ BU(s)

Solution:

X (s5) = (sI - A) " (x(0)+ BU(s))

SetU=0: X, (s)=(sI- A)"' x(0) Zero-input response

Setx(0)=0: X, (s)=(sI- A)"'BU(s) Zero-state response
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Resonance
Resonance: |SI — A| =0
Natural Resonant Frequency: the s-values at which |SI _ A| =0
(poles)
In Time Domain: x(t)~ e’ where s; are pole
Note s;is complex: s,=0+jo
When Real [s] < 0 > Damped sinusoid
When Real [s] = 0 > Undamped sinusoid
When Real [s] > 0 > Unphysical
jaw
X
o
X
n [
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Spring-Mass-Dashpot Example

s -1
sI-A=| k s+£

m m
|sI —A4]=0
s’+—s+—=0
m m
2
oo b (B K
2m 2m m

Undamped Resonant Frequency w, = fi
m

Damping Constant o=—
2m
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Spring-Mass-Dashpot Example (cont’d)

_ 2 2
S, =—at o —w,

S, =—0t jo,

[ 2 2
Damped Resonant Freq. @, =/, —

jaw

The poles are always on the left half of the plane for b > 0
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Frequency Response of Spring-Mass-Dashpot

Parameters =1 k=1 b:=02 F:=1
o0 = L3 oc:=L od = (1)()2—oc2
m 2-m
sl:=-o + j-od
$2:=—0 — j-od
1
H(s) = ——————
) m (s —sl)-(s —s2)
i:=0..100 ;= i-i + 0.1
20
10 T 0 T
! _
|H(j- o) argH(j-0))) -2 N
0.1 -
1 _ 1
0.01 4
0.1 1 10 0.1 1 10
i i m'FT
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Frequency Response (Bode Plot)
A}'hplitude Phase
10 T 0 T
Q=5 1 ] ]
Under-Damped [Hi-o)] arg(H(j-0;)) -2 .
0.1 Resonant —
Frequency
0.01 . -4 L
.1 - 1 10 0.1 1 10
1 u." 0 u:i
Q=05
Critically Damped  |H(j-o))| o1} - arH(j-0;)) =2 | -
0.01 ! —4 !
0.1 - 1 10 0.1 1 10
Oj Oj
1 T 0 T
Q=0.25 -1+ E
Over-Damped [H(-o)] o1 4 aH(io))
s oL |
0.01 ! -3 !
0.1 1 10 0.1 1 10
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Nonlinear Dynamics:
Linearization about an Operating Point

State: x=f(x,u)

Output: y=g(x,u)

Operating Point: X,, U, satisfy static equations
Linearization: x(t)=X,+0dx(t)  Small perturbation around

an operating point (DC
u(t)=U, +ou(t) solution)

= (1) = 31 -ox (1) + gl -ou(t)
X()’UO u XOsUO
Matrix Matrix
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Transducer Model for Linearized Actuator
1/k
5 | <’
+ + P, m 0g
R c y =25
v Vol WAV eA
i Q2
out = 2&4 _k(go _g)
Source Transducer Load
Find OV ,0F
AV’ _ . .
F = 5 Find Operating Point
2g A
_ _ &4 V2 QO = g_l/in,o
g go 2kg2 0
o [P
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Linearized Transducer Model
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Transformer coupling ratio:
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